Al Classical primitives: computations
and methods

TEHRERE - FTRAGE

For a function f : I — R defined on a connected interval of I, let us denote by F' one of its primitives.
We recall that primitives are not unique, but defined up to an additive constant. In the following table, you

may find the primitives of some elementary functions.
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Classical methods to compute primitives include change of variables (Proposition 5.3.33), integration by
parts (Proposition 5.2.11), by induction (Exercise A1.2), etc. We present some other common methods below,

depending on the form that the integrand takes.

A1.1 Rational fractions

Let f be a rational fraction over R, that is f = g € R(X), where P,Q € R[X] and Q # 0. It can be
viewed as a map x — f(x), which is well defined for x € R with Q(x) # 0. The polynomial ) can be
factorized in R[X] as a product of irreducible polynomials, that is,

m n
Q(m):cst'H(x2+bi$+cl H:cfr] ,
=1 j=1
where m,n € Ny and
o for every 1 < ¢ < m, we have b;, ¢; € R satisfying b? —4c¢; < 0and m; € N,

+ forevery 1 < j < n,wehaver; € Randn; € N.
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Chapter 1  Classical primitives: computations and methods

Therefore, we may decompose f into partial fractions,

Pla) NN M) " N)
R S e s LD Y rron )

where
« T € R[X] is a polynomial,
« forevery 1 <i < m, M; € R[X] is a polynomial of degree deg(M;) < 2m; — 1,

« forevery 1 < j < n, N; € R[X] is a polynomial of degree deg(N;) < n; — 1.

This can be further rewritten as

P(SU)_ m m; ) n
Q(x)_ +ZZ x2+bx+cl)

where
« T € R[X] is a polynomial,
i<mandl<r<m; M, €R[X]isapolynomial of degree at most 1,

o forevery 1 <

« forevery 1 < j < nand1l < s < nj, N; s € R[X] is a polynomial of degree at most zero, that is a

constant.

Therefore, it is enough to determine the primitives of rational fractions of the forms,

#,neN and M—H,b2—4c<0, m € N.
(x—7)" (2 4+ bz + )™

For the first type of rational fraction, we easily find

/ dJJ N (1 TL)(;B 7")"‘ T + cst 1fn 7é 1
(7 =

v )" In|z —r|+ cst ifn=1.

For the second type, we rewrite in the following form

ST+t _ 2a(x — p) N IS
(@2 +br+om  [(x—p?+¢"  [(z—p)?+ ¢

m
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Chapter 1  Classical primitives: computations and methods

The first term has primitives in the following form, S—IENFRREEIURMY

_ = — +ocst ifm > 2, & 1+t Bm > 2,

/ 2a(a: p) —dz = (1—m) [(x—p)2+q2] ’ / 20[(% — p) dr — (1—m) [(x—p)2+q2} !
[(z = p)* + ¢°] | 2, 2 P (@ —p) +¢2]"
aln[(z—p)*+¢*] +oest  ifm=1. aln[(x—p)2+q2]—|—cst Em=1.
For the second term, we perform a change of variables 2 — p = gtanf with § € (-7, 7). Then, we find B IR  RPEEREBEER . — p— qrand Eh g c (— T ). SEEERET
B B / 2m—2
/ —dr = ——— [ cos“™ “0d#, B B
[(z —p)? + ¢%] gt / —dx = /Cos2m 20de,
[(z —p)* +¢7] gt

which can be evaluated recursively (see Wallis’ integral in Exercise A1.2), or Section Al.2.

EALUEBERERRE (BREE AL P Wallis F87) > HEE A1281 ©

Example A1.1.1: Find a primitive of m We write gl A1.1.1 1 3K (x2+:c+1 N—ERRE - TR
1 1
T B T+ 3 1 1 T _ x+ 3 1 1
= D) 2 2 2 2 9 2
@He+D® (@+32+D)° 2@+ +)) @He+1? (@+32+3)° 2@+ +9)
From what we discussed above, we have e EERrIEER - HMAE
T+ 3 1 1 11 T+ 3 1 1 11
/ dr=——-———— 4 cst=—————— +cst, / 2 de = —~— — =—
2 1 3 2 x + cst -+ cst,
((:U—I—%)Q—f-%) 2(1’4—5)24_1 2z 4+ +1 (($+%)2+%)2 2($+%)2+% 222+ +1
and, by setting = + 2 f tan 6, we have e T+ 5 = \[ tan 6 » FHFIEE
1 2 \3 2 \3 [ 1+ cos(20) 1 2 \3 2.3 (1 20
de = (— /Cos20d9: — /7d9 / — (== / 2 = (= /+COS()
s T ) Sl e Jeter=() S
4 1
e 4 1
3\[(9 + 5 sin(20)) + st 3f( 51n(29)) + cst
4 (0 tan ¢ ) + cst 4 tan 6
- 1+ tan2 6 = 0 t
3v/3 + tan , 3t Tante) T
4 2x+1 2 x+5
3 1
:3\/§arctan( 73 )+§x2+x+1+CSt' :iarctan(%Jrl) g T+ 35 + est
3v3 V3 3ax+x+1 ’
Therefore, we have .
it - FHFIE
/#dx—— 2 arctan<2x+1>—1x7+2+cst
(x24+2+1)2 7 3.3 V3 32+ 2+1 / x do — — 2 arctan(2x+1)_1 x4+ 2 Loest
/ (z2+x+1)27 33 V3 3a24+a+1 '
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Chapter 1  Classical primitives: computations and methods
A1.2 Polynomials in sine and cosine functions

Let m,n € Ny, and we want to find primitives of [ sin™ z cos” = dz.

o If m = 2k + 1 is odd, then we write
/sinmxcos”xdx = /(1 — cos® x)F cos™ zsinz dr = — /(1 — cos® x)¥ cos™ x d cos

and the change of variables ¢ = cos = allows us to conclude.

o If n = 2¢ 4 1is odd, then we write

/ sin™ z cos" x dx = /sinm z(1 —sin?2)’ coszdz = /sinm z(1 —sin?z)* dsinz,
+ If both m and n are even, we use the following identities

1 . ; 1 . :
cosT = i(em—l—eﬂm) and sinx:?(em—eﬂx),
i

which simplifies the integrand into a polynomial in e*, whose primitive is easy to compute.

Note that in the first two cases, it is also possible to apply the method in the last case, but the resulting

polynomial would be less nicer to deal with than the direct method mentioned above.

A1.3 Rational fractions in sine and cosine functions

Let R € R(X,Y) be a rational fraction in two variables, and we want to find a primitive of R(sin z, cos ).

We apply the change of variables ¢t = tan(%), and note that

2tan(3)
1+ tan?(%)

1 —tan?(2)

sinx = and cosx = —525,
1+ tan?(%)

N8 (o8

This allows us to rewrite

. 2t 1—1t2\ 2dt
/R(Smw,cosx)dx: /R<1+t2’1+t2)1+t2’

whose integrand is a rational fraction in ¢, so we can apply the method from Section A1.1.
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IR (o8

EMIAIUEE)
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Chapter 1  Classical primitives: computations and methods

(5), and we

have

1+t 2d¢ dt
/Slnx / 2 1+t2_/t ln‘tHCSt_ln‘tan( )‘JrCSt

A1.4 Rational fractions in hyperbolic sine and hyperbolic cosine

functions

Let R € R(X,Y') be arational fraction in two variables, and we want to find a primitive of R(sinh z, cosh z).

We may apply several different methods, depending on the integrand, among which the most common ones

are the following.

+ We apply the change of variables ¢ = tanh (%), and note that

2 tanh(5) and  coshz — 1 + tanh?(2)

inhy = ————2_ 2
STE I tanh?(%) 1 — tanh*(%)

Then, we reduce to the case where the integrand is a rational fraction in {.

« We apply the change of variables ¢ = e*, and the integrand becomes a rational fraction in ¢.

A1.5 Ration fractions in e¢*

If f is a rational fraction in e”, that is f(x) = R(e*) where R € R(X), then by the change of variables

/f(:c)dx:/R(er)dJ::/}iEﬂdt,

t = €%, we find

which is a rational fraction in ¢.

Example A1.5.1:Find a primitive of . We consider the change of variables { = %, and find

cosh

/ dz / 2dzx /th 1 2dt 2 arctan(e®) + cst
= = [ — = = 2arctan(e cst.
coshz et +e % t t+ % 14 ¢2
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8 A1.3.1 ¢ K - NRRE - EREEEIE ¢ = tan(L) » RFIEE

s x

1+¢2 2dt dt
/sma: / 57 1—|—t2_/ . ln\t\—i—cst—ln‘tan( )‘+cst.
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figs
/f(x)dx:/R(em)d:p:/Riwdt,

EEEE AR

g6 A1.5.1 © K RURERER - FIZEBEBIR ¢ = o~ - BT

cosh T

/ dx / 2dx 2dt 1 2dt — 2arctan(e®) + ost
= = [ — = = 2arctan(e cst.
coshz et +e % t t—}— = 14 ¢2
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Chapter 1  Classical primitives: computations and methods
A1.6 Abelian integrals of first type
Let R € R(X,Y) be a rational fraction in two variables, and we want to find a primitive of
R(x, ,”/““b), n e N.
cr+d

+ If ad — be = 0, then the n-th root does not depend on z, and the computation is easy.

« If ad — be # 0, we consider the change of variables

njax +b dt"™ —b
t= o d and z=yg(t) =

a—t"c’

This allows us to rewrite

/R(x, r Zjig) dz = /R(g(t),t)g’(t) dt,

whose integrand is a rational fraction in ¢.

Example A1.6.1: We want to compute

/ dz
Vito+ 1+
We consider the change of variables t = v/1 + x, and we have

dz 6t° dt 5 1
= [ —— = " —t4+1———)dt
/\/1+:1:—|—€’/1+33 /t3+t2 6/( * 1+t)

=2t — 3t2 + 6t — 61n |1 4 t| + cst

=2V/1+2—-3V1+2+6V1+x—6In|1+ v/1+ x|+ cst.

A1.7 Abelian integrals of second type
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/ dx
Vitz+IT+a
HMEEEEERt = Y1+ 2 EBEERME

dz 6t° dt 5 1
/\/1+:z:+€’/1+a: /t3+t2 6/( * 1+t)

= 2t3 — 3t2 + 6t — 61n |1 +t| + cst

=2V/1+2—-3V1+2+6V1+z—6In|1+ v/1+x|+cst.

ELH F8 Abel R

BB . 20254F 3 H 8 H 12:33



Chapter 1  Classical primitives: computations and methods

Let R € R(X,Y) be arational fraction in two variables, and we want to find a primitive of R(x, v az? + bx + ¢).

« If a = 0, this reduces to the case in Section A1.6.

« If a # 0, but b2 — 4ac = 0, the square root gets factorzied and we have a rational fraction in x, and we

proceed as in Section Al.1.
Therefore, we may assume that a # 0 and b> — 4ac # 0.
« First, we look at the case where b2 — 4ac > 0.

— For a < 0, we rewrite

Vax? +bx +c=+—a\/¢®> — (x — p)?,

for some p, ¢ € R. Then, the change of variables x — p = ¢ cos # allows us to obtain

/R ax2+b:v—|-c d:r—/R p+ qcosb, gv/—asin ) dé.

Then it simplifies to the computation of a primitive of rational fractions in sine and cosine func-

tions, see Section A1.3.

— For a > 0, we rewrite

Var? +bxr +c= ay/(z —p)? — ¢2,

for some p, ¢ € R. We consider the change of variables © — p = ge cosh(t), where ¢ € {1, —1},

chosen depending on the interval where we look for a primitive. This allows us to obtain

/R Vaz? +bx + c) dx—/R p + qcosht, gy/asinht) dt.

Then it simplifies to the computation of a primitive of rational fractions in hyperbolic sine and

hyperbolic cosine functions.

« For the case where b — 4ac < 0, we need to have a > (. We rewrite

Var? +bx +c= ay/(z —p)? + ¢2,

Then, the change of variables x — p = ¢ sinh § allows us to obtain
/R aaz2+bx+c dx—/R p + gsinht, gy/a cosht) dt.

Then it simplifies to the computation of a primitive of rational fractions in hyperbolic sine and hyper-

bolic cosine functions.
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- B a> 0 BARE
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- B e € {1, -1} - EEKMER

/R ax? + bx + c) dw /R(p + g cosh t, gv/asinh t) dt.

ER UL A RSB B IERMERHNETE  RE A14H -
« B0?—dac < 0B HI—EEE o > 0 - HIHEH

Vaxr?2+bxr+c= ﬁ\/m,
B BEER » — p = ¢sinh 6 EFHMER

/R aa:2+bx+c dm—/R p + gsinht, gy/a cosh t) dt.
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Example A1.7.1:We want to find a primitive of \/7 and V1 — 22 on (—1,1). From above, we

consider the change of variables x = cos 6, so we have

— sm@

/m /s1n0

:—/d0:—9+cst,

and

/m:/(—siDQO)dQZ/COS@MdOZSm(%)—H—i-cst

2 4 2
sinfcos@ 0 V1 —2x2 arccosz

:T_i_‘_CSt: 5 — 5 —+ cst.

1 .
Example A1.7.2 : We want to find a primitive of \/7 The function =z N defined on

(=00, —1) U (1,400), and on each of the connected components, we can have a different primitive.
From above, we consider the change of variables x = € cosh ¢, where ¢ = 1 if we look at an interval
I C (1,400); e = —1 if we look at an interval I C (—oo, —1). Note that in both cases, ¢ > 0. This

allows us to write

/ dz _/z—:sinht
Vv —1 - sinh ¢
=1In|z+ Va? — 1| + cst.

dt = et + cst = earccosh(ex) + cst

8 A1.7.1 @ RFIBEHK 1— 227 (—1,1) ERRRE - {BiIR L EmETeR - &
BRI » = cosd > Fﬁb(@ﬁ‘:!:]
31119 '
/ ﬁ—x? / p— :*/d0:*9+cst,
A0
/\/1 - /(—sm29)d9 :/“’8(229)_%9 - Sinfg) - g + st
_ sin 6 cos 0 _ Q 4 oest— V1 — 22 _arccosw 4ot
2 2 2 2

g6 A1.7.2 : 18 T REETE (—o0, —1) U (1, +00)

Ew - EEEEETH L %Wﬁ_ﬂ,(ﬁ;rﬂﬂ']}? o RLEMNAE  BATUEREH
By = ccosht» IRBMERER I C (1,+00) > BIFEME e = 1; IRFEMERIERH
IC (—o0,—1) BIFEME e = —1 - FERNTEEMBIFIRT - BRFIEH ¢ > 0 - EFERMER

/ dx _/‘5sinht
V2 —1 sinh ¢
=1In|z+ Va? — 1| + cst.

dt = et + cst = earccosh(ex) + cst

. c el 1 .
Example A1.7.3 : We want to find a primitive of st From above, we consider the change of

variables x = sinh ¢, so we have

coshtdt

/ \/;327 / cosh t

=t + cst = arcsinh z + cst.

Below, you see a more complete table on primitives. Note that computing primitives is a hard task, and
for many functions, we are not able to find a closed form for their primitives. In such cases, mean-value

theorems (Section 5.3.5) or comparison of integrals (Section 7.1.4) can be useful to estimate the values of

integrals.
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coshtdt

d
/\/x2+1 7/ cosht

=t + cst = arcsinh z + cst.
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f() F(z)
a®,a>0,a#1 %
tan x —In|cosz|
cot x In | sin z|
sin12 T —cotx
tanh In(cosh z)
cothx In(sinh x)
1
Pz tanh x
SinkllQ - —cothz
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f(x) F(z)
\/1177, a>0 arcsin x
\/a?lfxi” a>0 arcsin%
\/:p;ﬁ In(z + V1 + 22)
\/ﬁ, a#0 | In(z + Va2 + 22)
Ié_l In |z + Va2 — 1]
\/ﬁ, a#0 | Injx+ \/H\
ﬁ, a#0 %arctan%
2 aF 0 %ln\i—fg

D ETEERSE

f) F(2)
a®,a>0,a#1 %
tan x —In|cosz|
cot x In | sin z|
tanh x In(cosh z)
cothx In(sinh x)
1
PRz tanh z
SinkllQ - —cothz

—8 KHRRE
/() F(a)
\/1177, a>0 arcsin x
\/a?lfxi” a>0 arcsin%
\/:p;ﬁ In(z + V1 + 22)
\/ﬁ, a#0 | In(z + Va2 + 22)
x;—l In |z + Va2 — 1]
\/ﬁ, a#0 | Injz+ \/H\
ﬁ, a#0 %arctan%
2z aF0 %ln\i—fg
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