Theory of Riemann-Stieltjes
Integrals

Riemann-Stieltjes 85 IE5H

The main goal of this chapter is to construct Riemann-Stieltjes integrals, which is a generalization of
Riemann integrals. If you have already seen the construction of Riemann integrals, you will notice that most
of the steps and properties are similar, but with some subtilites that you have to be careful with. Otherwise,
you will see how Riemann-Stieltjes integrals are specialized to Riemann integrals, and that it does not cost

much to consider this more general theory.

5.1 Functions of bounded variation

In this section, we are going to define functions of bounded variation defined on a segment [a,b] C R
for a < b. In Section 5.1.2, we will introduce the notion of partitions that will allow us to define the total
variation of a function. Before closing the section, Theorem 5.1.17 will give us an important and useful

characterization of functions with bounded variation.

5.1.1 Reminders on monotonic functions

Definition 5.1.1:Let I C R be an interval, and f : I — R be a function. We say that f is
(1) non-increasing (FFIEIZ) or decreasing GEEIRL) if f(z) > f(y) forallz,y € [ withz <y
(2) non-decreasing (FEIER) or increasing GEEIE) if f(z) < f(y) forallz,y € [ withz < y

(3) monotonic (B&5) if one of the above is satisfied.
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Definition 5.1.2:Let I C R be an interval, f : I — R be a monotonic function, and « € I. We may
define the left limit (ZEMEFR) and the right limit (FFMRFR) of f at = as below,

fla=) = lim f(y), and f(a+):= lim f(y).

y<zx y>x

The left limit f(z—) is well defined if (z — ¢, x) N I is nonempty for all ¢ > 0. Similarly, the right limit
f(z+) is well defined if (x,z + ¢) N I is nonempty for all ¢ > 0.

EE512 I DICRAEM [ >RABFARE > Uk rc I HFAUATIARER f £
x BYAERRFR (left limit) EEAGHRRRR (right limit) ©

fla=):=lim f(y), MR f(z+):= lim f(y).

y<z y>x
MRBRAB >0 RE (2 —e,2) N1 IZE > PBEEERE f(z-) EERRFH - FIE - AR
HIRFIB e >0 & (v,2+¢) NI IEZE > BELGIER f(2+) EERRIFHN o

Proposition 5.1.3: Let f : [a,b] — R be a monotonic function. Then, the set of its discontinuities D is

countable.

BARA5.13 1 W f:[a,b] - R REFRE - FE - HWSERRIBHIES D 2T -

Proof : We have already shown this in Exercise 1.15. We give a quick sketch of the proof below.
Whether f is continuous or not at a and b, the countability of D does not change. Therefore, it is

enough to look at the discontinuities of f on (a,b). Let us define
D ={z e (a,b): flz—) # f(z+)}-

Without loss of generality, we may assume that f is non-decreasing. For every given x € D, we have
f(z—) < f(xz+), and the density of Q in R implies the existence of ¢, € QN (f(z—), f(z+)). Then,

the map D — Q,  — g, is injective, so D is countable. (Corollary 1.4.9) O

5.1.2 Partitions and functions of bounded variation

Below, let us consider a < b and real-valued functions defined on the segment [a, b].

Definition 5.1.4: Let [a,b] C R be a segment.

« A partition or a subdivision (938) of the segment [a, ] is a finite sequence P = (2 )o<k<n

satisfyinga =g < 21 < --- <z, = .

« Given a partition P = (xg)o<k<n, its length is denoted by n, the points x, . .., z, are called
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subdivision points of P, and Supp(P) = {x, : 0 < k < n} is called the support (Z£) of P.

« Given a finite subset A C [a, b] containing a and b, there exists a unique partition P such that

Supp(P) = A. It is called the partition corresponding to A.

« For 1 < k < n, the segment [x_1, x| is called the k-th subinterval of P, and we write Azj =

T — Th—1-
« The mesh size (#81&K/]\) of a partition P is defined by || P|| := max;<pcn(Tr — Tp_1).

« Given two partitions P and P’ of [a, b]. P’ is said to be finer than P, denoted P C P’ or P’ D P,
if Supp(P) C Supp(P’). This also implies || P'|| < ||P]|.

. For two partitions P and P, of [a,b], we may define their joint partition (BtE 4 &), or
smallest common refinement (/|\#[E)4%3 &), denoted P := Py V P,, which is the partition

corresponding to the support Supp(P;) U Supp(F%). Note that P is finer than both P; and Ps.

« We write P([a, b]) for the collection of all possible partitions of [a, b].

Remark 5.1.5:1f P = (x,...,x,) is a partition of [a, ], we have b — a = Y }_; Azy.

BHE  Riemann-Stielties B IR M

i_;ﬁh‘ (support) 521E Supp(P) = {z, : 0 <k <n}e

- MEES « o WBRFES AC [0, FEME—RIDE] P £ Supp(P) = A » FfHE
hiB IR A 1957 -

c BRI <Ek<n B [z 1,2, | BEPRE L ETFER » WBEE Azy =23 — 251 ©
- 78| P AR K/ (mesh size) BFM || P|| := maxi<pen (T — Tp—1) ©

- HAEMIE [a,0] 99 E P K P> 80R Supp(P) C Supp(P’) » MIFEMRSE P’ Lk E| P

ERGHB - EBIEPC PR P D P35S ||P|| <||P| °

. HAEME [a,b] NDE] P K& P, » FIRVIGEE 53 #] (joint partition) S/ NEIF] 73 #] (smallest

common refinement) i8{E P := PV P > 5= G X FEE|Z & Supp(P1) U Supp(P) B9

gl - HFLEER) P Lt P 70 P, ARG -

« BfHE P([a, b)) ECRHEFAE [a,b] DEIFBHRBES °

Definition 5.1.6: Let f : [a,b] — R be a function on [a, b]. If P = (xq, ..., x,) is a partition of [a, b],
we may write A fr, = f(xp) — f(xg_1) for 1 < k < n and define

Ve(f) =Y |Afel.
k=1

We say that f is of bounded variation (B5#Z) on [a, b] if

Vi =Vi(la,b]) == sup Vp(f) < 0.
PeP([a,b])

The quantity V([a, b]) is called the total variation ($8837E) of f on [a,b]. And we write BV ([a, b],R)

or BY([a, b]) for the collection of functions on [a, b] of bounded variation.
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Example 5.1.7 : Consider the function f : [0, 1] — R defined as follows,

rcos(X) ifx € (0,27,
flx) =
0 ifz=0.

For an integer n > 1, let P be the partition corresponding to the finite set

11 1
{0,%,2”7_1,...,5,1}.

That is, g = 0, and z;, = ﬁ for 1 < k£ < 2n. Then, we have

71)271 2n

2n
Ve(h) = L1850 = [~ + 3
k=1 k=2

S 1
2n+1—-k 2n+2-—-%k

1 & 1 1
:2n+kz_:2<2n+1—k+2n+2—k>

2n712 1
=1 T
+kz::2k+2n

Due to the harmonic series in the above formula, we know that the sum is not bounded. This allows

us to conclude that the above function f is not of bounded variation.

517 : EEEENTHREf:[0,1] >R

HREBH > 1 % P RUEITIHERESHDE

11 1
{0,%,2“7_1,...,5,1}.

AR B 0 = 0 BUR oy = b BIRFTE 1 < k < 20 o FRE » RAFSE)

2n n 2n k—1 k
(—1) (—1) (—1)
Vp(f)Zglmfk':‘ o _0’+k§ 2n+1—k_2n+2—k:‘
1 2 1 1
_2n+§2<2n+1—k+2n+2—k>

2n—1
2 1
=1 -+ —.
+kz::2k:+2n

BN EXNPRFIFRIREMRE - HPINEMBIFRZE RN - EERFITLHRERE [ TR2
BREBERH -

Proposition 5.1.8: Let f : [a,b] — R be a function on [a, b] with bounded variation. Then, the following

properties hold.
(1) For any partitions P C P’, we have Vp(f) < Vp/(f).

(2) Foranye > 0, there exists a partition P. € P([a, b]) such that for any finer partition P O P, the
following holds

Vp(f) <V < Vp(f) +e.

BE518 I B f:[a,b] - RABTE [o,0) LNEREBERE - THIMEBEMIL
(1) HREBRDEI P C P> HFIBE Ve (f) < Ver(f) ©

2) BHREE > 0 FEDE P € P((a, b)) EEHRESEMFENSE P O P. > HFIE

Ve(f) < Vi <Ve(f) +e

Proof :

(1) Let P = (zo,...,xn) € P([a,b]) be a partition of [a, b]. By induction, it is sufficient to show
the inequality in the case where P’ is a partition with one more subdivision point than P in the

support. Let us assume that P’ is the partition whose support is given by Supp(P) U {c} with
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¢ € (xj—1,x;) for some 1 < i < n. We have

Z [f (@) = flae-0) + [f(e) = Fl@im)| + [f(2i) = f(c)]
k;éz

> Z |f(xr) = flzr—1)| + [(f(c) = f(ziz1)) + (f(zi) = f())]
i

=3 |f(z) = flar—1)| = Vp(f).
k=1

(2) Let € > 0. By the characterization of supremum, we may find a partition P. € P([a,b]) such
that
Vf < Vps(f) +e.

Then, for any partition P O P, we find from (1) that

Vi < Vp(f)+e<Vp(f)+e.

5.1.3 Examples of bounded variation functions

Below we are going to discuss some criteria so that a function f defined on a segment [a, b] is of bounded

variation.

Proposition 5.1.9:If f : [a,b] — R is monotonic, then f € BV ([a,b]) and V; = |f(b) — f(a)|.

Proof : Without loss of generality, by replacing f with — f, we may assume that f is non-decreasing.

For any given partition P = (xg, ..., x,) € P([a,b]), we have

= |Aful = Z Afy = Z zk) — f(zp—1)] = F(b) — f(a).
k=1 k=1 O

Proposition 5.1.10 : If f : [a,b] — R is continuous on [a,b], differentiable on (a,b) with bounded
derivative, then f € BV([a,b]).
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Supp(P) U {c} R & EFHREE 1<i<n >  BIE cc (vio1, 1) - BEME

M:

Vpi(f Flar)| + 1£(e) = Flmin)| + | () = £()]
k;_éz
Z Flaw—y)| + | (f(e) = flziz1)) + (f(zs) — £(c))|
2
Z flar—1)| = Va(f).

(2) e >0 REFRNERNZE - FFIBEHRBIDE] P. € P([a,b]) T

Vf < Vps(f) + €.

A WIREERRE P O P PR (1) 153 -

Vi <Vp.(f)+e<Vp(f)+e. O

BZE AREZRERIEH

BERMIGEIRENBEERT (o, 0] ERIRER f BB FEERVRM -

WEE5.1.9 : MR f:[a,b] > R 2B > BE £ € BY((0,b]) B V; = |£(b) - f(a)] °

SEEA AR 1B BHRA - RAIREBRF2IFERN - HREERBENSE
P = (zg,...,zs) € P([a,b]) » TFIE

Z\Afk\—ZAfk—z zr) — fzr-1)] = f(b) — f(a). -

k=1

5110 F BAR £ : [a,0] » RTE [a,0] LEWE 7E (a,b) LA BEMSER > HBE
f € BV([a,b]) °
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Proof : Let P = (zo,...,2,) € P([a,b]) be a partition of [a,b]. For 1 < k < n, we may apply the

mean-value theorem (Section 4.1.2) on the k-th subinterval of P, and find
Afy = flxr) — flar—1) = f'(te)(xx — xp—1), wherety € (z_1,zp).
This implies

t€la,b]

Ve(f) =D 1AMl =Y 1f )| Aze < sup [f/(1)]- Y Azg = sup [f' ()] (b—a).
k=1 k=1 t€(a,b] k=1 O

BHE  Riemann-Stielties B IE:H

WO : D P = (v0,....20) € Plab]) 5 [0, 5] HIDE] o B 1 < k < n - BTN P& & (B

FEBERASETEE (5 412/)08) - LHEE

Afy = flog) — flep—1) = f(te) @k — 2p—1), EHF b, € (zp-1, 78)-

2t

o
=

{ail

0

t€[a,b]

Ve(f) =D 1AMl =Y 1f )| Aze < sup [f/(1)]- Y Azp = sup [f' ()] (b—a).
k=1 1 t€a,b] k=1

Proposition 5.1.11:If f : [a,b] — R is a function of bounded variation, then it is also bounded. In

other words, the inclusion relation BY([a,b]) C B([a, b]) holds.

AR 5.1.11 @ MR [ : [0,b] — R ZEEREEZRE > BEMBEE R - RAER - HMAE

B SRR BY([a,b]) C B([a,b]) °

Proof : Let M = V¢([a,b]). For a given € (a,b), we may consider a specific partition given by

P = (a,x,b). We have
[f(z) = fla)l + [ (b) — f(z)| < M,

which leads to | £(2)| — | £(a)| < |f(x) — f(a)| < M, thatis | f()] < M + | f(a)l. O

5.1.4 Properties

G 1 S M = Vy([a,b]) e HIEER 2 € (a,b) » HFIRIUERTEEESE P = (a,2,b) ° &K
(k=]

N

[f (@) = fa)| + [f(b) = fz)] < M,

EREFIFE |f ()] - |f(0)| < |f(2) = fla)| < M > BRRER | f(2)| < M +[f(a)] ©

SIS %8

Proposition 5.1.12 : Let f,g : [a,b] — R be functions of bounded variation. Then, the functions

f+ g9, f— g and fg are also of bounded variation.

R 5112 1 T fg:[ab > RBEABERH - WERH f + 9, f — g AR fg BHERE

=

REERY -

Proof : For any partition P € P([a, b]), by the triangular inequality, we have

Vp(f £g) < Ve(f)+Ve(g).
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Therefore, the total variation of f + g satisfies

Vieg= sup Vp(f£g) < sup [Vp(f)+ Vre(g)]

PeP([a,b]) PeP([a,b])
< sup Vp(f)+ sup Vp(g) =Vi+V,.
PeP([ab]) PeP([a,b])

For the product h := fg, let us be given a partition P = (xq,...,z,) € P([a,b]). For 1 < k < n, we

have

|Ahg| = |f(zk)g(zr) — f(2r-1)9(2k-1)]
< |f(@w) = fler—D)llg(@)| + g(zr) — g(zr—1)||f (x-1)]

< |Afkl - sup |g] + [Agy| - sup | f].
By summing the above inequality over &, we find
Vp(h) < Vp(f) -suplg| + Vp(g) - sup|f].
Therefore, the total variation V}, = V7, satisfies

Vig < Vy-suplg| + Vg -sup|f].

Proposition 5.1.13: Let f : [a,b] — R be a function of bounded variation such that | f| > m for some

constant m > 0. Then, g = % is also a function of bounded variation.

Proof : For any partition P = (xg, ..., zy,) € P([a,b]), we have

1 1
[Agil = flar)  flag-)

|l _ AR
Fan flae)| S m?

Then, it follows that
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Fit > f+ g IR EGRE

Vitg= sup Vp(f£g)< sup [Ve(f)+ Vp(g)]
PeP([a,b]) PeP([a,b])

< sup Vp(f)+ sup Vp(g)=Vi+ V.
PeP([a,b]) PeP([a,b])

BREEBBERE b= fg° BRPEEDE P = (20,...,2,) € P([a,0]) e BR 1<k <n > HME

|Ahg| = [f(zk)g(zk) — f(Th-1)g(2E-1)]
< f(zk) = flae-Dllg(ze)| + [g(zr) — g(@p-1)| f(@k-1)]

< |Afkl - sup[g] + [Ag| - sup [ f].
B LEEAEY £ B - FHFER
Vp(h) < Vp(f) - sup |g| + Vp(g) - sup | f].
Eitt - BBE V, = V), B

Vig < Vy-suplg| + Vg - sup|f]. D

5113 1 5 fifo,b] > RBEFRBERHE - BEEREm > 0ER [f|>m WLy = ;
HREEREBERY -

580 - BHRNMEEDEI P = (x0,...,2,) € P([a, b)) » TFIE

1 1
|Agr| = -

AR [_1AR
Fle) ~ @)

’f(:rk)f(xk_ﬂ S om?

EHERRYSE)
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Proposition 5.1.14: Let f : [a,b] — R be a function of bounded variation and ¢ € (a,b). Then, f is of

bounded variation on [a, c| and on [c, ], and we have

Vi([a,b]) = Vi ([a, ) + Vi ([c, b])-

Proof : First, let us show that V¢([a, c]) and V¢([c, b]) are well defined, that is f is of bounded variation
on both [a,c| and [¢,b]. Let P, = (x0,...,2n) € P([a,c]) and P, = (yo,...,ym) € P([c,b]) be
partitions. Then, P = P, V Py = (z¢,...,Tn = Y0,Y1,---,Ym) is a partition of [a, b]. And it follows
that

Ve, (f) + Ve, (f) = Ve(f) < Vi([a, b]). (5.1)

The above relation shows that f € BY([a,c]) and f € BV([c, b]).
Next, by taking the suprema P; € P([a,c]) and P5 € P([c,b]) in Eq. (5.1), we find

Vi([a; c]) + Vi ([e, b)) < Vi([a, b]).

Next, let us show the reverse inequality. We are given a partition P = (zg,...,2,) € P([a,b]), and
want to construct another partition P’ € P([a,b]) from P, so that ¢ is a subdivision point of P’. If
¢ € P, we take P’ = P; otherwise, there exists a unique m such that ¢ € (2,1, ., ), and we define
P’ = (yo,-..,Yn+1) as below

Tk ifk<m-—1,

Ye = cC ifk =m,

Tp_1 ifk>m+1.
Moreover, we may divide P’ into two partitions P, = (xq,...,Zm-1,¢) € P([a,c]) and P, =
(¢, Tmy ..., xn) € P([c,b]). Wealso note that | f(zm) — f(xm—1)| < |f(zm)—f()|+]|f(c)— f(xm-1)],

SO

Ve(f) < Ve(f) = Ve (f) + Ve, (f) < Vi(la, c]) + Vi([c, b]).

By taking the supremum over P € P([a,b]), we find

Vi([a,b]) < Vi ([a, e]) + Vi ([e, b]).
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WRE5.1.14 1 B f:[a,b] > RABREZRH > Hce (a,b) ° BE f 7 [a, ] BB [c,b] L
hWEREREEZRE - BRME

Vi([a,b]) = Vi ([a, ) + Vi ([e, b])-

3GHA 1 BT HMIEEER Vi([a, o) A Vi([c, b)) BBRERRIFRY » BWRLZEER f 7E [a, ] M [c, b] L#D
%Eﬁﬁ%m ° % b= (an s 7xn) € ,P([CL, C]) )4 Py = (y(]v s 7ym) € P([C> b]) %ﬁ%u ° %B@

P = P1 vV P2 = ({L‘(), e s Ty = Y0y Y1, - - - ,ym) @IEE [a,b] El‘JfJ\%J ° E%Eﬁ:ﬁﬂaﬁ
Ve, (f) + Ve, (f) = Ve(f) < Vi(la, b]). (5.1)

e EXFFITLESR f € BV([a,d]) B f € BV([c, b]) °
BE 7#ZXG)F - EHRHE P cP(a,d) BF P c P(c,b) BR/NER » FHFIFE

Vi([la, e) + Vi(le,0]) < Vi ([a, b]).

BRFBARBIKRNAER c HFHEERE P = (v0,...,7,) € P([a, b)) - HPIBER P EES—
BaE P e P([a,b]) B cEBR P HN—EQER R ce P> BN P =P AR 8F&F
EHE—N m EF ce (vm1,zm) BERPAUATIIAXEERE P = (vo,- -, Yns1)

t

T Hk<m-1,

/

t

Yk c ak=m,

Tk_1 ﬁk}m—kl.

ER—R EMATUB P 2EBREDE P = (z0,....2m-1,¢) € P(la,d)) M1 P, =
(€, Tm, .- xn) € P(le,b]) e AL EEER > BOIE |f(am) — flam-1)| < |[flam) — flo)] +
|f(c) = f(zm-1)] > FREA

Ve(f) < Ve(f) = Ve (f) + Ve, (f) < Vi(la, c]) + Vi([e, b]).
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¥ P cP(a,b) &N ER - HMER

Definition 5.1.15 :Let f : [a,b] — R be a function of bounded variation. We define its variation
function V' : [a, b] — R as follows,
Vi(la,z]) ifz € (a,b],
Vi) = 7(la, z]) (a, 0] 52)

0 ifr =a.

Vi(la, b)) < Vi(la, ) + Vi ([e, b]). .
EES5.1.15 : D f:[a,b > RAEREERE - HMIERMAVELRKBV : [0,0] - RUTF :
Vf([a,:v}) Ere (a,b],
V(z) = (5.2)

D
8
I
S

0

Lemma 5.1.16 : Let f : [a,b] — R be a function of bounded variation and V' be its variation function

defined in Eq. (5.2). Then, both V and V' — f are non-decreasing functions on [a, b].

5l¥51.16 : Hf: [0, > RABREEZRY > BV SMNEEREY > MRAEERR (.2)
FoBREV FMV — f MEERE [a,b] EBIFERFREL

Proof : For z > a, we clearly have V(z) > 0 = V (a). For =,y such that b > y > x > a, we have
V(y) = V(2) = Vi(la,9]) = Vi([a,2]) = Vi([z,4]) = 0.

So we can conclude that V' is a non-decreasing function on [a, b].

Let D :=V — f. For z,y such that b > y > x > a, we have
D(y) — D(z) = Vy([z,y]) — [f(y) = f(2)].

By considering the trivial partition P = (x,y) € Plx,y], we see that |f(y) — f(z)] < Vi([z,y]).
Therefore, D(y) — D(x) > 0. O

The following decomposition theorem gives us a characterization of functions of bounded variation.

A HR 2> o BABEAE V() 20=V(a) c HR 2,y MEE b=y > 2> a0 HME
V(y) = V(z) = Vi(la,y]) = Vi(la,z]) = Vi([z,y]) = 0.

FRIAFRPIHEHE V 7E [a, b] ERIFEREY ©
SD:=V-f-HRzymEO>y > >0 HME

D(y) — D(x) = Vi([z,y]) = [f(y) — f(2)].

EZR P =(x,y) € Pla,y]» BPIEH |f(y) — f(x)| < Vi([z,y]) e Bt D(y) — D(x) >0 ° 0

THEREDEEERKMLEEREERBNAN -

Theorem 5.1.17: Let f : [a,b] — R be a function. Then, the following two properties are equivalent.

(a) f is of bounded variation.

(b) There exist two non-decreasing functions g, and g» so that f = g1 — ga.
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(b) BEMEIEERERE g Mg FE f=g—g2°
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Proof :

+ (b) = (a). It follows from Proposition 5.1.9 that monotonic functions are of bounded variation,

then it follows from Proposition 5.1.12 that so is their difference.

« (a) = (b). We use the variation function V as defined in Eq. (5.2). We know that V and V' — f

are non-decreasing, so we may conclude by writing f =V — (V — f). O

Remark 5.1.18 : We note that in Theorem 5.1.17, there is no uniqueness in (b). If g; and go are non-
decreasing functions such that f = g; — g, then by taking an arbitrary non-decreasing function h, we also

have the decomposition f = (g1 + h) — (g2 + h).

Proposition 5.1.19: Let f : [a,b] — R be a function of bounded variation on [a,b]. For z € [a,b], the

function f is continuous at x if and only if V' is continuous at x.

Proof : By Definition 5.1.2, we know that for any monotonic function g : [a,b] — R, its left limit
g(x—)atevery x € (a, b] exists; similarly, its right limit g(z+) at every x € [a, b) also exists. Moreover,
thanks to Theorem 5.1.17, we know that both f(z—) and V (x—) are well defined for x € (a,b; and
both f(z+) and V (z+) are well defined for = € [a, b).

« Let z € [a,b) and suppose that V' is right continuous at z. We want to show that f is right

continuous at z. For any y € (z, b], we have
0 < [fy) = f@)] < Vi(lz,9]) = V(y) = V(2),
where the last equality comes from Proposition 5.1.14. By taking y — z+, we find
0<|f(zt) = f2)] < V(zt) = V(2),

so the right continuity of V' at x implies that of f. The same also holds for the left continuity in

the case that = € (a, b].

« Let = € [a, b) and suppose that f is right continuous at x. Given ¢ > 0, take 0 > 0 such that

Yy €lz,z+9), [fly) - fl@)l<e (5.3)
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s B

« (b) = (a). TEERRE 5.1.9 IR EFRNAIEREBERE - BitanE 5.1.12 HFIEH -
PNELSREREERH -

.« ()= (b) BMEAR G2 ERFATEENSZRE V - HAHE VMV — f HMEIBER
]
B FRAER f =V — (V - f) ILGERFISRIESR o

5 5.1.18 ¢ BFEERETEE 5.1.17 F 0 (b) NRGRI BB M © 20R ¢, M g R IEER R E
B f=g1— g0 BIEHEERIEEBRE h > HPIBEESHER f=(g1+h)—(g2+h)°

WA 5.1.19 1 & f:[a, b > RBE [a,b) LNEREEREH - Wiz € [0, 0] » B f £z &

8 EEMEV £ EE -

$8EA  IBBEE 512 0 HMFEHREMERRE g : (0,0 - R KR > MESE » € (a,b] B
EWR g(z—) F1E ; R t7ESE + € [0, b)) WEREIR g(o+) BEE © 4 - T 5.1.17 TR
M B c(a,b): fla—-) B V(-) BERRHE s ¥R 2 € [a,b) > flat+) B V(at) BERER
RBiF -

s B €fa,b) MBRVEGEE - BMBEFHAHfFE B2 HEEN - HNER
€ (z,0] » HMBE

0<|f(y) = F@)| < Vi(lz,y]) = V(y) = V(x),
HPR#—EFAREMES.1.14 - Wy — 2+ HPIEE
0<|f(zt) = f2)] < V(zt) = V()

FRELV £ = NAEBEEERS [ EEERNAERMN - B« c (o, 0] B - 18UBYFERRRIL
ERPIEEDEEN -
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Chapter 5 Theory of Riemann—Stieltjes Integrals

Moreover, it follows from Proposition 5.1.8 that we may find a partition P. € P([z, b]) such that

Vi(lz,0]) < Vp(f) +e, (5.4)

for any partition P O P.. We may take a partition P = (zx)o<k<n 2 P-suchthatz; € [z, 2+9),

so that Eq. (5.3) is satisfied. This means that |A f1| < e. Then, Eq. (5.4) rewrites as below,

Vi(la,0]) S Vp(f) +e <2+ > |Afi| < 26+ Vi([z1,b]),
k=2

where the last equality comes from the fact that (x1,...,x,) is a partition of [z, b]. Thus, we

find

0 < V() = V(z) = Vi(la, 21]) = Vi(la, 2]) = Vi([z, 21])
= Vi([,b]) = Vi(la1,0]) < 2e.

This shows that
Yy € [z,z+9), 0<V(y)—V(zr) <2e.

Since € > 0 can be arbitrarily small, we conclude that V(z+) = V(z), that is V' is continuous

from the right at z. The proof is similar for the left continuity, so we omit here.

Theorem 5.1.20 : Let f : [a,b] — R be a continuous function. Then, the following two properties are

equivalent.
(a) f is of bounded variation.

(b) There exist two non-decreasing continuous functions g1 and gs so that f = g1 — go.

SBAE  Riemann-Stielties BN IEH
B e ab) BBE fE AEE BT > 00 B> 0158
Vy € lz,x+6), [fly)—fl@)<e (5.3)
IEAY  (Eang 5.1.8 » FFIESHIREIDEI P. € P([x, b)) 15
Vi([z,0]) < Vp(f) +e, (5.4)

HBRERREI P O P. o HMEESEI P = (v1)ocken 2 P- ME 71 € [z,2 +6) » FIX

I (5.3) BAIL ° ERKRE |Af1] <e o #HE > BRMAIAILUEK 5.4) HEH

Vi([2,0]) < Vp(f) +e <2+ Y |Afi] < 28+ Vi([a1,0]),
k=2

HPRB—EAEXRILZRS (21,...,2,) B8 [21,0] B97E - ALt - HFER

0< Vi) - V(z) = Vy([a,a1]) - Vi([aa]) = Vi ([, 21])

= Vf([l‘,b}) - Vf([l'hb}) < 2e.

(o
Ulﬁ
Ny
N

Vy € [z,x+9), 0<V(y)—V(z)<2e.

B e > 0 JUER/ B V(e+) = V() - BAFESR » V £ « BHEEED - HRN
EEEMHRER - SRR IFE L - BfIEEERS

EHE51.20 @ 5 f:[a,b] > RAEERH - BETEAMEEHEEREFEMN -

(a) f RRFEERK

(b) FEMBIEEREERE g1 M g2 ERF f=g1—92°
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Chapter 5 Theory of Riemann—Stieltjes Integrals

Proof : This theorem is a direct consequence of the decomposition theorem (Theorem 5.1.17) and the

fact that the function f and its variation function V' share the same continuities (Proposition 5.1.19).

O

5.2 Riemann-Stieltjes integrals

In this section, we will discuss the theory of Riemann-Stieltjes integrals. We first construct such integrals
using Riemann-Stieltjes sums, which generalize the notion of Riemann sums, see Definition 5.2.1. In the rest
of Section 5.2.1, we talk about useful properties of Riemann-Stieltjes integrals, which share many similarities
with Riemann integrals. In Section 5.2.2, we look at the special case of step functions as integrators, which
can be related to discrete sums, see Corollary 5.2.21 and Corollary 5.2.23. In Section 5.3, we define the notion
of Darboux summations for Riemann-Stieltjes integrals, which allow us to have a better characterization for
the existence of such integrals. This is known as Riemann’s condition, see Definition 5.3.8 and Theorem

5.3.10.

5.2.1 Definition and properties

Below, let us take a < b and consider the segment [a, b] in R. The functions f, g, «, /3 that we are going to

consider are all bounded real-valued functions defined on [a, b]. In other words, f, g, «, 8 € B([a, b], R).

Definition 5.2.1:Let P = (xo,...,xy) be a partition of [a,b]. For 1 < k < n, let ty € [v_1, Tk,

and write t = (t1,...,t,), called tagged points. The pair (P, t) is called a tagged partition. We define

the following Riemann—Stieltjes sum of f with respect to «,

n

Spt f Oz Z tk Aak (5.5)

We say that f is Riemann—Stieltjes integrable, or simply integrable, with respect to « on [a, b], if the
following property is satisfied.

(RS) There exists L € R such that for every ¢ > 0, there exists a partition P. € P([a, b]), such that
for every P € P([a,b]) with P D P., and every choice of tagged points ¢, we have

|SP,t(fa Oé) - L| <e.
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0 EECEERSMTERE (F1Es5.1.17) NEEER X EDhHRMEZEMEHET MV GHEE

HEIEAME (b s5.1.19) o 0

S _H1 Riemann-Stieltjes 85

TEEEEEF » HPIYETER Riemann-Stieltjes 2 AVIEER PTG HERE Riemann MHIEEE - EH
ERNED ) REHR 521 o BE > 78 520 /BRI TG - RMEH
WA Riemann-Stieltjes T2 H ARVMEE - ER AV ZH Riemann FFH LAY » 725 5.2.2 /NEiF
BMEERBESNBEEMEERHANER - SHMBEANAERM » RRIE 5221 MR 5223  £5 53
#i - FPI7E Riemann-Stieltjes T AIIEZRH » E# Darboux MAIBER - ERILGERMBEEFM AR
Y BRELLFE D WIETENE © SEFBIE Riemann 1§ - BRERE 538 MEE 5.3.10 ©

Riemann-Stieltjes 15K HEiE

B—hE EBRME

ATE BRI o < b LEBIE R FEURE (0.0 - R TABZRORE f,g, 0,5 BEEESE
a,b] £ > EASERBEOEHRY - REER - BFOBE f.9,0.5 € B(a,b.R) °

EBHE521 1 5P = (v0,...,20) B [a,b] IDE - HIR 1 < k<o Dty € [wpy, ) WED
t=(t1,...t,) » FEVEREONS o BRUBEH (P ¢) B E - RAESE TEISEM - 38 f

¥ o BY Riemann—Stieltjes Fll :

Spi(f, Z (te)Aay. (5.5)

MR TERNMUERIL - BIFFIER f ¥ o 7 [a,b] L2 Riemann—Stieltjes PIFERY » BB A :

RS) FEL c RBEBHNREME: > 0 BEREI P. € P([a, b)) FRFHNEE P c P(la,b) B
P2 P. UKFhEIZEH t » HMIEHE

’SP,t(fa a) - L‘ < e
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Chapter 5 Theory of Riemann—Stieltjes Integrals

If f is Riemann-Stieltjes integrable with respect to « on [a, b], we write f € R(«;a,b) or f € R(«) if

the dependency on the segment [a, ] is clear from the context.

Remark 5.2.2:

(1) If f is Riemann-Stieltjes integrable with respect to « on [a, b], then the constant L € R in the property
(RS) is unique.

(2) The unique value of L € R satisfying (RS) is denoted by

b b
/afda or /af(a?)da(x). (5.6)

It is called the Riemann-Stieltjes integral.
(3) The function f is called integrand (#RF&5EKBN) and « called integrator (F&53 BRI .

(4) If a(x) = z, then the integral in Eq. (5.6) is called Riemann integral. The set of Riemann-integrable
functions is denoted by R(z;a,b) or R(x).

(5) In Definition 5.1.4, a partition P = (xj)o<k<n needs to satisfy xx_1 < zp foralll < k < n. In
fact, this condition can be relaxed to xj,_1 < ;. because if there exists some k with x,_1 = x, the
corresponding term in the Riemann-Stieltjes sum Eq. (5.5) does not have any contribution. This allows
us to have redundant points in a partition. As a consequence, the above notions can also be defined in

the case when the domain of the functions is reduced to a singleton [a, a] = {a}.

(6) If the integrand f : [a,b] — V takes values in a finite-dimensional vector space V, by considering a
basis (ey,...,eq) of V, we may rewrite f as f = Y%, fie;, where f; : [a,b] — R is a real-valued

function. Then, we may define the Riemann-Stieltjes integral of f with respect to o coordinate-wise,

b d b
Lfda:zé(/a fida)ei,

provided that each of the Riemann-Stieltjes integral [ f fi dav is well defined. This is the reason why

that is

we may generalize everything easily to C = R? or R for any d > 1.
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MR f ¥ o 7 [a,b] LR Riemann-Stieltjes FIFRRY » FPIFEIE f € R(asa,b) s ARBIRET
X o #RER [a, 0] BEEMAEEREE » BMPBAILEE f € R(a) ©

5522 :
(1) 3R f ¥ o 7F [a,b] £R Riemann-Stieltjes FJFERY » ABETE RS) MEEHIREIN L c R E2ME
—ty -
(2) FEFIRTLUEME (RS) F9ME— L € R 521

b b
/Qfda =14 /af(m)doc(w). (5.6)

iEFB{E Riemann-Stieltjes &4 ©

(3) RIZL f TBIEPEST PR (integrand) * BRIZN o FBIERE T RIEL (integrator) ©

(@) MR a(z) = z > BEEI (5.6) FRERIFE D #ELE Riemann 785 ° FfFHE Riemann FITRREFAAE
FMIE SR R(x; a,b) 3 R(z) °

(G) EEZRS14H > DB P = (2p)ocken BBEMIE 71 < 7 BRFAB 1<k <n-FEL  EfE
BEERIAFBILER 2,1 < 21 ° EBEMEEE k 515 211 = 21 IER (5.5) P Riemann-Stieltjes
MEAHERINIE » TAEFERER - EAFRMETAEPEEENR - TERMNBERT £
ERELR AT M ER BRI ERTERES (0,q] = {a} LHIIER -

(6) MNRWHEAIE [ : [0,b] - VEVEEEREENHEEEMV EF > ERV HWEE (e1,...,eq)
BFAILUE f EFHRTM f = XL, fie,» HF fi 1 [0,0] > R SEEBHMRE - EF—%K -
MU EEEEERESD - REE f BN o B Riemann-Stieltjes 85 > LERER - EEE
Riemann-Stielties T&% [° f; do #MBE & RIFH » RFATIUES

/abfdoz 3=§;</lefida)€i,

EHRERTERMTUEEEEREEEER C2RPIEBHN > 1R Z2LE -
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Example 5.2.3:

(1) If & : [a,b] — R is a constant function, then for any bounded function f : [a,b] — R, any
partition P € P([a,b]) and any tagged points ¢, the Riemann-Stieltjes sum always satisfies
Sp+(f,a) = 0. Therefore, we have f € R(«a;a,b) and f(ffda =0.

(2) Inthe case of the Riemann integral, we know from the first-year calculus that for any continuous

function f : [a,b] — R, we have f € R(x). This is also a consequence of Theorem 5.3.21.

(3) Let v : [—1,1] — R be defined by a(x) = 1,0 and f = a. Consider a partition P € P([a, b])
such that x;, = 0 € P for some k£ € N, and tagged points ¢, so the corresponding Riemann-

Stieltjes sum writes

Spi(f,a) = f(te)[a(0) — a(zp—1)] = f(tr),

where z;_1 <t < 2, = 0. This sum depends on the choice of the tagged point ¢,

1 ifty =x =0,
f(ty) =

0 otherwise,

so cannot satisfy (RS).

&l 5.2.3 :

(1) MR o [a,b) - REZEEHRE > WBEHRESBERRE / : [0,0] - R~ EEDE
P € P([a,b]) URESIEECEL ¢ > Riemann-Stieltjes FIFKZRE Sp+(f, ) = 0 ° FHLt » K

1F3ﬁf€R(a;a,b)ﬁfffda:0°

2) ER—HMEDH > FFIFNETE Riemann /A ER » HNESEBERE [ : [0,0] —
R MEE fc R(z) - BHEREE 53.21 FFER -

B Fa:[-1L,1] > REEMa@) =10 AR f=a°ZERBDEI P c Pla,b]) mE
7y =0¢€ PHREM[E L e N> EEIZ5CE ¢ > Fr¥FERIAY Riemann-Stieltjes M F

Spu(f,0) = f(tk) [@(0) — alwr-1)] = f(tr),
Heb 2,y < g <y = 0 o SSEFBURICARECRS ¢, BUERE

1 % tk =Tk = O,
f(ty) =
0 HtER,

FRAERmE (RS) °

Lemma 5.2.4 : We follow the notations in Definition 5.2.1. Let us define the following condition.

(RS’) There exists L € R such that for every ¢ > 0, there exists 6 > 0 such that for any partition
P € P([a,b]) with | P|| < d, and every choice of tagged points t, we have

|SP,t(fa Oé) - L| <e.

If f satisfies (RS’), then f also satisfies (RS).

Last modified: 20:37 on Tuesday 18" February, 2025

53 5.24 : HFIEBFERER 5.2.1 PAYECHR - FHFIZ B TIMENY :
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|P| <6 » UREREIEMOIET ¢ - BFRHE

|SP,t(fa Oé) - L| <e.
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Proof : Suppose that f and « are such that (RS’) holds. Let £ > 0, we take 6 > 0 such that (RS’) is
satisfied for any P € P([a, b]) with | P|| < ¢ and any choice of tagged points ¢. Then, let P. € P([a, b])
be any partition such that || P:|| < 6. It is clear that (RS) is satisfied for this choice of P, because any
finer partition P O P also satisfies || P|| < 0. O

Remark 5.2.5 : Note that the converse of Lemma 5.2.4 is false in general. Let us consider the following

functions f, « : [0, 1] — R, defined by

alz) =1 and f(z)=1

1.
.Z’>§

NI

x>

« (RS) is satisfied, see Exercise 5.14 or Theorem 5.2.20.

« (RS’) is not satisfied. Indeed, for any given 6 € (0, 1), we may consider a partition P = (xg)o<k<n €

P([0,1]), defined by
1 1
20=0,2,=1 and x,_1 = 5(1 —9), 1 = 5(1 +0) for some 1 < k < n.
Then, for any tagged points ¢, we have
Spi(f, ) = f(te)[aler) — alwp-1)] = f(te) = Ty o1,

whose value depends on whether t;, € [x;_1, %] ort; € (%, Tk

Remark 5.2.6 : We are able to show that in the case of Riemann-integrability, that is when a(z) = z, (RS)

implies (RS’). It is a direct consequence of Theorem 5.3.10, see Exercise 5.29.

Proposition 5.2.7 : Let « : [a,b] — R be a bounded function and f, g € R(«). Then, for any constant
c € R, we have f + cg € R(«) and

/ab(f—i—cg)doz:/abfda—kc/abgda.
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HEAIEE Mo FERS) KL e >0 FMEI > 0 EFHRER P € P(la,b]) ' B
|P| < 6§ UBAEEAZEEEE ¢ » RS) BRI ° BBEE » & P. € P([a, b)) BEEME ||P:|| <6 97
Bl - RESAMY - &M@ P. BUEZFRESIME (RS) 184 - AAHNEREMEBNSE P D P2k » fib
HWERE |P|| <0° O

SR8 5.2.5 ¢ BPSTED - 31 524 MIMAE—AKRENEN o BIEERY fa:0.1] >R E
15

alz) =1 MUk f(w):]l:o%.

x}%

« (RS) BRI » REE5.14 FAIEIE 5.2.20 ©
« RS) ARERRI > MU UERKRBRE - HNEEREW I € (0,1) HATUEESE

P = (zy)o<k<n € P([0,1]) » E&EM :
ro=0,z, =1 MUKk x4 = %(1 —0),xp = %(1 +6) HISEEN 1 <k < n.
AE - HNEEFCH ¢ BRI\
Spi(f, ) = f(te) [aler) — alwe-1)] = f(te) = 1y o1,

MMEEEBUR ¢, € [z4_1, 5| BRE ty € (3,24

§3f% 5.2.6 : 7E Riemann FEOMIER » LR E a(x) = = BF - FHFIRELHFEER RS) B (RS) ° iIEAT
BERTE 5310 WEEERe—  BREBE529 °

I

527 I Da: o) > REBBREH > UK f,g9 € R(a) ° BEHREZEEH c e R » FHM
f

B f+cgc€ Rla) AR

/(lb(f—l-cg)da:/‘lbfda%—c/abgda.
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Chapter 5 Theory of Riemann—Stieltjes Integrals

In other words, R(«) is a vector space over R, and the integral operator f — f: f da is a linear form on

R(«), that is an element of L(R(«), R).

Proof : Let ¢ € Rand h = f + cg. For any partition P € P([a, b]) and tagged points ¢, we have

n

SpthOé Z tk Aak—thk Aak+cthk AOék
k=1 k=1 k=1

= Spi(f, @) +¢Spi(g, ).

Lete > 0. Since f € R(«), we may find a partition P! € P([a, b]) such that for every partition P 2 P!

and tagged points ¢, we have

Sp,t(f,a)—/abfda‘ <e

Similarly, we may find a partition P/ € P([a,b]) such that for every partition P O P! and tagged

points ¢, we have

b
’Spi(g,a) —/ gda’ <e.

To conclude, we define P. := P!\ P/, then for any P D P., it follows from the inequalities above that

’SP,t(h,Oz) /abfdozc/abgda’

b b
< [spatsir - | fda\+|c| Spalgse) — [ gda\

< (14 |e)e.

BHE  Riemann-Stielties B IR M

HAIEER  R(o) 2EER LMNEEZR  MABAEF f — [0 fdo 2B R(o) LARIEZ
B > FrIARME L(R(«),R) FRITTER ©

FHEA I D ceRUR = f+cg > HRERDE P € P(la, b)) ARAZEERE ¢ - FIE

n

SpthOé :Z tkAak—thkAozk—f—cZ tkAOék
k=1 k=1 k=1

SP,t(fa Oé) + CSP,t(gv Oé).

Te>0°HRN f e R(a)r HFIEESIXBIDE] P, € P((a, b)) ERENREZTSE P 2 P, URIE
sCRG ¢ BB

Sp7t(f,oz)—/abfda‘ <e

ML - JPEEIRRI DB P € P([a,b]) BEENERRE P O P! UKIZEEt » TME
’SPt g, / gda’ SE
Ftt - FPIRIUEY P. := P! v P! 3K424E - RAERER P O P> R EENAFERARKMEEHS

’Spvt(h,a) —/abfda—c/abgda’

b b
< [spatsi) - | fda\+|c| Snalg )~ | gda\

< (1 + |e])e.

Proposition 5.2.8 : Let o, 3 : [a,b] — R be two bounded functions and f € R(«) N R(B). Then, for
any c € R, we have f € R(a + ¢f) and

/abfd(aJch):/abfdach/abfdﬂ.
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528 ¢ Da,B:[a,b) - RAMEBRERE - H f € R(a) NR(B) ° BEHNRER cc R >
HME f e Rla+cp) UK

/abfd(a—lrcﬁ):/abfda+c/abfdﬂ.
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Proof : You may follow similar steps as in the proof of Proposition 5.2.7. See Exercise 5.17. ]

Definition 5.2.9: For a < b, any bounded function « : [a,b] — Rand f € R(«;a,b), we may define

/fda—/f ) do(x

and we write R(a; b, a) = R(;a,b). We also define [ f daw = 0 for any function f defined at a.

/ f(z)da(x (5.7)

Proposition 5.2.10: Let I C R be a segment and a,b,c € I. Let o : I — R be a bounded function and
f € R(;a,b) N R(e; b, ¢). Then, f € R(e;a,c) and we have

/abfda—i-/bcfdoH-/cafda:O

Proof : Without loss of generality, we may assume thata < b < c. Lete > 0. Since f € R(a;a,b), we
may find a partition P e P([a, b]) such that for any finer partition P(1) D P with tagged points
t(), we have

b €
Spinan(fo) — [ fdal <5, (538)

Similarly, we may also find a partition P¥ e P([b, ]) such that for any finer partition P(?) D p?

with tagged points ¢(2), we have

¢ €
Sy (o)~ [ fdal <5, (59)

Let us set P; := Pg(l) V PE(Q).
Let P € P([a, c]) be a partition of [a, c| that is finer than P, and ¢ be tagged points. Let

PO =Pnla,b) and P® =Pn[b,d

denote the corresponding restricted partitions on [a, b] and [b, c], so that we also have P(1) D PV and

P@ > P§2). We also denote t(1) and (V) to be the corresponding restricted tagged points. Then, we
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&R  (REf U EE (A3 anRE 5.2.7 PEEARILER - RBE 517 o O

EE529 I HRao< b FEEREHE o : [0, - RUK f € R(o;a,b) » FMIESE

/fda—/ f(z)da(z /f da(z (5.7)

58 R(a;b,a) = R(a;a,b) e HINEBRERT o« NERE [ HFBER [ fda=0-

MR 5210 | DS ICRAKRE Uk abcecloBa: I -RABRREE f € R(a;a,b) N
R(a;b,c) ° FBEE f € R(a;a,c) » MBEME

Lbfda+/bcfda+/cafda:0

FEEA  R—MRME  BMERFR a<b<ceo®e>0° AN f € R(a;a,b) » HMIEEXRRIHEY
W e P([a, b)) EEREREEFMBENSE PO D PV R MAvIESEE () - FFIE

b €
SmwMﬂM—/f&4<2 (538)

R - HPEERTINE PP c P(b, ) EEEREEFEBNDE PO O PP URMHIEE
B2 ;’MBE

¢ 5
Sy (o) — [ fdal <5, (59)

Mz P =PV v pPo
&P ePad) B BHE - Bi P AEE - Z8 ¢ AHIIEREE - S

PO =Pnla,b] MR P®=Pnbd

BATE FERREITE [a,0) 71 b, ] ERIDE > FAMEME PO O PY LR PO O PP o HthiE
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BHE  Riemann-Stielties B IR M
have the following relation between the Riemann-Stieltjes sums,

t) #01 ¢() STAIREFERIAEECES © ABEE © F51 Riemann-Stieltjes FBIRARR L :
SP,t(fa Oz) = SP(1)¢(1> (fa O‘) + SP(2)7t(2)(f7 0‘)‘ (5.10) ‘Sth(f7 a) _ SP(I) o) (f, a) + SP(Q) @ (f, a). (5.10)
It follows from Eq. (5.8), Eq. (5.9), Eq. (5. d the triangle i lity th . . . — .
t follows from Eq. (5.8), Eq. (5.9), Eq. (5.10) and the triangle inequality that 5 (5.8)~ 3 (5.9) ~ 3 (5.10) LB = AR - FfFHE2)
b c c €
Sealf.a) =~ [ fda— [Tfda| <545 —c ; ‘
/a /b 22 ’Sp,t(f,a)—/Gfda—/bfda‘<;+;:a.
This implies that f € R(«;a,c) and
EEHFEM f € Rlasa,c) » A
b c c
[ faa+ [ faa= [ fda
a b a b c c
_ /fda+/ fda:/fda
To conclude, we use the notation from Eq. (5.7). ¢ b “ 0
&% BAEBR 5.7) BPIEEHRRIERE ©
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