Compact spaces and complete spaces

In this chapter, we will focus on two important notions, compact spaces and complete spaces.

3.1 Compact set

We present the notion of compact metric spaces in this section. First, we define such spaces using open
coverings, known as the Borel-Lebesgue property (Definition 3.1.3), and later on, we will see that this prop-
erty is actually equivalent to the sequential characterization, known as the Bolzano-Weierstrafl property
(Definition 3.1.19). We will also see the properties of compact sets under continuous functions in Section
3.1.2. In particular, this generalizes the notion of a segment in R, and we will establish a generalization of
the intermediate value theorem in Proposition 3.1.12.

3.1.1 Borel-Lebesgue property

Borel-Lebesgue property is a property defined using the notion of open coverings.

Definition 3.1.1: Given a subset A C M and a collection C = (C});ey of subsets. We say that C is a
covering (BE) of 4, or C covers A, if
Ac
el
Additionally, if all the C;’s are open subsets and satisfy the above condition, we say that C is an open

covering (A Z) of A.

Example 3.1.2: In the metric space (M,d) = (R, |-

), the collections

7 ={(a,b): 0<a<b< 1},
Iy ={(;.2):n>2}

are both coverings of (0, 1), where Z; is uncountable, but Z5 is countable.

Below, we define the notion of a compact metric space and a compact set in a metric space.

Definition 3.1.3 (Borel-Lebesgue property) : Let (M, d) be a metric space.

(1) The metric space (M, d) is said to satisfy the Borel-Lebesgue property if from any open covering
of M, we can extract a finite subcovering.

(2) We say that (M, d) is compact (254 if it satisfies the Borel-Lebesgue property. In other words,
M is compact if for any collection (U;);cr of open sets of M such that M C J;c; U; (& M =
U;er Ui), we can find a finite subfamily J C I such that M C (J;c; U;.
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(3) A subset K C M is said to be a compact set if the induced metric space (K, d) is compact.
In other words, K is a compact set if for any collection (U;);cr of open sets of M such that
K C ;¢ Ui, we can find a finite subfamily J C I such that K C (J;c; U;.

Example 3.1.4:
(1) Any finite metric space is compact.

(2) (R,|-|) is not compact because from the open covering R = U,,>1(—n, n), we cannot extract a
finite subcovering.

1

(3) In (R, |-|), the subset (0, 1) is not compact because from the covering U,>1(%,1— 1), we cannot

extract a finite subcovering.

Remark 3.1.5 : There is a dual version of the Borel-Lebesgue property by taking complementary sets. A
metric space (M, d) is compact if and only if for any family (F;);cr of closed sets such that NF; = &, there
exists a finite subfamily J C I such that N;c;F; = @. In particular, in a metric space (M, d), we may look
at the two following properties.

(i) (M,d) is compact.
(ii) Forany non-increasing sequence (F},),>1 of nonempty closed sets, the intersection Ny, > F}, is nonempty.

Note that (ii) can be compared to the Cantor’s intersection theorem (Theorem 2.2.7), which involves non-
increasing sequences of bounded, closed, and nonempty subsets in R".

We clearly have (i) = (ii). If additionally, the metric space has the property that from any open subcovering,
we may extract a countable subcovering (known as the Lindel6f covering property, see Theorem 3.1.28), then
(if) = (i). In particular, if M is a subspace of the Euclidean space R", we have (ii) = (i).

Proposition 3.1.6 : Let K C M be a compact set. Then, K is closed and bounded.

Proof : We first show that K is bounded. Take z € K, then (B(z,n)),>1 is an open covering of K.
By compactness, we can find a finite subcovering, so K is bounded.

Next, we prove that K is closed. By contradiction, assume that K is not closed. We can find an
accumulation point y of K suchthaty ¢ K. Foreachz € K, definer, = %d(x, y). Then, the collection
(B(z,72))zek is an open covering of K, and the compactness of K gives us a finite subcovering, that
is

n
K C U B(zk, rz ),
k=1
for some z1,...,x, € K. Take r = min(ry,,...,7s,) and x € B(y,r), then we can see that
d(z,z) > d(y, xr) —d(x,y) > 21y, — 17 = Tsp

for all 1 < k < n. This means that x is not in any of the open balls B(zy, 75, ). Thus, we obtain
that K N B(y,r) = @. This contradicts the fact that y is an accumulation point of /K. Then, we may
conclude that K is closed. ]
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Remark 3.1.7 : Later in Remark 3.1.34, we will see that a closed and bounded set is not necessarily compact
in general.

Proposition 3.1.8 : Let (M, d) be a compact metric space, and K C M be a closed set. Then, K is a
compact subset.

Proof : If K is empty, then K is clearly compact. Suppose that K is not empty, and given an open
covering C = {C; : i € I} of K. Since K is closed, M\ K is open. Therefore, C U {M\ K} is an open
covering of M. Since M is compact, we can find a finite subset I’ C I such that

M (U G)uM\K).

icl’
Therefore,
iel’
which is a finite subcovering from C. This shows that K is compact. O

Proposition 3.1.9 : Compact subsets of a metric space (M, d) satisfy the following properties.
(1) Any finite union of compact subsets is compact.

(2) Any intersection of compact subsets is compact.

Proof : The proofs are straightforward by the Borel-Lebesgue property.

(1) Letn > 1 and K3, ..., K,, be compact subsets of (M,d) and K := K; U---UK,. LetC =
{C; : i € I'} be an open covering of K. Then, C is also an open covering of K, for 1 < m < n.
For each m = 1,...,n, let us extract a finite subcovering of K,, from C, that we denote by
{C; :i € I}, where I, is a finite subset of I. Then, the set I’ := U, _ I,;, is finite as well, and
{C; :i € I'} is a finite subcovering of K. This shows that K is a compact subset of (M, d).

(2) Let (K;);ecr be a family of compact sets and K := N;ecrK;. Since K is an intersection of closed
sets, K is also closed. We may regard K as a subset of any compact set K, and it follows from

Proposition 3.1.8 that K is also compact. O

3.1.2 Application to continuous functions

Proposition 3.1.10 : Let (M, d) and (M',d") be two metric spaces and f : M — M’ be a function. If
[ is continuous and M is compact, then the image f(M) is a compact subset of M'; in particular, f (M)
is closed and bounded.
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Remark 3.1.11:

(1) We note that in Section 2.5.3, continuous functions are characterized by their preimage, or inverse
image, of open and closed sets. This proposition establishes the property that, the image of any closed
subset of M (so compact by Proposition 3.1.8) is also closed in M’. We note that this property does
not hold in general, see Remark 2.5.15.

(2) We also note that if f : M — M’ is continuous and M’ is compact, the preimage f~'(M’) is not
necessarily compact. A constant function f : R — R gives us a counterexample.

Proof : Let C = {C; : i € I} be an open covering of f(M). It follows from Proposition 2.5.11 that
f~Y(C;) is an open set in M for i € I. Therefore, { f~1(C;) : i € I} forms an open covering of M,
and the compactness of M allows us to extract a finite subcovering, denoted by {f~1(C;) : i € J} for
some finite subset J C I. Therefore,

fonc (U st@n)=UretencUao

ieJ icJ icJ

gives a finite subcovering from C of f(M). O

Proposition 3.1.12: Let (M, d) be a compact metric space and f : M — R be a continuous function.
Then, f is bounded and attains its maximum and minimum, that is, there exists a,b € M such that

fla)= inf f(z) and f(b) = sup f(a).

zeM xeM

Proof : It follows from Proposition 3.1.10 that f(M) is compact, thus also bounded and closed, in R.
Let m = inf,cps f(x). Then, m is an adherent point to f(M). Since f(M) is closed, we also have
m € f(M), thatis m = f(a) for some a € M. The proof is similar for the supremum / maximum. [J

Remark 3.1.13 : We note that it is important to assume that M is compact. For a counterexample, if (M, d) =
(R,[-]) and take f : R — R with f(x) = arctan(z), then f(R) = (-7, §), and it is clear that the supremum
and the infimum are not attained.

We may apply Proposition 3.1.12 to compact sets of R, giving us an improved version of the intermediate
value theorem (Theorem 2.7.18).

Corollary 3.1.14 : Let I C R be a segment and f : I — R be a continuous function. Then, f(I) is also
a segment.

Proof : We note that a segment in R is compact, which is a direct consequence of Remark 3.1.5 and the
fact that it satisfies the Cantor’s intersection theorem. Therefore, f(I) is compact in R, and it follows
from Proposition 3.1.6 that f(I) is bounded and closed. Additionally, we see from Theorem 2.7.18 that
f(I) is an interval. We conclude by saying that a bounded and closed interval in R is a segment.  [J
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Corollary 3.1.15: Let (M, d) — (M’,d’) be a continuous and bijective function. If (M, d) is compact,
then f~! is continuous, and f is a homeomorphism.

Proof : Suppose that M is compact. To show that g := f~! : M’ — M is continuous, we may
use the characterization from Proposition 2.5.11. Let A be a closed subset of M. It follows from
Proposition 3.1.8 that A is compact. Then, Proposition 3.1.10 tells us that g~'(A4) = f(A) is also
compact, thus closed in M. O

Remark 3.1.16 : It is important to assume that (M, d) is compact. For a counterexample (Exercise 2.47),
consider f : [0,1) — U defined by

f(x) =™ 2 €]0,1).
The function f is clearly continuous and bijective. However, f~! is not continuous at f(0) = 1, because we
may take the sequence z,, = 1 — 2 and y,, = f(,,). Then, y,, — 1= f(0), but f~(y,) = x,, does not

converge in [0, 1).

Theorem 3.1.17 (Heine—Cantor theorem) : Let f : (M,d) — (M’',d') be a continuous function.
Suppose that M is compact. Then, f is uniformly continuous.

Proof : Let £ > 0. For every x € M, since f is continuous at z, we may find §,, > 0 such that

y€B(x,0:) = [f(y) € B(f(x),3) (3.1)

Clearly, the set of open balls { B(z, %”) : ¢ € M} forms an open covering of M. (Note that here, we
divide the radii by 2.) The compactness of M allows us to extract a finite subcovering, that is

M C ) Bas, )

-

=1

for somen > land z1,...,2, € M. Let§ = %minlgign dz;- Fory,y' € M with d(y,y’) < 0, we can

find 1 < ¢ < n such thaty € B(x;, 2 ). Then,

0.

d(y',zs) < d(y',y) +d(y, ;) <6+ 5= <0,

it

That is, y,y' € B(z;, d, ). Therefore, by (3.1), we find

d(f ), f) < d(f(y), f(@:) +d(f (@), f(Y) <5+ 5 =e.

Remark 3.1.18 : In the first-year calculus, you should have seen Heine—Cantor theorem in R, which states
that a continuous function f : I — R on a segment I C R is uniformly continuous.

Last modified: 11:20 on Friday 22"* November, 2024 5



Chapter 3 Compact spaces and complete spaces

3.1.3 Sequential characterization

Definition 3.1.19 (Bolzano-Weierstrafy property) : A metric space (M,d) is said to satisfy the
Bolzano-Weierstraf3 property (Bolzano-Weierstrafy 1£5) if from any sequence (x,,),>1 of points of
M, we can extract a convergent subsequence (¥ ())n>1 With limit in M.

Theorem 3.1.20 : In a metric space (M, d), the Borel-Lebesgue property and the Bolzano—Weierstraf3
property are equivalent. In other words, the metric space (M, d) is compact if and only if every sequence
in (M, d) has a convergent subsequence.

Proof : Borel-Lebesgue = Bolzano-Weierstraf3. Let us assume that K is compact, and given a se-
quence (zy,)n>1 with values in K. Let A = {z,, : n > 1} be the range of the sequence. If A is finite,
then we can easily find a convergent subsequence of (x,),>1. Suppose that A is infinite, and that
(an)n>1 does not have any convergent subsequence. This means that for every = € K, there exists a
ez > 0such that AN B(x,e,) = @ or {z}. Additionally, these open balls { B(z,e;) : € K} form an
open covering of K. Due to the compactness of K, we may find a finite subcovering, thatis z;,...,x,
such that

n
K C | B(wi, ea,)-
=1

Therefore,
n
A=ANK C | J(AN B(xi,ea,))-
i=1
However, the set A on the Lh.s. is infinite, but on the r.h.s., each term in the finite union is either empty

or a singleton, so is still a finite set. This leads to a contradiction.
For the converse, we will first prove the following two lemmas. (]

Definition 3.1.21: A metric space (M, d) is said to be precompact (FJEER##), or relatively compact
(P24, if for all € > 0, there exists a finite covering of M by open balls of radius e.

Lemma 3.1.22 : Let (M, d) be a metric space satisfying the Bolzano—Weierstraf$ property. Then, it is
also precompact.

Proof : By contradiction, suppose that there exists € > 0 such that we cannot find a finite covering by
open balls of radius ¢. Let us construct a sequence (x,),>1 in M by induction such that

o foreveryn #m > 1,d(zp, xm) > ¢,
« foreveryn > 1, M # U | B(z;,€).

Letxy € M, thenby the assumption, M # B(x1,¢). Let k > 1 and suppose that we have constructed
1, ..., 7 such that d(z,, z,) = efor 1 <n #m < kand M # UF_ B(x;,¢). Then, we can find
Tpy1 € M\(UF_,B(x;,¢)). This allows us to see that d(zj,1,7;) = € for 1 < i < k, and again by
assumption, we know that M # Ut B(x;,¢).

i
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The sequence (z,),>1 constructed above is not Cauchy, and none of its subsequence is Cauchy
either. Thus, by Proposition 2.4.6, it does not have a convergent subsequence. This contradicts the
Bolzano-Weierstraf} property. g

Lemma 3.1.23 : Let (M, d) be a metric space satisfying the Bolzano—Weierstraf3 property. Consider an
open covering (C;);cr of M. Then, there exists € > 0 such that

Ve e M,3ie€l, B(z,e)CC;.

Proof : By contradiction, suppose that for all ¢ > 0, we can find x € M such that
B(z,e) € C;, Viel
In particular, for every n > 1, let us choose x,, € M such that
B, :=B(z,,) ¢ C;, Viel. (3.2)

Using the Bolzano-Weierstraf} property, we may find a subsequence (,(,,))n>1 that converges to some
limit ¢ € M. By the assumption, we may find ¢ € I suchthat? € C;, andr > Osuchthat B(¢,2r) C C;.
The convergence of the subsequence (Z(,))n>1 further implies that there exists N > 1 such that

d(Tymy, ) <7, VYn>=N.
Therefore, for n > N with ¢(n) > 1/r, we have
Vy € B(p(n)7 d(& y) < d(ﬂ, x@(n)) + d(xnp(n)vy) <r+ 1/(,0(71) < 2r.

It follows from the above line that B,y € B({,2r) C C;, which contradicts Eq. (3.2). 0

Now, let us finish the proof of Theorem 3.1.20.

Proof of Theorem 3.1.20: Suppose that the metric space (M, d) satisfies the Bolzano-Weierstraf3
property. Let (C;);cs be an open covering of M. By Lemma 3.1.23, we may fix ¢ > 0 such that

Vee M,3i €I, B(zx,e)CC;. (3.3)

By Lemma 3.1.22, we can find finitely many open balls of radius ¢ > 0 that cover M. Let n > 1 and
T1,...,Tn € M such that

n

M = ] B(zse).
i=1

By Eq. (3.3), for 1 < i < n, we may find j; € I such that B(z;,e) C Cj,. This allows us to conclude
that
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To conclude this subsection, we sum up what we have shown in the following corollary, which gives us
useful criterions to check whether a metric space is compact. Additionally, we will also see a few applica-
tions.

Corollary 3.1.24 : The metric space (M, d) is compact if and only if one of the following properties is
satisfied.

(1) Every sequence of M has a subsequential limit in M.

(2) Every infinite subset of M has an accumulation point in M.

Proposition 3.1.25: Let (M, d) be a compact metric space and (xy,)n>1 be a sequence in M with only
one subsequential limit x. Then, (x,,)n>1 converges to x.

Proof : By contradiction, assume that the sequence does not converge to x. We can find € > 0 such
that for all NV > 1, there exists n > N with d(z,, ) > €. This gives us a subsequence (z(;))n>1 such
that d(x,(,), ) > € foralln > 1. Since M is compact, we may extract a convergent subsequence from
(xw(n))n%, that is

lim Typoy(n) = Y € M.

n—oo

We have d(z,y) > €, so z # y, and y is also a subsequential limit of (z,,),>1, which is a contradiction.

0

Below, we are going to consider a product of metric spaces indexed by I. We distinguish two settings: (i)
I is finite, or [ = [N] = {1,..., N} for some integer N > 1; (ii) ] is countably infinite, or I = N. We recall
the notations and definitions we saw in Section 2.6 and Exercise 2.46.

i) Let N > 1 and (My,d;1),...,(My,dy) be metric spaces. We consider the product space M =
P p P
[lier M; = My x --- x My and the product distance as in Definition 2.6.1, defined by

d(may) = max dz(x’tayl)v r = (xlv'”axN)ay: (y17"‘7yN) S M.

1<iKN

(i) Let ((My,,dy,))n>1 be a sequence of uniformly bounded metric spaces. We consider the product space
M = Tl;er M; = [],,>1 My and the product distance as in Exercise 2.46, defined by

d(xvy) - Z 2indn(xn7yn)7 r = (an)n>17y - (yn)n21 6 M

n=1

We note that in both settings, the convergence in the product space is equivalent to the convergence of each
coordinate in the corresponding metric space. In other words, for any sequence (z(*)) k>1 in M, we have

klim :# =2 & klim xl(-k) =ux;,Vi € 1.
—00 —00

Proposition 3.1.26 : Given metric spaces and define the corresponding product metric space as in (i) or
(ii). Then, (M, d) is compact if and only if (M,,, d,) is compact for alln € I.
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Proof : We are going to show that M; is compact for all ¢ € I using the continuity of projection maps.
More precisely, for a fixed 7 € I, M; can be seen as the image of M under the projection map Proj;,
which is continuous by Proposition 2.6.5. Then, it follows from Proposition 3.1.10 that M; is also
compact.

For the converse, we are going to use the characterization from Corollary 3.1.24. Given a sequence
of points (¥~ from (M, d), we are going to find a convergent subsequence of it. We just saw that,
in both (i) and (ii) cases, the convergence of a sequence in M is equivalent to the convergence of all
the coordinates, which simplifies the construction we are going to present below. We will construct
extractions (¢, )ner by induction, where I = [N] forsome N > 1or [ = N.

First, note that since M is compact, we may find a subsequence ((*1(¥))),-, such that (w%‘pl(k)))
converges in M;. Then, we apply the compactness of M3 to the sequence (:1:(9"1(1“)))@1, which allows
us to find a subsequence (z(#1°#2(k)), _, such that (m%ﬁlom(k)))
we can find extractions (¢, )nes such that

k>1 converges in Ms. By doing this,

lim z{Preoen®) — ¢ e M,, Vnel. (3.4)

k—o00

(i) In the case that [ = [N] for some N > 1, we may define the extraction ¢ := ¢ o ... py. For

each 1 < n < N, since the sequence (ﬂsz(k));@l is a subsequence of the convergent sequence

(:nglo'"w”(k)))k%, it follows from Eq. (3.4) that it also converges to the same limit /,,.

(ii) In the case that I = N, we cannot copy the same prove as above, since it does not make sense
to consider the composition of infinitely many functions. To get around of this, we are going to
construct an extraction using the diagonal argument, that is

(Cﬁ(w(")))nm, Y(n) :=p10---0@y(n).

w(k)))

For each n € N, we see that (w%

(a:,(lgplo"'own(k)))k>n, $0 (:c#(’“)))@l also converges to the same limit /,,.

k>n is a subsequence of the convergent sequence

Therefore, we have established that

3.1.4 Heine-Borel property in finite dimensional Euclidean spaces

We know from Proposition 3.1.6 that a compact set is closed and bounded. In this subsection, we will see
that in the Euclidean space R", closed and bounded sets are also compact, which is known as the Heine—Borel
theorem. In particular, this allows us to have a simpler criterion to check whether a subset of R” is compact,
without using the Borel-Lebesgue property, which is the very first definition of compactness in Definition
3.1.3. However, keep in mind that this equivalence does not hold in a more general metric space, as we will
see in Remark 3.1.34.

Let us consider the following countable collection of open balls in R",

G ={B(z,r):x=(x1,...,2,) € Q",7r € Q}.
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Lemma 3.1.27 : Let x € R"™ and A C R" be an open set containing x. Then, there exists G € G such
thatx € G C A.

Proof : To find such an open ball G € G satisfying x € G C A, we need to find a point y with rational
coordinates that is close enough to z, and take G = B(y, ¢) for some small enough rational £ > 0.
Since A is an open set, we may find € > 0 such that z € B(x,e) C A. Then, we take y € Q™ such
that d(z,y) < §. This is possible because Q" is dense in R". Let r € QN [, 5], which guarantees
that x € B(y,r). We are going to check that B(y,r) C A. Given z € B(y,r). It follows from the

triangular inequality that
d(z,2) < d(z,y) +dly,2) < {+5 = je.

Therefore, B(y,r) C B(z,e) C A. O

Theorem 3.1.28 (Lindeldf covering theorem) : Let A C R™ andC be an open covering of A. Then, there
is a countable subfamily of C that also covers A.

Remark 3.1.29: This theorem is interesting only when the open covering C is uncountable, since otherwise,
the statement is trivial. Additionally, here we do not require any additional condition for the subset A.

Proof : We write the elements of the open covering C as C := {C; : i € I} for some index set I. The
collection G contains countably many open balls, we may enumerate its elementsas G = {G1, Go, ... }.

For each z € A, we may fix i = i(x) € I such that x € Cj, and by Lemma 3.1.27, there exists at
least one G € G such that x € G C C}, so the map f : A — N given by

Vo e A, f(z) =min{j >1:2€ G; C C;}
is well defined. Then, let
J:={f(z) :x € A},
which is countable, and it follows from the above construction that
A=J@G;
JjeJ

To conclude, for each j € .J, we may choose an arbitrary z; € f~!({;}), and the corresponding
element Cj(, ) in the open covering C. Therefore, we have obtained a countable subfamily of C that
covers A, that is
AC U Ci(ay)-
jeJ O

Theorem 3.1.30 (Heine—Borel theorem) : Let K C R". If K is closed and bounded, then K is compact.
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Remark 3.1.31: We note that by Lindelof covering theorem (Theorem 3.1.28), we may extract a countable
subcovering from any open covering of K. This theorem gives us sufficient conditions so that a finite (open)
subcovering exists. We note that these conditions are also necessary, as mentioned in Proposition 3.1.6.

Proof : Given an open covering C of K. Lindel6f covering theorem gives us a countable subcovering
of C, denote by
{Ci:i>1}CC

that also covers K. For n > 1, let

which is an open set. We want to show that there exists n > 1 such that K C §,,.
Let us consider another sequence of subsets defined by

Ap=K\S,=KnS;, Vn>1.

We can easily see that for all n > 1, the set A, is closed, the inclusion A, 11 C A, holds, and A1 C K
is bounded. By contradiction, suppose that there does not exist n > 1 with K C S,,, which means that
all the sets A,, are nonempty. We may apply Cantor intersection theorem (Theorem 2.2.7), telling us
that the intersection A = N,,>14,, is nonempty. This gives © € A, thatis x € K and x ¢ S, for all
n > 1, which is impossible because K C Up>1Cy,. O

Remark 3.1.32 :In the beginning of this subsection, we assumed that R" is equipped with the Euclidean
norm ||-||,. However, for any other given equivalent norm ||-||, the normed spaces (R", [|-||,) and (R™, ||-||)
are also topologically equivalent (Remark 2.5.26). This means that the notion of open sets, closed sets, and
bounded sets stays the same, the notion of compactness also stays unchanged, since it only depends on the
notion of open sets (Definition 3.1.3). Therefore, the Heine—Borel theorem is still valid if we equip R™ with
other equivalent norms, such as ||-||; or |||, (Example 2.5.25).

Remark 3.1.33 : More generally speaking, the proof of Lindeldf covering theorem, Cantor intersection
theorem, and Heine—Borel theorem can be generalized without many modifications to any finite dimensional
normed vector space. In fact, we will see in Theorem 3.2.22 that all the norms in a finite dimensional normed
vector space are equivalent. Since the results hold in R” equipped with the Euclidean norm, it follows from
Remark 3.1.32 that they also hold for any other equivalent norm. Then, a finite dimensional normed vector
space is isomorphic to R™ with a properly chosen norm. In conclusion, in finite dimensional normed vector
spaces, closed and bounded sets are compact.

Remark 3.1.34 :In a general metric space, the Heine—-Borel theorem fails to hold. Take the normed space
¢>°(R) for example, and consider the unit closed ball B = B(0, 1), which is clearly closed and bounded.
However, it is not compact, because it does not satisfy the Bolzano—Weierstraf3 property. To see this, let us
look at the sequence (a?);>; of points in B, defined by

a = (@D)nz1, al) =65 =Tpy, Vn > 1L

n
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This sequence does not have any subsequential limit. This can be seen by the fact that

Ha(i) - a(j)H =1, Vi#£j>1

To sum up this subsection, in a finite dimensional normed vector space, such as R", the above Heine-Borel
theorem gives us a useful criterion to check whether a subset is compact.

Corollary 3.1.35: Let K C R™. Then, K is compact if and only if K is closed and bounded.

3.2 Complete spaces

In Section 2.4.2, we saw that any convergent sequence is Cauchy, but some Cauchy sequences need not
converge. Intuitively, a Cauchy sequence is a sequence whose terms are uniformly close one to each other
for large enough indices, so if such a sequence cannot converge, it means that there are some “holes” in the
space. Our goal is to study some general properties of complete metric spaces (Section 3.2.1), discuss an
important application (Section 3.2.2), and to conclude this section, we will discuss some important results
about complete normed vector spaces, also known as Banach spaces (Section 3.2.3).

3.2.1 Definition and properties

We recall the definition of copmlete spaces and Banach spaces from Definition 2.4.10. It says that a metric
space is complete if every Cauchy sequence converges, and a Banach space is simply a complete normed
vector space.

Proposition 3.2.1: Let (M, d) be a metric space, and S C M be a subset.
(1) If (S, d) is complete, then S is closed.

(2) If (M, d) is complete and S is closed, then S is also complete.

Proof : The proofs follow directly by the definition of complete spaces, and the sequential characteri-
zation of closed sets given in Corollary 2.4.15.

(1) Suppose that (S, d) is complete. To show that S is closed, by the sequential characterization from
Corollary 2.4.15, we need to check that given any convergent sequence (x,,),>1 of points in S,
its limit should also be in S. If the sequence (z,),>1 is convergent in M, then it is a Cauchy
sequence in M, so also a Cauchy sequence in S. The completeness of S allows us to conclude
that the limit is in S.

(2) Suppose that (M, d) is complete and S is closed. Given a Cauchy sequence (z,,)n>1 in S. Since
it is also a Cauchy sequence in the complete space M, it converges to a limit £ € M. Then, it

follows from Corollary 2.4.14 that £ € S = S, so the convergence also occurs in S. .
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Proposition 3.2.2: Let (K, d) be a compact metric space. Then, K is also complete.

Proof : Let (z,,),>1 be a Cauchy sequence in K. The sequential characterization of compact sets
Corollary 3.1.24 allows us to find an extraction ¢ such that z,,, —= { for some ¢ € K. We shall
n—oo

show that the original sequence (z,,),>1 also converges to /.
Let e > 0. Since (x5, )n>1 is Cauchy, we may find N; > 1 such that

d(Zn, Tm) < 5, VYn,m > Ni.
Since the subsequence (7, (,))n>1 converges, we may find N2 > 1 such that
d(l‘w(n),f) < %, Vn = Ns.

Then, for n > max(Ny, N2), we have

d(wn, 0) < d(Tn, Tyn)) + d(Tpm),£) < §+5=c¢.

This shows that x,, — £. 0
n—oo
Proposition 3.2.3 : Given a sequence of metric spaces (M;,dy), . .., (M, dy,) and consider the product

metric space (M, d) given by M = M x --- x M, and the product distance defined in Definition 2.6.1.
Then, (M, d) is complete if and only if (M;, d;) is complete for all 1 < i < n.

Proof : See Exercise 3.22. OJ

Proposition 3.2.4: Let (M, d) be a complete space. Consider a sequence of closed sets (A, )n>1 satisfying
e Apt1 C A, foralln > 1,

« the diameter goes to zero: 6(A,) —— 0.

n—oo

Then, there exists x € M such that A := Ny>14,, = {z}.

Proof : For every n > 1, choose a,, € A,,. Since 6(A,,) —=0 the sequence (a,)n>1 is Cauchy. For
any p > 1, the subset A, is closed, it follows from Proposition 3.2.1 that A, is complete. Therefore,
(@n)n>p converges in A, to £,. The limit ¢, is actually the same for all p > 1 by the uniqueness
of the limit, so let us denote the common limit by ¢. Since ¢/ € A, for any p > 1, we also have
le A= mn}lAn-

To conclude, the fact that 6(A,,) — 0 implies that A can contain at most one element. g

Last modified: 11:20 on Friday 22"* November, 2024 13



Chapter 3 Compact spaces and complete spaces

Remark 3.2.5 : It is important to assume that 6(A,,) —= 0. For example, the sequence of closed sets
n—oo

(Ay, = [n,00))n>1 satisfies all the other assumptions, but N,,>14,, = @.

3.2.2 Fixed point theorem

Definition 3.2.6 : Let (M, d) be a complete metric space. A function f : M — M is said to be a
contraction map (BRHERREY) if there exists k& € [0, 1) such that

d(f(z), f(y)) < kd(x,y),  Va,ye M. (3.5)

Theorem 3.2.7 (Fixed point theorem) : Let (M, d) be a complete metric space and f : M — M be a
contraction. Then, f has a unique fixed point, that is there exists a unique v € M such that f(x) = .

Proof: Let k € [0, 1) be a constant such that Eq. (3.5) is satisfied. Fix xo € M and define x,,+1 = f(z,)
for n > 1. By induction, we find d(zy+1, z,) < k"d(x1, x¢) for n > 1. Therefore, for any m >n > 1,
we have
k,n
(T, ) < d(Tm + Trpe1) + -+ d(@ps1, 2n) < (E™H 44 EM)d(21, 70) < md(wl,xo).

This implies that the sequence (zy,),>0 is Cauchy. The completeness of (M, d) implies that (z,),>0
converges to some limit that we denote by x.

Since f is Lipschitz continuous, it is also continuous (Corollary 2.5.31), and by the sequential char-
acterization of continuity, we find

F@) = £ Jim, o) = Jim f(a) = Jim wis =

Therefore, x is a fixed point of f.

To show the uniqueness, we proceed as follows. Suppose z,y € M such that f(z) = x and f(y) = y.
Then,

0<d(z,y) =d(f(x), f(y)) <kd(z,y).

Since k < 1, this is possible only if d(z,y) = 0, thatis x = y. O

Remark 3.2.8 : As a byproduct of the proof, any iterative sequence defined by x,,11 = f(z,) forn > 1,
where x¢ € M is fixed, converges to the unique fixed point of f.

Remark 3.2.9 : Note that the theorem does not hold if the assumption in Eq. (3.5) is replaced by

d(f(z), f(y) <d(z,y), Vr#yeM.

For example, in the metric space (M, d) = ([0, 00),|-|), the function f(z) = x+ e~ does not have any fixed
point. However, if we assume that (M, d) is compact, then the assumption in Eq. (3.5) is enough to obtain
the fixed-point theorem, see Exercise 3.16.
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3.2.3 Normed vector spaces

Let (V, [|-|ly/) and (W, ||-||;3-) be two normed vector spaces on K = R or C.

Definition 3.2.10:
« We write L(V, W) for the set of linear maps from V' to W.

« We write L.(V, W) for the set of continuous linear maps from V' to W. We may equip £L.(V, W)
with the following norm, called operator norm (B-F&E2),

Ve L(V,W), Ifll= sup [[f(z)ly € 0,00]. (3.6)

lllly <1

By default, Eq. (3.6) is the norm we consider on £(V, ). We note that if dim V' > 1, that is
V # {0}, we also have

vie Lo vw), Al =sup W g @ (37)
w40 lzlly ja),=1

+ The elements in the set V* := L(V,K) are called linear forms (£147Z &), and the elements in
the set L.(V,K) are called continuous linear forms GEAEKREZ BK|).

Example 3.2.11:
(1) For any normed vector space V', we have ||Idy || = 1.
(2) We may equip M, (R) with the norm ||-|| ., given by

VA = (aij)icij<n, Al = sup |aijl.
<4,J<n

Let us consider the linear form tr : M, (R) — R.

« For A € M, (R), we have |tr(A)| < > }_; |ark| < n|A| . This shows the continuity
of tr and ||[tr]| < n.

« We have |tr([,)

=nand ||I,]|,, = 1, this shows that ||tr|| = n.

Theorem 3.2.12: Let f € L(V, W) be a linear map from V to W. The following properties are equiv-
alent.

(a) f is continuous onV.

(b) f is continuous at 0.

(c) f is bounded on the closed unit ball B(0,1) of V.

(d) f is bounded on the unit sphere S(0, 1) of V.

(e) There exists M > 0 such that || f(z)|ly, < M ||z||,, forallz € V.

(f) f is Lipschitz continuous on V.
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(g) f is uniformly continuous on V.

Remark 3.2.13 : In practice, to show that a linear map f € L(V, W) is continuous, we prove (e), that is we
look for a constant M > 0 such that

veeV, |f@)ly < Mlzly -

If we look at the definition of the operator norm in Eq. (3.7), we see that the best (smallest) constant M we

can take is M = || f||. To show that a linear map f € L(V, W) is not continuous, we may show that f is not

continuous at 0. We achieve this by establishing a sequence z,, — 0 such that f(x,) does not converge
n—oo

to 0. See Exercise 3.29 for an example.

Proof :

« (@) < (b). Forxz € Vand y € B(0,¢), we have

flz+y) = f(x) = fy) = £(0).
Therefore, the continuity at x is equivalent to the continuity at 0.

« (c) = (d) = (e) = (c). There is nothing to show for (c) = (d) and (e) = (c). Let us show (d) =
(e). Let M = supgcg(01) I/ ()|l < oo. Fix x € V, by linearity and the property of the norm,
we have

LF @)l = lllly

T
oo H <M [|lz]ly
(),
X
because Tl € S(0,1).

+ (f) & (g). We have already seen (f) = (g) in Corollary 2.5.31. Suppose that (g) holds. Let ¢ > 0
and choose § > 0 such that

Ve,yeV, |z —ylly <6 = |f@ -yl =If(z) - fWlw <e

Then, for any =,y € V with x # y, we have

7))y = 2 Hf(f(x — )H < fle vl

2=l
+ (g) = (a) is clear.
+ (b) = (e). Given € > 0, by the continuity of f at 0, we may find § > 0 such that

VeV, lyly<d = [fWlw <e

Therefore, for any given z € V, we have

15 @)l = 12

ox €
f H g P '
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« () = (f). For any z,y € V, we have

1f (@) = fFWllw = 1F (@ =)l < Mz —ylly -

Proposition 3.2.14: Let U, V, W be three normed vector spaces. For f € L.(U,V) andg € L.(V,W),
we have g o f € L(U, W) andl|llg o fll <llgll - [/l

Proof : For x € U, we have

lg o f@)llw < llgll LF @)y < gl - WAzl -

In other words,

lge F@)lw o £

lg o 71 = sup 1255
z#0 U O

Remark 3.2.15 : In particular, for U = V' = W, the proposition reduces to a submultiplicative inequality
on the space of continuous endomorphisms (E[E)&&) on U, that is

g £Ul< Mgl - WA, VF g € Le(U) == Le(U,U),

where the composition law o is the multiplication on the algebra £.(U). This is an example of a normed

algebra (RHEELE).

Remark 3.2.16: Let m, n > 1 be integers. From a matrix A € M, ,,(R), one can define a linear continuous
operator R” — R™, X +— AX, where we identify the vectors in R" and R" as column vectors. This defines
a norm on the space of matrices, that is

AX
VA € Mpa(R), [|A]] = sup IAX]_ sup [[AX|| = sup [|[AX] € [0, 0]
x#0 [ XII xy=1 X<t

This norm on matrices is an operator norm. Additionally, when m = n, this operator norm satisfies

ABI < [IAN[IBl, VA, B € Mn(R).

Definition 3.2.17 : A complete normed vector space is called a Banach space (Banach ZE[&).

Theorem 3.2.18 : If W is a Banach space, then the normed vector space (L.(V,W),|||-||]) is also a
Banach space.
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Proof : Let (f;,)n>1 be a Cauchy sequence in L£.(V, W). We are going to construct a potential limit f
and check that it is indeed the limit in three steps.

+ Fix z € V. By observing that

1fp(2) = fa@)I| < Ifo = Soll - llzlly» Vpg =1,

we know (f,(x))n>1 is a Cauchy sequence in W. W being a Banach space, the sequence
(fn(z))n>1 converges, and we denote its limit by f(x). This definesamap f: V — W.

« Let us check that the map f defined above is linear and continuous. For z,y € V, we have
flx+y) = lim fu(z+y) = lm [fu(z) + fu(y)] = f(2) + f(y).
For x € V and A € K, we have
f(z) = Jim fun(Az) = Jim AMn(z) = Af(z).

For the continuity, since ( f;,)n>1 is Cauchy, it is also bounded (Proposition 2.4.8), say || fn||| < M
for all n > 1 for some M > 0. For any x € V, we have

n—oo n—0o0

1@y = [ i fu(@)| = lim [1fa(@)lly < M 2]y

« To finish the proof, we need to show that (f,,),>1 converges to f with respect to the norm ||-||.
Let € > 0. There exists N > 1 such that ||| f, — fo[| < eforallp,¢ > N. Fixp > N, we have

Vg= N, |fp(x) = fo(@)lw < fp = fall - Izlly < e llzlly -

By taking the limit ¢ — oo, due the the convergence of f,(x), we find

1fp(2) = f(@)lly < ellzlly -

Since this inequality holds for all z € V, we deduce that || f, — f[| < eforallp > N. -

Remark 3.2.19 : The proof we just see above is a standard procedure to show that a normed space is Banach.
More precisely, the three steps are as follow.

(1) We construct a potential candidate for the limit (a function in this example).
(2) We check the properties of this candidate, in order to show that it belongs to the correct space.
(3) Check the potential candidate is indeed the limit.

In Exercise 3.31, you may also follow the same steps to complete the proof.

Proposition 3.2.20: Let U be a complete normed vector space (Banach space) andu € L.(U) satisfying
llull < 1. Then, Id — w is invertible, and its inverse writes

k._ 13 k
Yo ub = lim Yt € Lo(U). (3.8)
k=0 k=0
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Proof : We are going to check that the limit in Eq. (3.8) is well defined, then check that it is the inverse
of Id — w.

« Foreveryn > 0,let S, = >"1_, u¥. For any m > n > 0, we have

m
S — Sp = Z u¥,
k=n+1
1
e ™

m
lsm=Sall < 3= [l < 32 Ml < {2
k::n-i—l k:n-i—l

Thus, the sequence (S, )n>0 is Cauchy in L.(U), which is a complete space by Theorem 3.2.18,
implying that S := lim,,_,~ S, exists and belongs to L.(U).

« It is a simple computation to check that the limit S is the inverse of Id — u. We write

(Id —»)S = lim (Id — u)S, = lim (Id — »"*') =1d.

n—0o0 n—oo

And similarly, we also have S(Id — u) = Id.

Remark 3.2.21 : Following a similar approach, we may also define the exponential of a continuous linear
endomorphism u € L.(U) as below,

n

exp(u) = Z % e L.(U).

n>0

We may also apply the same idea to construct other convergent series.

Theorem 3.2.22: In a finite dimensional normed vector space, all the norms are equivalent.

Proof: Let V be a finite dimensional vector space over a field K = R or C. We write n for its dimension,
and consider a basis of V, denoted by (ey, ..., e,). Let N be a norm on V' defined as follows,

n
Noo(z) = sup |zi|, z=7 wie; €V.

1<i<n i=1

Let NV be a norm on V. We want to show that N, and N are equivalent.
For z € V, we may write it as z = >_;* ; x;¢;, and its norm satisfies

n n n

N(z) < ZN(xiei) = Z |xi|N(e;) < aNoo(x), a= ZN(@Z-).

=1 =1 =1

Let S = {z € V : Noo(x) = 1}. In the normed space (V, No), S is clearly bounded, it is also closed,
being the preimage of the closed set {1} under the continuous map = — Ny (z). It follows from
Remark 3.1.32 that S is a compact subset of (V, Noo). Additionally, the map N : (V, Ny) — Ris
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continuous because it is Lipschitz continuous (Corollary 2.5.31),
[N(z) = N(y)| < N(z —y) < aNeo(x —y).

Therefore, the infimum of IV on S is attained (Proposition 3.1.12), so needs to be strictly larger than 0.
We write b = inf,cg N(z) > 0, and we have

Vo € V\{0}, N(z)= No(z)- N(
0

Remark 3.2.23 : Theorem 3.2.22 basically tells us that on a finite dimension vector space, we may choose
whichever norm we want, since many topological notions do not depend on the chosen norm anymore.

« Different norms give rise to normed spaces which are topologically equivalent (Remark 2.5.33). This
means that the notions, such as open sets, closed sets, interior, closure, boundary, compact sets, con-
nected sets, limit, and continuity of a function, etc. are the same for all the norms.

+ Some stronger notions which depend on the distance (norm), and not only on the topology, are also
the same, such as the boundedness of a set, and the uniform continuity of a function.

Corollary 3.2.24 : Following are consequences of Theorem 3.2.22.

(1) Any linear map from a finite dimensional normed vector space to any normed vector space is con-

tinuous. In other words, L(V, W) = L.(V,W) ifdim V < oc.
(2) Every finite dimensional normed vector space is complete.
(3) Every finite dimensional subvector space of a normed vector space is closed.

(4) In a finite dimensional normed vector space, compact subsets are exactly closed and bounded subsets.

Remark 3.2.25 : In an infinite dimensional normed space, these properties do not hold anymore.
(1) We may equip the vector space R[X| of polynomials with the norm

VP = ZanX”, I|IP|| = sup |an]|.
n=0

n=0

Then, the following map
f: RX] — R[X]
P ~ P

is linear but not continuous. Actually, for every n > 1, we have || f(X™)|| = n and || X"| = 1.

(2) In the space of continuous functions C([0, 1], R), we may consider the following sequence of affine
functions,

_ n3/2 f
Yn > 1,Vz € [0,1], f(w):{a/ﬁ e lf?
i1

//\ //\

1
n?’
1.

//\ //\

Then, we see that

|l = v/nforalln > 1, so f, does not converge under the norm ||-|| ;
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| frlly — 0,50 [ converges to the constant function 0 under the norm ||-||;

o | fulls = % for all n > 1, so the sequence (fy,)n>1 is bounded under the norm ||-||,. However, it
does not converge to the constant function 0, and cannot converge to any other function either
by uniqueness of limit (and Cauchy-Schwarz inequality).

In the second semester, we will discuss more about different notions of convergence of sequences of
functions.

(3) In Remark 3.1.34, we saw that in £°°(RR), the unit closed ball E(O, 1) is bounded and closed, but not
compact.

3.3 Completion of a metric space
3.3.1 Using Cauchy sequences

A metric space (M, d) is not necessarily complete, it is possible to make it complete by adding those missing
limiting points (of Cauchy sequences). To this end, we are going to consider the space consisting of all the
Cauchy sequences in M. This space is much larger (up to an isometry) than the original space M itself, and
some of its elements are actually represented by multiple Cauchy sequences. Therefore, we need to identify
some of its elements, and show that the resulting space is complete. Such as a space is unique, and is the
smallest (up to an isometry) complete space containing the original space M, and we call it the completion
of (M, d).

Theorem 3.3.1 (Completion of a metric space) : Let (M, d) be a metric space. There exists a metric
space (M, 0) and an isometric injection i : M — M such that the following properties are satisfied.

(1) i(M) is dense in M.
(2) The metric space (M, ) is complete.

Moreover, such a metric space (M, ) is unique in the following sense. Let (M, 61) and (My, 63) be two
complete metric spaces, and iy : M — My and ia : M — Ms be two isometric injections such that
i1(M) is dense in My and io(M) is dense in My. Then, there exists a bijective isometry ¢ : My — My
such that p(i1(z)) = ia(z) forallz € M.

Figure 3.1: This diagram illustrates the uniqueness of the completion of (M, d)
up to a bijective isometry .
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Example 3.3.2 : Below are a few examples of completion of metric spaces.
(1) If we equip M = (0, 1] with the usual distance | - |, then its completion writes M = [0, 1].

(2) If we equip M = (0, 1] with the distance d as in Exercise 2.23, then M = M because (M, d) is
complete.

(3) If we equip Q with the same distance |- |, then Q=R corresponding to Cantor’s construction of
the real numbers. In this construction, each real number can be identified to a Cauchy sequence.

If we equip Q with the discrete distance dgiscrete, then @ =Q.

We decompose the proof of Theorem 3.3.1 into several lemmas as below. To start with, we fix a metric
space (M, d). Let us denote by C the set of all the Cauchy sequences U = (uy,),>1 with values in M.

Lemma 3.3.3: Let us define the function § : C xC — R as follows. ForU = (up)n>1,V = (vn)n>1 €

C, let
(U, V) = Jim d(Up, vp).

Then, 0 is well defined, symmetric, and satisfies the triangle inequality.

Proof : See Exercise 2.26 (1). [l

Lemma 3.3.4: OnC, we may define the following equivalence relation,
U~V & U, V)=0.

Then, we define the quotient space M = C/ ~, and for an element U € C, we write U € M for
its equivalence class. On M, we may define a distance 6 induced by &, which does not depend on the
representant chosen from the equivalence classes, in the sense that for U ~ V and S ~ W, we have
5(U,S) = 6(V,W), and thus we can set §(U, S) = 6(U, S) forU, S € C. Then, (M, ) is a metric space.

Proof : To show that ~ is an equivalence relation, we need to check that it is reflexive, symmetric, and
transitive. The reflexivity is trivial, the symmetry can be obtained by its definition in Lemma 3.3.3, and
the transitivity is checked in Exercise 2.26 (2).

To check that (M ) 5) is a metric space, we need to start by checking that the definition of 5 does
not depend on the element chosen from the equivalence class. This is checked in Exercise 2.26 (3).
Then, the distance § is positive definite due to the equivalence relation, it is symmetric and satisfies the
triangle inequality due to Lemma 3.3.3. O

22 Last modified: 11:20 on Friday 22"* November, 2024



Chapter 3 Compact spaces and complete spaces

CxC 0 s R

_-~~ compatible ¢

C/RxC/R

Figure 3.2: This diagram illustrates how to make § defined on C x C, which is
not a distance, into a distance ¢ on C/R so that it does not depend
on the representant from each equivalence class.

Proposition 3.3.5: We definei : M — M as below. For anyx € M, leti(x) = X, where X = ()51
be given by the constant sequence. Then, i is an isometric injection, and i(M) is dense in M.

Proof : Given u,v € M, we have

Therefore, ¢ is an isometry, so it is also an injection.
Then, let us show that (M) is dense in M. Let U € M with U = (up)n>1. We want to conclude

by showing that U is the limit of (i(uy))n>1. Let € > 0. Since U = (uy,),>1 is a Cauchy sequence, we
may find N > 1 such that
d(Um,up) <&, Ym,n>= N.

For a fixed m > N, we have

0(U,i(um)) = 0(U, (um)n>1) = lim d(up, um) < e.

n—o0

Therefore,
lim i(um) ="U.

m—ro0

This shows that any point in M can be obtained as the sequential limit of points in the image (M),
that is ¢(M) is dense in M. O

Proposition 3.3.6 : The metric space (M, 8) is complete.

Proof : Let (a,)n>1 be a Cauchy sequence in M. Using the fact that (M) is dense in M, for every
n > 1, we may find z,, € M such that 6 (a,,i(x,)) < % Then, for any m,n > 1, we have

1 1

(T, Tn) = 0(i(xm), i(2n)) < 06(i(Tm), m) + 6(Qm, ) + 6(ans () < 0(tm, o) + —+-,
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which means that (z,),>1 is also a Cauchy sequence (in M).
Let (xn)n>1 € C, and « be its equivalence class with respect to the relation ~. We want to prove
that (ap,)n>1 converges to a.. Let € > 0. We may find N > 1 such that

d(xp,xm) <&, Vn,m>= N.

Then, for n > N, we find

R ~ A 1
d(an, @) < d(an, i(zy)) + 0(i(xy,), a) < - +¢,

because by definition, we have

5(i(zn), @) = lim d(zn,zm) < e.

m—r0o0

Therefore, by taking lim sup, we find

lim sup 0 (o, ) < e.
n—oo

Since € > 0 can be taken to be arbitrarily small, we find lim sup,,_, . 6 (an, @) = 0, in other words,
limy, 00 0 (tp, ) = 0. O

Proposition 3.3.7 : The completion (M, 3) is unique in the sense of Theorem 3.3.1.

Proof : Let (M, 1) and (M3, 63) be two completions of (M, d), and i; and iy be the corresponding
isometric injections as in Theorem 3.3.1.

Let p(i1(x)) = i2(x) for all x € M, which defines ¢ on the image i;(M). It is easy to check that
®|i; (M) 18 an isometry,

Va,y € M, Sa(p(ir (), plin(y))) = b2(ia(2), ia(y)) = d(w,y) = d1(ir (), i1 (y))-

Therefore, ¢ is uniformly continuous on i1(M). Since i;(M) C M; is a dense subset and M, is
copmlete, it follows from Exercise 3.23 that there exists a unique uniform continuation of ¢ on M,
that we still call ¢ by abuse of notation. Moreover, due to the fact that ¢ is isometric on i1(M) and
i1(M) is dense in M, the continuity of ¢ shows that ¢ is isometric on M. In particular, this also
shows that ¢ is injective.

To show that ¢ is surjective, we are given y € M and we need to construct its preimage under ¢.
We use the fact that i5( M) is dense in M to find a sequence (y,, = ia(2y))n>1, where x,, € M for all
n > 1, and such that y, —Y For any p,q > 1, we have

S A A

01(i1(xp),i1(xq)) = d(wp, xq) = d2(i2(7p), i2(2q)) = 02(Yps Yq),

we see that the sequence (i1(2y))n>1 is Cauchy in M. Since M, is complete, it converges to a limit
o := limy, o0 71 (). Then, by the continuity of ¢, we find

90(04) lim @(Zl(xn)) = lim 22(xn) = hm Yn =Y.

n—0o0 n—oo
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This concludes that ¢ is surjective. O

3.3.2 Completion of a normed space

Now, we discuss another construction in the special case of a normed space. We note that a finite dimen-
sional normed vector space is always complete, so the interesting cases concern infinite dimensional normed
vector spaces, such as spaces of sequences ¢?(K) for p = 1, 2, oo, or functional spaces such as C([0, 1], K) or
B(]0, 1], K). The construction is quite simple, but involves a theorem from functional analysis, whose proof
will be omitted here.

Let (V, ||||) be a normed vector space over K = R or C. Write V* = L.(V,K) for the dual space of V,
which is the space of the continuous linear forms on V, that we equip with the operator norm

VeV Iflly- = sup{lf(x)]: z € V) |lz| <1}
We also consider the double dual space V** := (V*)* = L.(V*, K), that we equip with the operator norm

yor = sup{[B(f)] : £ € V7, If]

It follows from Theorem 3.2.18 that both (V*,|||-|[l,.) and (V**, |||
Then, we consider the map J : V — V**, defined by

ve e v, o

v < 1),

v+« ) are Banach spaces.

J(@)(f) = f(x), VxeV,VfeV*

We first check that J is well defined, that is, for every x € V, we need to verify that J(z) € V**. Let
f,g9 € V*¥and A € K. Indeed, we have

J(@)(f+Ag) = (f + Ag)(z) = f(z) + Ag(x) = J(z)(f) + A (2)(9)-
Then, we check that J is a linear map. Let A € Kand z,y € V. For any f € V*, we have

Sz + M) (f) = [z +Ny) = f(2) + A (y) = J(@)() + A (y)(f),

that is,
J(@+ Ay) = J(z) + A (y).

For every = € V, we have

T (@)llly+e = sup{|J(z)(£)] : £ €Vl <1}
= sup{[f(2)| : f € VI, (Iflly- <1} <l - (3.9)

By a theorem from functional analysis, called Hahn-Banach theorem, for any given x € V, we can actually
find a linear form f, € V* such that f,(z) = ||z|| and || fz |~ < 1. This gives us

T @) llyee = sup{[J(2)()] = f € VNSl <13
2 J(x)(fo) = fo(z) = ||z . (3.10)

The above Eq. (3.9) and Eq. (3.10) give us || J ()|« = ||z

, that is J is an isometry.
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To conclude, we may take V := J(V) C V**, which is a linear subspace of V**. It is obvious that .J (V')

is dense in J(V'). Moreover, since V** is a complete normed vector space, the closed subset J(V) is also
complete by Proposition 3.2.1. This allows us to conclude that (V, |||y ««) is a completion of the normed

vector space (V, ||-||).
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