1 Classical primitives: computations
and methods

TEHRERE - FTRAGE

For a function f : I — R defined on a connected interval of I, let us denote by F' one of its primitives.
We recall that primitives are not unique, but defined up to an additive constant. In the following table, you
may find the primitives of some elementary functions.

/(=) F(x) flx) | F(z)
+1
x4 a# —1 ‘f;l —7 tan x
1 In |x| sinhz | coshz
e’ e’ coshz | sinhzx
sinx —Ccosw L 5 | arcsinx
1-x
: 1
cos sin z 7 | arctanz

Classical methods to compute primitives include change of variables (Proposition 5.3.33), integration by
parts (Proposition 5.2.11), by induction (Exercise A1.2), etc. We present some other common methods below,
depending on the form that the integrand takes.

A1.1 Rational fractions
Let f be a rational fraction over R, that is f = g € R(X), where P,Q € R[X] and @ # 0. It can be

viewed as a map = +— f(x), which is well defined for z € R with Q(z) # 0. The polynomial ) can be
factorized in R[X] as a product of irreducible polynomials, that is,

m n
Q(m):cst'H($2+bix+c, H:c—r] ,
=1 j=1

where m,n € Ny and
o for every 1 < ¢ < m, we have b;, ¢; € R satisfying b? —4¢; < 0andm; € N,
+ forevery 1 < j <n,wehaver; € Randn; € N.

Therefore, we may decompose f into partial fractions,

-7 N
(@) + 21 22 + bix + ;)™ + — (x — ;)"
where
« TeR[X]isa polynomial
« forevery 1 <1i < m, M; € R[X] is a polynomial of degree deg(M;) < 2m; — 1,
« for every 1 < j < n, N; € R[X] is a polynomial of degree deg(N;) < n; — 1.
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+1
% a# —1 ‘f;l 7 tan x
1 In |x| sinhz | coshz
e’ e’ coshz | sinhzx
sinx —CcosT L 5 | arcsinx
1-x
: 1
cos T sin 57 | arctanz
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Chapter 1 Classical primitives: computations and methods

This can be further rewritten as

where
« T € R[X] is a polynomial,
« forevery 1 <i<mand1<r<my M, € R[X]is apolynomial of degree at most 1,
<

« foreveryl1 < j < mnand1l < s < nj, N; s € R[X] is a polynomial of degree at most zero, that is a

constant.

Therefore, it is enough to determine the primitives of rational fractions of the forms,

#,nEN and M—H,b2—4c<0, m € N.
(x—m7)" (22 + bx + c)™

For the first type of rational fraction, we easily find

x—r)" In |z — 7|+ cst ifn=1.

/( dx :{(ln)(m’/‘)"l—i_CSt 1fn7él

For the second type, we rewrite in the following form

s+t _ 2a(x —p) B
(@2 +br+om  [(z-p)2+¢3]"  [(2-p)?+ ¢

m

The first term has primitives in the following form,

_ = —1 +ocst ifm > 2,
/ 20‘(””2 p)2 wdr = =m)[@pea] "
[(z —p)* + ¢*] aln[(x—p)?+¢*] +est ifm=1.

For the second term, we perform a change of variables x — p = gtan 6 with 6 € (-7, 7). Then, we find

ﬁ _ /B 2m—2
/ e p)t qz]m dr = e /cos 0 do,

which can be evaluated recursively (see Wallis’ integral in Exercise A1.2), or Section A1.2.

Example A1.1.1: Find a primitive of m We write

x B T+3 1 1
2 2 2 2
@4+ (@r PP+ D 2 dred
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& tost Bm =2
/ 20[(!132— p)2 —dr = (1—m) [(x—p)Q-‘qu} Cs m
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From what we discussed above, we have

/ T+ 1 1 11
de=——-——————% 4+ cst = —————— + cst,
(( ’

and, by setting « + 2 \f tan 0, we have

1 2\3 2 \3 [ 1+ cos(20)
[ Q) [osow= () [

4
T 3/3
4 tan @
= 0
3\/3( + 1+ tan26
4

[[SM

1
0+ = sm(29)) + cst

)+cst

. (2x+1) 2 z+3 L st
= ——=arctan = cst.
33 V3 3224+ x+1

Therefore, we have

T 2 20 +1 1 x42
—5———5 do = ———=arctan — 53— ———— tocst
/(x2+x+1)2 3v3 ( V3 ) 32 +a 41

A1.2 Polynomials in sine and cosine functions

Let m,n € Ny, and we want to find primitives of [ sin™ z cos” = dz.

o If m = 2k + 1 is odd, then we write
/sinmxcos”xd:x = /(1 —cos? )k cos™ zsinx dr = — /(1 — cos? )k cos™ x d cos z,

and the change of variables ¢ = cos z allows us to conclude.

o If n = 2/ + 1 is odd, then we write
/ sin™ z cos" x dz = /sinm z(1 —sin?2)’ coszdz = /sinm z(1 —sin?z)* dsinz,
+ If both m and n are even, we use the following identities
1 iz —ix : 1 iz —ix
cosa::§(e +e ') and sm:z,‘:?(e —e '),
i

which simplifies the integrand into a polynomial in e*, whose primitive is easy to compute.

Note that in the first two cases, it is also possible to apply the method in the last case, but the resulting
polynomial would be less nicer to deal with than the direct method mentioned above.
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N 5z + 2 \[ tan 6 » IS

1 2 \3 2 \3 [ 14 cos(20)

[iarprrgrt=(a) Jostow=(g) [ =5
4

S\f(

4 tan 6

- 3\@(0+ 1—|—tan29)

1
5111(26)) + cst

+ cst

4 20 +1\ 2 x+3
_ﬁarc‘can( VA )+§x2+$+1+cst.
it - FfIE
T dr — 2 ¢ 2z +1 1 z+2 ‘
Jererme = samm (C5) sErer e
SH ERMERLR VS I
S m,n € Ny » BFIAEHK [sin™ 2 cos™ z dz BIRERKE o
« R m =2k + 1 2FH  PERFIERT :
/sinmxcos”xd:z = /(1 —cos? )k cos™ xsinx dr = — /(1 — cos? )k cos™ x d cos x,

AREEMAILUE BB EER t = cosx #8FE °
R0 =20+ 1 2FE > BBEKRPHERE :

/sinmxcosnajdx = /sinmx(l —sin’? ) cosx dx = /sm x(1 —sin? 2)* dsinz,

« R m M n EBEEH - HFIERTIIREFRN -

1 . . 1 . .
cosxzi(e”—ke*“”) MUk sinx:?(e”—e*”),
i
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A1.3 Rational fractions in sine and cosine functions

Let R € R(X,Y) be a rational fraction in two variables, and we want to find a primitive of R(sin z, cos ).
We apply the change of variables ¢ = tan(% ), and note that

, 2tan(%) 1 — tan?(
siny = —#*~— and cosz =

)
1+ tan®(%) 1+ tan?(%)’

ISR NS

This allows us to rewrite

_ 2t 1—1t%\ 2dt
/R(81nx,cosa:)dx:/R(1+t2,1+t2)1+t2,

whose integrand is a rational fraction in ¢, so we can apply the method from Section A1.1.

(5), and we
have

da 1+t 2dt dt
/sinx_/ o7 1+t2_,/t ln\t\—{—cst—ln‘tan( )’—}-cst

A1.4 Rational fractions in hyperbolic sine and hyperbolic cosine
functions

Let R € R(X,Y) be arational fraction in two variables, and we want to find a primitive of R(sinh x, cosh x).

We may apply several different methods, depending on the integrand, among which the most common ones
are the following.

« We apply the change of variables ¢ = tanh(3 ), and note that

2tanh(%) 1+ tanh?(Z)
———— and coshr = —— =
1 — tanh*(%) 1 — tanh?(

)

sinhz =

SSRGS

Then, we reduce to the case where the integrand is a rational fraction in t.

« We apply the change of variables ¢t = e”, and the integrand becomes a rational fraction in t.

A1.5 Ration fractions in e*

If f is a rational fraction in €”, that is f(x) = R(e”) where R € R(X), then by the change of variables

t = e*, we find
/f(ac)dx:/R(ex)dx:/Rit)dt,

which is a rational fraction in ¢.
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)
1+ tan?(%) 1+ tan?(%)’

sinx =

I8 o8

HFITLSE

_ 2t 1—t%\ 2dt
/R(51nx,cosw)dx:/R(1+t2,1+t2)1+t2,

EPRRESREBEE ¢ WBEERE - FtBHRPIRTUERSE ALl SIERRBINGE -

G AL3 T L MEREY o SBEMEE - tan(2) - KFEH

©dx 1+¢% 2dt dt
/sinx_/ 2t 1—|—t2_/t ln\t\—{—cst_ln‘tan( )’+C8t

SBMHE SHIERMEERRRBHBIRRE

B ReR(X,)Y) RBELESHHIERH » HMEEH R(sinh z, cosh z) FRRE - IRIBWIE S KA
I RFIUERARES A - EREFERAIEGNT ¢

. EBEEEM ¢ = tanh(2) MEEF

1+ tanh?(%)
1 — tanh*(%)’

UK. coshz = )

sinhz =

ERBARD RS EA ¢ NBERE -
- BFIERBEBIR ( = o ERERDREGE t WEERH -

ERE o NBEERH
R f 2ME e® WEERE > WER f(z) = R(e®) EF R c R(X) » FREFRESE It =~ »
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EEEE ¢ NEERE
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1
coshx’

/ dx / 2dx /Zdt 1 / 2dt 2 arctan(e”) + cst
— = _ = = rcranie CSt.
cosh z e + e % t t+% 1+ 2

Example A1.5.1:Find a primitive of

We consider the change of variables t = e*, and find

A1.6 Abelian integrals of first type

Let R € R(X,Y) be a rational fraction in two variables, and we want to find a primitive of

R(a;, ,”/“Hb), n € N.
cr+d

« If ad — bc = 0, then the n-th root does not depend on z, and the computation is easy.

« If ad — be # 0, we consider the change of variables

njax +b dt"™ —b

t= o d and z=g(t) =

a—t"c’

This allows us to rewrite

/R(a:, r Zjig) dz = /R(g(t),t)g’(t) dt,

whose integrand is a rational fraction in ¢.

Example A1.6.1: We want to compute

/ dx
Vito+ JT+a
We consider the change of variables t = v/1 + x, and we have

dz 6t° dt ) 1
= ——"s=6[(t"—t+1———)dt
/\/1+x+\3/1+m /t3+t2 /( + 1—|—t)

=2t — 3t2 + 6t — 61n |1 4 t| + cst

F—E KHEREH

e

g A1.5.1 1 KR - MEREY - HMEREHER = 7 EFEH

cosh x

/ dz / 2dx /2dt 1 /th 2 arctan(e®) 4 cst
— = [ = = = 2arctan(e cst.
coshz er 4+ e t ¢+ % 1+1¢2

S H F—E Abel FES
£ ReR(XY) AEBYHRRY - RIVEER

R(x, { ax+b>7 n €N

cr +d

BRI -
< AR ad — be = 0+ P n RAIEFEGRR o + BN FHOTH B R AR -
C MR ad — be # 0 RFEETEEERBES :

ar +b dt" — b
t=17r L = g(t) =
cx+d AR 9(t)

a—the

EERFITURE :

/R(w, r “”b> dz = /R(g(t),t)g’(t) dt,

cr+d

ERBHRIEDREE  WEERE -

&6l A1.6.1 : BEHE

/ dx
Vito+ 1+
HMEEEEER = Y1+ 2 BEEME

dx 6t° dt 5 1
, = =6 (t*—t+1———)dt
/\/1+x+€/1+x /t3+t2 /( + 1—|—t)

=2t — 3t2 + 6t — 61n |1 4 t| + cst

=2V1+2—3V1+2+6V1+z—6In|1+ V/1+z|+cst.

=2V/1+2-3V1+2+6V1+x—6In|1+ v/1+ x|+ cst.

A1.7 Abelian integrals of second type FBHE £=8 Abel D
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Chapter 1 Classical primitives: computations and methods

Let R € R(X,Y) be arational fraction in two variables, and we want to find a primitive of R(x, v az? + bx + ¢).

« If a = 0, this reduces to the case in Section A1.6.

o Ifa # 0, but b> — 4ac = 0, the square root gets factorzied and we have a rational fraction in x, and we
proceed as in Section Al.1.

Therefore, we may assume that a # 0 and b> — 4ac # 0.

« First, we look at the case where b? — 4ac > 0.

Var? +br+c=+v—a\/¢®> — (x — p)?,

for some p, ¢ € R. Then, the change of variables x — p = ¢ cos # allows us to obtain

— For a < 0, we rewrite

/R aa:2+ba:—|—c dm—/R p+ qcosb, gv/—asin ) db.

Then it simplifies to the computation of a primitive of rational fractions in sine and cosine func-
tions, see Section A1.3.

— For a > 0, we rewrite
Var? +bx +c=+a/(z — p)? — ¢,

for some p, ¢ € R. We consider the change of variables x — p = ge cosh(t), where ¢ € {1, —1},
chosen depending on the interval where we look for a primitive. This allows us to obtain

/R ax2+bx+c dx—/R p + gcosht,gy/asinht) dt.

Then it simplifies to the computation of a primitive of rational fractions in hyperbolic sine and
hyperbolic cosine functions.

« For the case where b? — 4ac < 0, we need to have a > 0. We rewrite

Vaz? +bx +c=+ay/(x —p)? + ¢2,
Then, the change of variables  — p = ¢ sinh 6 allows us to obtain
/R a$2+bx+c dx—/R p + gsinht, gy/a cosh t) dt.

Then it simplifies to the computation of a primitive of rational fractions in hyperbolic sine and hyper-
bolic cosine functions.

Example A1.7.1:We want to find a primitive of \/7 and V1 — 22 on (—1,1). From above, we
consider the change of variables x = cos 6, so we have

—sin @

[7i=-]
1 — 2 - sin 6

——/He=—9+mu
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FA% A1.1 EiFRBYTARNA] o

Ftt - FPIRTUERER @ # 0 AR b2 — 4ac # 0 ©
. B HMELE V- dac > OBIER ©
- R a <0 HMAKE

N e
Hipp g € R ° EHHVEE » BB © — p = g cos 0 BRFE
/R Vaa? + bz + ) dx_/RP‘FqCOS@q\/jasmﬁ de.

& AT L2 B XA ER X R BB R M B IR R BUR R BBIET R - RE A13 8 o
- ¥ta >0 BMHRE
Vaz? + bz + ¢ = Vay/(x —p)? — ¢2,

HrfipgeRe ﬁTFﬁ%fEﬁﬁﬁ?ﬁ r —p = gecosh(t) » EPIBBREMABEKFERENE
fal - FIE e € {1, -1} - EEEFIFR

/R aaz2+bx+c dx—/R (p + gcosht, gy/asinht) dt.

B LA R R BB IERBRRHBBETE - RE A14H -
« B0?—dac< 0B HMI—EEE o > 0 HIHE

Vaz? +br +c=+ay/(x —p)? + ¢?,
EAR—IR - BEE 2 — p = ¢sinh 0 BRMIEER
/R am2+bx+c dx—/R p + gsinht, g\/acosht) dt.

ER LA RS R BB EIERBRRBAETE - RE A14H -

&l A7 - BPIBER L 5Fl] V1—22TE (—1,1) ERRRE - 1B EEE - JME
BRI » = cosf > FEL,(ﬁH E3l|

sin 0

—/d@z—@—i—cst,

/m /s1n9
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and

/ﬂ:/(—sm%)dez/““%)_ldez Sin(20) _ 6 | oot

2 4 2
sinfcos@ 0 V1 —2x2 arccosz

— 27_§+Cst: 5 — B —+ cst.

. e ers 1 . 1 .
Example A1.7.2 : We want to find a primitive of T The function z > T s defined on

(—00,—1) U (1,+00), and on each of the connected components, we can have a different primitive.
From above, we consider the change of variables x = € cosh t, where ¢ = 1 if we look at an interval
I C (1,400); e = —1 if we look at an interval I C (—oo, —1). Note that in both cases, t > 0. This
allows us to write

/ dx /asinht
Nz sinh ¢
=In|z + Va2 — 1| + cst.

dt = et + cst = earccosh(ex) + cst

A cers 1 .
Example A1.7.3 : We want to find a primitive of NeE From above, we consider the change of

variables x = sinh ¢, so we have

cosh tdi .
———— =t + cst = arcsinh x + cst.

dx
/\/(52—1—1_/ cosh t

Below, you see a more complete table on primitives. Note that computing primitives is a hard task, and
for many functions, we are not able to find a closed form for their primitives. In such cases, mean-value
theorems (Section 5.3.5) or comparison of integrals (Section 7.1.4) can be useful to estimate the values of
integrals.

f() F(z) /(@) F(2)
a®,a>0,a#1 % \/1177,a>0 arcsin

tan x —1In|cosz| \/a?lfxi” a>0 arcsin £

cot x In | sin z| \/:p;ﬁ In(z + V1 + 22)

Sinlgx —cotzx \/ﬁ,a# 0 | In(x + vVa? + z22)

tanh x In(cosh z) ﬁ In|z+ Va2 —1]

cothx In(sinh x) 7721_112, a#0 | Injz+ Va2 — 2|

v:osil2 T tanh x 3327-2:-612 , a 7’é 0 % arctan %

1
sinh? x —cothz ﬁ>a7é0 %ln‘%t((ﬂ
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; )
_ sin 02(:089 _ g 4 oest— zy/ 12 z* arcc;s:v 4ot

g AL72 0 HABER - NERH - B o o o BERTE (—oo, —1) U (1, +00)

F EEEEBTH L EMAUERENERE - £ LEEMNSE  KMATUEREH

B s = ccosht NRFMEBEM I C (1,+00) » BIFHKMEN e = 1; IRBMEEER
IC(—o0,—1) BIFEME e = —1 - ARBTEEMEBERT - HPIEE ¢ > 0 - EERMED

dz esinht

/¢ﬂ—1:/$mt

=In|z+ V22 — 1| + cst.

dt = et + cst = e arccosh(ex) + cst

B AL73 ¢ BIEEHE L MREH - CENHB > RMTLUE RSN . -
sinht » EMSE

/ dx _/coshtdt
Va2 +1 - cosht

=t + cst = arcsinh x + cst.

THEELRTENRREERE - FAESEK ' STERRBAEEZHNER > MEAHRZREK
o FFIEACRREAHEAR RS - FERBERT » HASEAHEERE (5535 /)0H) =
BRI (5 7.1.4 /) REFHRMABERVRIE -

i) F(2) f@) F(2)
a®,a>0,a#1 % \/1177,a>0 arcsin

tan x —1In|cosz| \/a;j’ a>0 arcsin £

cot x In | sin z| \/x;ﬁ In(z + V1 + 22)

Sinlgx —cotzx \/ﬁ,a# 0 | In(x + vVa? + 22)

tanh z In(cosh x) 73@;—1 In|z + V22 — 1]

coth x In(sinh x) 7721_112, a#0 | Injz+ Va2 — 2|

v:osil2 T tanh z xz%az , a 7’é 0 % arctan %

1
sinh? x —cothz ﬁ>a7é0 %ln‘%t((ﬂ
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