Theory of Riemann-Stieltjes
Integrals

Riemann-Stieltjes 85 IE5H

The main goal of this chapter is to construct Riemann-Stieltjes integrals, which is a generalization of
Riemann integrals. If you have already seen the construction of Riemann integrals, you will notice that most
of the steps and properties are similar, but with some subtilites that you have to be careful with. Otherwise,
you will see how Riemann-Stieltjes integrals are specialized to Riemann integrals, and that it does not cost
much to consider this more general theory.

5.1 Functions of bounded variation
In this section, we are going to define functions of bounded variation defined on a segment [a,b] C R
for a < b. In Section 5.1.2, we will introduce the notion of partitions that will allow us to define the total

variation of a function. Before closing the section, Theorem 5.1.17 will give us an important and useful
characterization of functions with bounded variation.

5.1.1 Reminders on monotonic functions

Definition 5.1.1:Let I C R be an interval, and f : I — R be a function. We say that f is
(1) non-increasing (FJFIEIZ) or decreasing GEEIRL) if f(z) > f(y) forall 2,y € I with z < y;
(2) non-decreasing (FEIER) or increasing GEEIE) if f(z) < f(y) forall 2,y € I with z < y;

(3) monotonic (B25f) if one of the above is satisfied.

Definition 5.1.2:Let / C R be an interval, f : I — R be a monotonic function, and = € I. We may
define the left limit (ZLMEFR) and the right limit (F5RRFR) of f at = as below,

fle=) = lim f(y), and f(z+):= lim f(y).

y<z y>

The left limit f(z—) is well defined if (z — ¢, x) N I is nonempty for all ¢ > 0. Similarly, the right limit
f(z+) is well defined if (x,z 4+ €) N I is nonempty for all € > 0.

EAEHREENBIZEMIE Riemann-Stieltjes #8497 * I8 & & Riemann B BIHERE - IRRERKE
i@ Riemann MBS T > MERFAL NS HEFUEHIERHEL - RE—LHBERE &
EIEM - INR{FRAFIIE Riemann B0 V&S @ Re]LUBMEER Riemann-Stieltjes BB -
mBEEEARIESR THBE L A& LES{L# Riemann TR RIGER -

B AREENRE

EEEEEHF » B a < b RPIGERTERER [0,.0]) CR ENBEREZRE - £ 5.1.2 /N8 -
BMIENMEOHELR - BRMEHERESREBIREE - EREREBEEEH - I 5.1.17 8

HBP—REEZAREANAI - RS EREERHK -

S—Eh ERRERIEIEE

EE5.11: DICRABERB -Bf: I > RABRH -

(1) RERFAB zr,y c IMRB 2 < vy’ HFIBE f(x) > fly) BIFKMR 5 2EIFEE
(non-increasing) BIE (decreasing) I ;

@ WMREBMRAB r,y c IMEr <y’ BEME f(z) < fly) > WIEMER f 2EIFER
(non-decreasing) HIEIE (increasing) BRIEX ;

(3) AR f e L E R —EEA - BIFFIER f 2MEEESE (monotonic) BRI °

EE512 I DICRAER [ I > RABBRARHB > Uk r el BPIUATIIAFRER f £
x BYERRFR (left limit) EEGMRRR (right limit) °

flam)i=lim f), BB f(o+) = lim S,
y<x y>x
MRBRAB >0 K& (v —c,2) N1 IFZE > BBEEER f(2—) BERRIFRY - [ - 1NR
HRFIB e > 0 & (2,0 +¢) N1 IFZE > BELAEIR f(z+) BEZREBHFH o




Chapter 5 Theory of Riemann—Stieltjes Integrals

BHE  Riemann-Stielties B IR M

Proposition 5.1.3: Let f : [a,b] — R be a monotonic function. Then, the set of its discontinuities D is
countable.

BARA5.13 1 W f:[a,b] - R ABEFRE - AE - HWSEBRIBHIES D ZATHY -

Proof : We have already shown this in Exercise 1.15. We give a quick sketch of the proof below.
Whether f is continuous or not at a and b, the countability of D does not change. Therefore, it is
enough to look at the discontinuities of f on (a,b). Let us define

D ={z € (a,b): f(z—) # f(z+)}-

Without loss of generality, we may assume that f is non-decreasing. For every given z € D, we have
f(z—) < f(xz+), and the density of Q in R implies the existence of ¢, € QN (f(z—), f(z+)). Then,
the map D — Q, x — g, is injective, so D is countable. (Corollary 1.4.9) O

5.1.2 Partitions and functions of bounded variation

Below, let us consider a < b and real-valued functions defined on the segment [a, b].
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SE SRREREERE

TrE > ZMIEE o < b URERTEREK [0, 0] LRIBRE -

Definition 5.1.4 :Let [a,b] C R be a segment.

« A partition or a subdivision (93%l) of the segment [a, b] is a finite sequence P = (zy)o<k<n
satisfyinga = 29 < 21 < --- < x, =D.

« Given a partition P = (x)o<k<n, its length is denoted by n, the points x, . .., z, are called
subdivision points of P, and Supp(P) = {x, : 0 < k < n} is called the support (Z£) of P.

« Given a finite subset A C [a, b] containing a and b, there exists a unique partition P such that
Supp(P) = A. It is called the partition corresponding to A.

« For 1 < k < n, the segment [xy_1, x] is called the k-th subinterval of P, and we write Axy, =
T — Th—1-

« The mesh size (#84&K/]\) of a partition P is defined by || P|| := maxj<jcn(Tf — Tp_1)-

« Given two partitions P and P’ of [a, b]. P’ is said to be finer than P, denoted P C P’ or P’ D P,
if Supp(P) C Supp(P’). This also implies || P'|| < ||P]|.

« For two partitions P; and P, of [a, b], we may define their joint partition (Bt E!), or smallest
common refinement (x/N&[E%3E!), denoted P := P; VV P, which is the partition correspond-
ing to the support Supp(P;) U Supp(F2). Note that P is finer than both P; and P».

« We write P([a, b]) for the collection of all possible partitions of [a, b].
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Remark 5.1.5:If P = (x,...,x,) is a partition of [a, b], we have b — a = > }_; Axy.

Definition 5.1.6: Let f : [a,b] — R be a function on [a, b]. If P = (xq, ..., x,) is a partition of [a, b],
we may write A fy, = f(z) — f(xg—1) for 1 < k < n and define

= |Afl-
k=1

We say that f is of bounded variation (B 5%#7%) on [a, b] if

Vi=V¢(la,b]) == sup Vp(f) < oo

PeP(|a,b])

The quantity Vy([a, b]) is called the total variation ({88 2) of f on [a, b]. And we write BV([a, b], R)
or BY([a, b]) for the collection of functions on [a, b] of bounded variation.

Example 5.1.7 : Consider the function f : [0, 1] — R defined as follows,

flz) = {xcos(g) ifx € (0, 27],

0 ifz =0.

For an integer n > 1, let P be the partition corresponding to the finite set

11 1
{0’%’ﬁ""’§’1}'

That is, xg = 0, and x;, = for 1 < k£ < 2n. Then, we have

2n +1 oIn+1—k
2 2 _
e =0 | (=Rt (—1)*
Vp(f)—l;mfk'—’ o _O’+,§ 2n+1—k_2n+2—k‘

1 2 1 1
_271+Z<2n+1—k+2n+2—k>

Due to the harmonic series in the above formula, we know that the sum is not bounded. This allows
us to conclude that the above function f is not of bounded variation.

Proposition 5.1.8: Let f : [a,b] — R be a function on [a, b] with bounded variation. Then, the following
properties hold.

(1) For any partitions P C P’, we have Vp(f) < Vp/(f).
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(2) Foranye > 0, there exists a partition P. € P([a, b]) such that for any finer partition P O P, the
following holds
Ve(f) < Vi <Ve(f) +e

Proof :

(1) Let P = (xo,...,25) € P([a,b]) be a partition of [a,b]. By induction, it is sufficient to show
the inequality in the case where P’ is a partition with one more subdivision point than P in the
support. Let us assume that P’ is the partition whose support is given by Supp(P) U {c} with
¢ € (xj—1, ;) for some 1 < i < n. We have

Vpi(f) = z”: |f(xk) — flep—1)] + [f(e) = flzim)| + [f(z:) — f(c)]
=
>3 [ f(ar) = flan-D)| +(f(e) = flmin)) + (f(2:) = f())]
i
=Y f(ar) = flar-1)| = Vp(f).
P

(2) Let € > 0. By the characterization of supremum, we may find a partition P. € P([a,b]) such
that

V< Ve, (f) +<.
Then, for any partition P O P, we find from (1) that

Vi < Ve (f) +e < Vp(f) +e

5.1.3 Examples of bounded variation functions

Below we are going to discuss some criteria so that a function f defined on a segment [a, ] is of bounded
variation.

Proposition 5.1.9:If f : [a,b] — R is monotonic, then f € BY([a,b]) and V; = |f(b) — f(a)|.

Proof : Without loss of generality, by replacing f with — f, we may assume that f is non-decreasing.
For any given partition P = (xq, ..., x,) € P([a,b]), we have

n

Volf) = S 1A = 3 Afe = 3 [few) — o)) = £5) — Fa).
k=1 k=1

k=1
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) HREE >0 FEDEI P. € P([a, b)) FEHNEEE@BNSE PO P. - HME

Ve(f) < Vy < Vp(f)+e.

B

(1) B P = (v0,...,7,) € P([a,b]) & [a,0] WDE - BEBEBERWNE HMPRFEE P
e PIZEZ—ERENMNBERT > FHAEEAEFXENA - EBRMERE P SHFER
Supp(P) U {c} 928 > HPEREB1<i<n EME ce (1, 2) - HMBE

Vor(F) = 3 1F () — Flan)| + 1) — Fla)| + [ F(es) — £
=
> S 1) — Flae)| + | (F(©) — i) + (F(ai) — £()]

il
S

Il
NE

|f(xx) — flzr—1)| = Vp(f).

=
Il
—

2) e >0 BN ERNZIB - HPIBEKRBIDE] P. € P((a,b]) R
Vi< Vp.(f)+e
BE - HREEDE P D P » BFIRIUKE (1) 153 :

Vi < Ve (f) +e < Vp(f) +e

BZE AREZREEIER
EERMGIRENBERTT [0, 0] ERIRE f HE REERUEE -

WEE5.1.9 @ MR 1 [a,b] > R BEFI > BAEE £ € BY(a, b)) B Vy = |£) — f(a)| °

R AR B fBRS —f BMERE FEEERN - HRERBEN S E
P = (20,...,7,) € P([a,b]) » THME

n

Vo) = 3 185 = S A = 3 [Fee) — flann)] = £ — F(a).
k=1 k=1 k=1 J
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Proposition 5.1.10 : If f : [a,b] — R is continuous on [a,b], differentiable on (a,b) with bounded
derivative, then [ € BV([a,b]).

Proof : Let P = (xzg,...,z,) € P([a,b]) be a partition of [a,b]. For 1 < k < n, we may apply the

mean-value theorem (Section 4.1.2) on the k-th subinterval of P, and find

Afy = f(xr) — flzp_1) = f/(tr)(xk — Tx_1), wherety € (zp_1,Tk).
This implies

t€la,b]

Ve(f) =D 1AMl =Y 1f' )| Aze < sup [f/(1)]- Y Azg = sup [f' ()] (b—a).
pt 1 t€(a,b] k=1 0

FHE Riemann-Stieltjes B IE5H

@E51.10 D WR f: [ah] — RIE o0 LB 7 (a,b) LAIB - BMAER - BE
f € BY(la,b]) °

2) € Plla,b]) 2 [a,b] BIDE] o IR 1 < k < n > RAATUY P E & 1@
]

Eﬁﬂﬂ . ’%P: (.CC[),...,
FERBERASETEE (F412/08) - LHSE

Afy = fz) — flop—1) = f'(te) (e — 2k—1), HF b € (251, 7).
B

Ve(f) =D 1Afl =D 1f (te)| Ay < sup [f/(1)]- Y Axg = sup |f/(t)]- (b—a).
k=1 t€la,b] k=1 O

k=1 tE[a,b]

fil

Proposition 5.1.11:If f : [a,b] — R is a function of bounded variation, then it is also bounded. In
other words, the inclusion relation BV ([a,b]) C B(a, b]) holds.

R 5.1.11 R f: 0,0 - R EEEREEREY - BEMBEERDN - BA5ER » KME
BERR BY([a,b]) C B([a,b]) °

Proof : Let M = Vy([a,b]). For a given x € (a,b), we may consider a specific partition given by

P = (a,z,b). We have
|f(z) = fla)| + () — f(z)| < M,

which leads to [ f(z)| — | f(a)| < |f(z) — f(a)] < M, thatis |f(z)| < M +|f(a)]. -

5.1.4 Properties

Proposition 5.1.12 : Let f,g : [a,b] — R be functions of bounded variation. Then, the functions

f+g,f—gand fg are also of bounded variation.

Proof : For any partition P € P([a, b]), by the triangular inequality, we have

Vp(f£g9) <Vp(f)+Vp(g).

Therefore, the total variation of f + ¢ satisfies

Vitg= sup Vp(f+g)< sup [Vp(f)+ Vp(g)]
PeP([ab]) PeP(a,b])
< sup Vp(f)+ sup Vp(g) =Vi+V,.

PeP(la,b)) PeP([a,b])

For the product h := fg, let us be given a partition P = (xo,...,z,) € P([a,b]). For 1 < k < n, we
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G0 1 S M = Vy([a,b]) e HIKETERY © € (a,b) » HFIRIAER TEERESE P = (a,2,b) ° K

(k=]
[f (@) = fa)| + [f(b) — fz)] < M,

ERROYER /()| — /()] < |f(@) — f@)] < M » WEERER| ()] < M +[f(@)] *

SIS 48
R 5.1.12 1 W f,g:[a,b] - RBEFRBERH - WEREK f+9,f — g UK fg BHERE

$8EA : HWEEDE P c P(a,b) @ EB=ZAFRER - HME
Ve(f £9) < Ve(f) + Ve(g).

it - f+ g BB EEHE

Vieg= sup Vp(f£g) < sup [Vp(f)+ Vre(g)]

PeP([a,b]) PeP([a,b])
< sup Vp(f)+ sup Vp(g) =Vi+V,.
PeP([a,b]) PeP([a,b])
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have

|Ahg| = |f(zr)g(wr) — flor—1)9(T1)]
< f(wg) = flzr—D)llg(@r)] + |g(zk) — g(zr—1)|[f(r-1)]
< [Afk| - sup|g| + [Agk| - sup | f].

By summing the above inequality over &, we find
Vp(h) < Vp(f)-sup|g| + Vp(g) - sup|f].
Therefore, the total variation V}, = V, satisfies

Vig < Vy-suplg|+ Vg -sup|f].

Proposition 5.1.13: Let f : [a,b] — R be a function of bounded variation such that | f| > m for some
constant m > 0. Then, g = % is also a function of bounded variation.

Proof : For any partition P = (xg, ..., zy) € P([a,b]), we have

AR | _ 1Ak

1 1
_’f(xk)f(xkﬂ S om?

[Agil = flar)  flag-)

Then, it follows that

Vi
V, < .
9= m2 O

Proposition 5.1.14 : Let f : [a,b] — R be a function of bounded variation and ¢ € (a,b). Then, f is of
bounded variation on |a, c| and on [c, ], and we have

Vi([a,8]) = Vi([a, ]) + Vi ([, ]).

Proof : First, let us show that V([a, c]) and V([c, b]) are well defined, that is f is of bounded variation
on both [a,c| and [c,b]. Let P = (xo,...,2,) € P(la,c]) and Po» = (yo,...,ym) € P([c,b]) be
partitions. Then, P = P; V Py = (z¢,...,Zn = Y0,Y1,---,Ym) is a partition of [a, b]. And it follows
that

Ve (f) + Ve, (f) = Ve (f) < Vi(la, b]). (5.1)

The above relation shows that f € BY([a, c]) and f € BV([c, b]).
Next, by taking the suprema P; € P([a,c]) and P5 € P([c,b]) in Eq. (5.1), we find

Vi([a; c]) + Vi ([e, b)) < Vi([a, b]).
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BREBERE b= fg° BRPEERE P = (z0,....2,) € P([a,b]) e BHR 1<k <n ' HME

|Ahg| = [f(zx)g(zk) — f(Th-1)g(T8-1)]
< f(zk) = flz—Dllg(ze)| + lg(zk) — g(xp—1)I1 f(@r-1)|
< [Afx| - sup |g| + |Agk| - sup | f].

o FEAFRNE L A - FHM1ER)
Vp(h) < Vp(f) -sup|g| + Vp(g) - sup|f].
il - BEE v, =V, B

Vig < Vy-suplg| + Vg - sup|f]. 0

5113 1 T f:[0,0] > RABARBERE  BEEEH > 0ER (f|>m-BEg=;
HWEREEREERHK

GHA  HRERDE P = (z0,...,20) € P(la,0]) » HME
1 1| A fr < 1A

189 = | T ™ e _’f(a:k)f(fﬂk—l) Som

iEREERFIFR
vy
Vos 5 O

WRE5.1.14 1 B f:[a,b] > RBEREEZRE > Hce (a,b) o BBE f 7 [a, ] LEE [c,b] L
HEEREEZREN - BEFE

Vi([a,b]) = V([a, ) + Vi ([c, b])-

SEA : AL 0 BB V(. ) B V(e b)) BBREBRIFH - WIS £ 1E [, 7 [c,0] L
REAREN - © b = ($0, s 71'”) € P([Q7C]) K Py = (y07 cee 7ym) € P([C; b]) AnE o ARE
P=PVEFP= (.CE(], ey T = Y0, Y1, - - - ,ym) g2 [a,b] B8 - EHEFEM

Ve (f) + Ve, (f) = Ve(f) < Vi([a, b]). (5.1)

# ERBPIETLIES f € BV([a.c]) 5B f € BY([c,b])
BEZ TR G BAHE P cP(a,d) BE P € P(lc, b)) BE&/NER - THMEER

Vi(la, c]) + Vi ([e, b)) < Vi([a, b]).
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Next, let us show the reverse inequality. We are given a partition P = (zg,...,2,) € P([a,b]), and BRBARBRNAER - BFHEERE P = (z0,...,2,) € P(la, b]) e BRFIBER P BiER—
want to construct another partition P’ € P([a,b]) from P, so that ¢ is a subdivision point of P’. If BAE P e P([a,b]) 18 c BE P W—EREIZ - NP cc P> RFWM P = P FR» B

c € P, we take P’ = P; otherwise, there exists a unique m such that ¢ € (Tm—1,Tm), and we define

P = (yo,.-,Ynt1) as below EME—B m R c € (zn-1,2n) » BEBFIUATIARNER P = (vo,- - Yns1)

Y = Zk iZizl o Bk<m-1,
1 ifk>m+1 Uk =A< c Ek=m,
Moreover, we may divide P’ into two partitions Pi = (o, ...,Zm-1,¢) € P([a,d]) and Py = Tt Bhk>mAt1
(€ ms - vin) € Pl ). Wealsonote that () = (o -1} < 17 (m) =T =S (o) B BETLUE P AREEDE P — (10,....om1.0) € Plad) M Py
Ve(f) < Ver(f) = Vo, (f) + Vi, (f) < Vi([a, d) + Vi(le, b]). (€, Zm, - an) € P(le,b]) e BRFALERER BB |f(@n) — fl@m-1)] < [flzm) = flo)] +

By taking the supremum over P € P([a,b]), we find 1£(€) = f(am—)| > BT

Vi([a, b)) < Vy(as d]) + Vi([e, b)) Ve(f) < Ve(f) = Ve (f) + Ve, (f) < Vi([a, c]) + Vi([c, b]).

B PeP(ab) BE/NER - BFEH

Vi([a,b]) < Vi([a,c]) + Vi([c, b]). 0
Definition 5.1.15:Let f : [a,b] — R be a function of bounded variation. We define its variation EHES5.1.15 1 © f:la, b > RABAREERS - HPIETRMAVELERKBV : [0,0] - RUTF :
function' V' : [a, b] — R as follows,
Vi([a,z]) & x € (a,b)],
Vi) = Vi(la,z]) ifz € (a,b], (5.2) V(z) { #lla.a] n (@9 (5.2)
o ifz=a. ' 0 = —a.
Lemma 5.1.16 : Let f : [a,b] — R be a function of bounded variation and V' be its variation function 135116 : §f:[a,b) - RABREEZRH > HV SMHNEERE  WAEERN (5.2)
defined in Eq. (5.2). Then, both V and V' — [ are non-decreasing functions on [a, b]. o BREV MV — f WEHBE [a,b] LHIBERRE -
Proof : For z > a, we clearly have V(z) > 0 = V'(a). For z,y such that b > y > = > a, we have B HR > o BPBEAB V() >20=V(a) o HR 2,y MEO>y > 2 >a HME
Viy) = V(@) = Vi(lay)) = Vi(la,]) = Vy([z,y]) = 0. V(y) = V(@) = Vi(la.y)) - Vy(la,2]) = Vy([z,y]) > 0.

So we can conclude that V' is a non-decreasing function on [a, b]. FRLUIRPHERE V 1E [a, b] L 2IEERA -

Let D :=V — f. For x,y such that b > y > x > a, we have

D(y) — D(x) = Vi([z,y]) — [f(y) — f(2)].

D(y) — D(x) = Vi([z,y]) = [f(y) — f(2)].
By considering the trivial partition P = (x,y) € Plxz,y], we see that |f(y) — f(z)| < V¢([z,¥]).
Therefore, D(y) — D(x) > 0. O ER P = (v,y) € Pla,y] » HPIGH |f(y) — f(2)] < Vy([z,y]) ° Bt D(y) — D(x) > 0° O

SD:=V-f-HRz,ymEOb>y >z >a HME
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Chapter 5 Theory of Riemann—Stieltjes Integrals

The following decomposition theorem gives us a characterization of functions of bounded variation.

Theorem 5.1.17: Let f : [a,b] — R be a function. Then, the following two properties are equivalent.
(a) f is of bounded variation.

(b) There exist two non-decreasing functions g, and gs so that f = g1 — ga.

Proof :

+ (b) = (a). It follows from Proposition 5.1.9 that monotonic functions are of bounded variation,
then it follows from Proposition 5.1.12 that so is their difference.

« (a) = (b). We use the variation function V as defined in Eq. (5.2). We know that V and V' — f
are non-decreasing, so we may conclude by writing f =V — (V — f).

O

Remark 5.1.18 : We note that in Theorem 5.1.17, there is no uniqueness in (b). If g; and g2 are non-
decreasing functions such that f = g; — g, then by taking an arbitrary non-decreasing function h, we also
have the decomposition f = (g1 + h) — (g2 + h).

Proposition 5.1.19: Let f : [a,b] — R be a function of bounded variation on [a,b]. For z € [a,b], the
function f is continuous at x if and only if V' is continuous at x.

Proof : By Definition 5.1.2, we know that for any monotonic function g : [a,b] — R, its left limit
g(x—) atevery = € (a, ] exists; similarly, its right limit g(x+) at every = € [a, b) also exists. Moreover,
thanks to Theorem 5.1.17, we know that both f(z—) and V' (z—) are well defined for = € (a, b]; and
both f(z+) and V (z+) are well defined for x € [a, b).

« Let z € [a,b) and suppose that V' is right continuous at z. We want to show that f is right
continuous at z. For any y € (z, b], we have

0<[f(y) = f@) < Vi, y]) = V(y) = V(@)
where the last equality comes from Proposition 5.1.14. By taking y — x4, we find
0<[flat) = flo) < V(zt) = V(z),

so the right continuity of V' at x implies that of f. The same also holds for the left continuity in
the case that z € (a, b].

« Let z € [a,b) and suppose that f is right continuous at z. Given € > 0, take § > 0 such that

Vy € [z,2+6), [fy) - fl2)| <e. (5.3)
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EE5.1.17 : §f:a,b] > RABRE - I TEMEMEEEE -
@ fEREREBERH -
(b) FEMEIEBERRE g Mg FEE =91 — g2 °

sHEA :

« (b) = (a). {EARRE 5.1.9 RFIFAMERFRNBEZAEREEZRE - BRaE 5.1.12 TSN - i
PNELEREREERHK -

(@)= (b). ZFIEARX G.2) ERFAESZHNEERE V - BHFIREV MV — f MEIBER
B FRUFER f =V — (V — f) eI ERFISEIHESS - O

3% 5.1.18 @ HRFVITIERIE 5.1.17 B+ (b) FIRCRIL B HE—ME - WK g1 A g, AR IEER R E
WIE f =g — g0 FBEEHERIRERERE b0 HFILEERHERX f = (g1 +h) — (g2 +h)°

5119 1 5 f:[a,b > RBTE [a,0] LNBEREBERE - Wiz € [a,b] » KB f TE 2 &
18 EEME VI o &g o

2HA L IRIBER 512 BPINEHREMERRE ¢ : [0,b] — RIKHR » ESE « € (a,b] BY
EABIR g(a—) 772 5 [F3E - 7ESE « € [o,0) BIAWEIR g(a+) BEFE - 1A > EIE 5.1.17 &R
Bffi > Wz e (a,b] ) fla—) BV (2—) EERBRE s BNz € [a,b) > f(a+) BV (2+) BEEE
R4t -

e D2 € a,b) MBHRVEsHEE - HMBEZB fE BLERHEEEN - HREE
y € (z,b] » THMEB

0<[f(y) = f(@)] < Vi(lz,9]) = V(y) = V(2),
HR®—EFARBMES1.14 - Wy - o+ FFHFE
0 < [f(z+) = flo)] < V(z+) = V(z),

AV £« NAEZENE SRS f EERMHNEERM - B © e (o, 0] K - BEEIFERRRTIX
ERFIEEDEENM -
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Chapter 5 Theory of Riemann—Stieltjes Integrals

Moreover, it follows from Proposition 5.1.8 that we may find a partition P. € P([z, b]) such that

Vi([=,0]) < Vp(f) +e, (5.4)

for any partition P O P.. We may take a partition P = (zx)o<k<n 2 Pesuchthatz; € [z, z+9),
so that Eq. (5.3) is satisfied. This means that |A f1| < e. Then, Eq. (5.4) rewrites as below,

Vi([z,b]) < Vp(f) +e€ 25+Z|Afk| 2e + Vi([z1,b]),
=2

where the last equality comes from the fact that (x1,...,z,) is a partition of [x1, b]. Thus, we

find

< V(z1) = V(z) = Vi(la, 21]) — Vi([a, z]) = Vi([z, 21])
= Vi ([z,b]) — Vi([z1,0]) < 2e.

This shows that
Yy € [z,z+9), 0<V(y)—V(x) < 2e.

Since € > 0 can be arbitrarily small, we conclude that V' (z+) = V(«), that is V' is continuous
from the right at x. The proof is similar for the left continuity, so we omit here.

O

BHE  Riemann-Stielties B IR M

B fa,b) MR F1E o B - 18T e > 00 BR 6 > 0 1548
Vy € [z,x+0), [f(y)— f@)] <e. (5.3)

ESY - ftmiE 5.1.8 - BeffIRESOIREIDE] P. € P([z, b)) 15

Vi([2,b]) < Vp(f) +e, (5.4)
HREEDE P D P. o HMEEENDEI P = (21)o<ken 2 P- ME 21 € [z,2 +6) » FIL
I (5.3) BRRIL © Eﬁi\%% IAf1] <e o #HE > BFITLUIER 54) HEH

Vi(l,b]) < Vp(f) +¢ 25+Z|Afk| 2 + Vi ([x1,b]),
k=2

HARBR—EAFANIULZRS (z1,...,2,) BE [21,0] BI7E - Flt - FFISE)

0< Vi) - V(z) = Vy([a,a1]) - Vi([aa]) = Vi ([, 21])
= Vy([a,b)) — Vy([e1,b]) < 2.

E5EEA T

f‘uu

Yy € [z,z+9), 0<V(y)—V(zr) <2e.

Bk e > 0 AILUMER/N » FFHBIE V (2+) = V() » BRBFER > V £ o BHEEEDN - HN
EEEERER - FEPAtLRIRE R - HFIEEHES

Theorem 5.1.20 : Let f : [a,b] — R be a continuous function. Then, the following two properties are
equivalent.

(a) f is of bounded variation.

(b) There exist two non-decreasing continuous functions g1 and gs so that f = g1 — go.

EHE51.20 @ 5 f:[a,b]) > RAEBERY - BETEAMEEHEEREFEN -
) fREREERE -
(b) FEMEIEBRREERE g, M 2 F1F f=g1 —

Proof : This theorem is a direct consequence of the decomposition theorem (Theorem 5.1.17) and the
fact that the function f and its variation function V' share the same continuities (Proposition 5.1.19).
O

5.2 Riemann-Stieltjes integrals
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Chapter 5 Theory of Riemann—Stieltjes Integrals

In this section, we will discuss the theory of Riemann-Stieltjes integrals. We first construct such integrals
using Riemann-Stieltjes sums, which generalize the notion of Riemann sums, see Definition 5.2.1. In the rest
of Section 5.2.1, we talk about useful properties of Riemann-Stieltjes integrals, which share many similarities
with Riemann integrals. In Section 5.2.2, we look at the special case of step functions as integrators, which
can be related to discrete sums, see Corollary 5.2.21 and Corollary 5.2.23. In Section 5.3, we define the notion
of Darboux summations for Riemann-Stieltjes integrals, which allow us to have a better characterization for
the existence of such integrals. This is known as Riemann’s condition, see Definition 5.3.8 and Theorem
5.3.10.

5.2.1 Definition and properties

Below, let us take a < b and consider the segment [a, b] in R. The functions f, g, «, /3 that we are going to
consider are all bounded real-valued functions defined on [a, b]. In other words, f, g, a, 8 € B([a, b], R).

Definition 5.2.1:Let P = (zy,..., ;) be a partition of [a,b]. For 1 < k < n, letty € [zr_1,xk],
and write t = (t1,...,t,), called tagged points. The pair (P, t) is called a tagged partition. We define
the following Riemann—Stieltjes sum of f with respect to

n

Spi(f, o Z f(te) Aoy, (5.5)

We say that f is Riemann—Stieltjes integrable, or simply integrable, with respect to « on [a, b], if the
following property is satisfied.

(RS) There exists L € R such that for every ¢ > 0, there exists a partition P. € P([a, b]), such that
for every P € P([a,b]) with P O P., and every choice of tagged points ¢, we have

[Spe(f, ) = L] <

o

If f is Riemann-Stieltjes integrable with respect to « on [a, b], we write f € R(«;a,b) or f € R(«) if
the dependency on the segment [a, ] is clear from the context.

Remark 5.2.2:

(1) If f is Riemann-Stieltjes integrable with respect to a on [a, b], then the constant L. € R in the property
(RS) is unique.

(2) The unique value of L € R satisfying (RS) is denoted by

/ab fda or /ab f(z)da(x). (5.6)

It is called the Riemann-Stieltjes integral.
(3) The function f is called integrand (#RF&SEKBN) and « called integrator (F&53 BRI .

(4) If a(x) = x, then the integral in Eq. (5.6) is called Riemann integral. The set of Riemann-integrable
functions is denoted by R(z;a,b) or R(x).

(5) In Definition 5.1.4, a partition P = (xj)o<k<n needs to satisfy x5_1 < zp foralll < k < n. In
fact, this condition can be relaxed to x;_1 < xj because if there exists some k with x,_1; = xy, the
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TEEEHT » HMEEH Riemann-Stieltjes BO IR o HPIEHEE Riemann MHEER > £
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BMEeERESNBZEMREERHNER - Léﬁiﬁﬁ’ﬁ‘ﬁﬂﬁﬁﬁ RRE 5221 MRE 5223 - EH 5.3

E1FR » FKAPI7E Riemann-Stieltjes T BINEZE » FEFE Darboux MR » EJLGEERMBEHFHNAR
RABNE LR D HVFFTEN - IEME(F Riemann 1I“1fF  BRER 538 EME 53.10 o

B—hE EBRME

£ FE » HFIN o < b LEFE R PR [0,0] - RPITEEZEREE f,9,0,0 BERERTT
[a,b] £ - MEHRBHEFEENEHRE - RAIFER - FFIREK f.9,0. 6 € B([a,b],R) °

EE521 S P = (v0,...,20) B [a,0] DB c W1 <k <> Bty € [wp_1, 7] MWD
= (tr,... 1) - TEVERG - BRESIRES (Po) BIEEEDAH - BFEE FEEEN - B
¥ o BV Riemann—Stieltjes fll :

Spi(f, Z (tk) Aay. (5.5)

R TEEERIL - BIFFIER f ¥ o 7E [, b] L= Riemann—Stieltjes PIFHRY » BRETB A

(RS) FE L € REREREE > 0 FERE P. € P(la, b)) FRERAE P c P([q,b) B
PO P. UKFEERHt - HMEHE

’SP,t(fa Oé) - L‘ <

o

MR f ¥ o 7E [a,b] £ Riemann-Stieltjes AJT&RY » FFIFEIE f € R(o;a,b) s WWRBE LT
X o $RER [a, 0] BEEUAEEREE » BMPIBAILEE f € R(a) °

522

(1) 2R f ¥ o 7F [a, b] £ Riemann-Stieltjes AIFEHY » ABETE RS) MEEFIRIINV L cRER
—f e

(2) BMIATLULHE (RS) B9ME— L € R 51F

b b
/Qfda =14 /af(m)da(x). (5.6)

EMRE Riemann-Stieltjes B e
(3) HRE f *ﬁﬂﬁ‘ﬁfﬁfﬁ P& (integrand) ° BRI o ﬁﬂf*ﬁﬁ@ﬁ (integrator) °

(4) MR a(z) = z » BEER (5.6) LEBIFE D HEE Riemann F&7 ° FIIE Riemann BJFERENFTHE
RV SEEE R(w;a,b) T R(z) °
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Chapter 5 Theory of Riemann—Stieltjes Integrals

corresponding term in the Riemann-Stieltjes sum Eq. (5.5) does not have any contribution. This allows
us to have redundant points in a partition. As a consequence, the above notions can also be defined in
the case when the domain of the functions is reduced to a singleton [a, a] = {a}.

(6) If the integrand f : [a,b] — V takes values in a finite-dimensional vector space V, by considering a
basis (ey,...,eq) of V, we may rewrite f as f = Y%, fie;, where f; : [a,b] — R is a real-valued
function. Then, we may define the Riemann-Stieltjes integral of f with respect to o coordinate-wise,

that is
b d b
/ fda:= Z (/ fida)ei,
a i=1 a

provided that each of the Riemann-Stieltjes integral | f fi dav is well defined. This is the reason why
we may generalize everything easily to C 22 R? or R? for any d > 1.

Example 5.2.3:

(1) If « : [a,b] — R is a constant function, then for any bounded function f : [a,b] — R, any
partition P € P([a,b]) and any tagged points ¢, the Riemann-Stieltjes sum always satisfies
Spi(f, ) = 0. Therefore, we have f € R(«a;a,b) and fffdoz =0.

(2) Inthe case of the Riemann integral, we know from the first-year calculus that for any continuous
function f : [a,b] — R, we have f € R(x). This is also a consequence of Theorem 5.3.21.

(3) Let v : [—1,1] — R be defined by a(z) = 1,0 and f = a. Consider a partition P € P([a, b])
such that x = 0 € P for some k € N, and tagged points ¢, so the corresponding Riemann-
Stieltjes sum writes

Spi(f, ) = f(te)[(0) — a(wr-1)] = f(tr),
where x;_1 <t < 2 = 0. This sum depends on the choice of the tagged point ¢,
1 ifty =x, =0,

0 otherwise,

f(tk)_{

so cannot satisfy (RS).

Lemma 5.2.4 : We follow the notations in Definition 5.2.1. Let us define the following condition.

(RS’) There exists L € R such that for every ¢ > 0, there exists 6 > 0 such that for any partition
P € P([a,b]) with |P|| < d, and every choice of tagged points t, we have

’SP,t(fa Oé) - L| <

™

If f satisfies (RS’), then f also satisfies (RS).
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Chapter 5 Theory of Riemann—Stieltjes Integrals

Proof : Suppose that f and « are such that (RS’) holds. Let ¢ > 0, we take § > 0 such that (RS’) is
satisfied for any P € P([a, b]) with || P|| < ¢ and any choice of tagged points ¢. Then, let P. € P([a, b))
be any partition such that || P.|| < 4. It is clear that (RS) is satisfied for this choice of P., because any
finer partition P DO P also satisfies || P|| < 0. O

Remark 5.2.5 : Note that the converse of Lemma 5.2.4 is false in general. Let us consider the following
functions f,« : [0, 1] — R, defined by

a(x):]le% and f(:c):]lx>%.

« (RS) is satisfied, see Exercise 5.14 or Theorem 5.2.20.

« (RS’) is not satisfied. Indeed, for any given 0 € (0, 1), we may consider a partition P = (x)o<k<n €
P(]0,1]), defined by

1 1
20=0,2,=1 and x,_1 = 5(1—6),%;C = 5(14—(5) for some 1 < k < n.

Then, for any tagged points ¢, we have
Spi(f, ) = f(te)[aler) — alwp-1)] = f(te) = 1y o1,

whose value depends on whether ¢, € [xf_1, %] ort; € (%, Tk

Remark 5.2.6 : We are able to show that in the case of Riemann-integrability, that is when a(z) = z, (RS)
implies (RS’). It is a direct consequence of Theorem 5.3.10, see Exercise 5.29.

Proposition 5.2.7 : Let « : [a,b] — R be a bounded function and f, g € R(«). Then, for any constant
c € R, we have f + cg € R(«) and

/ab(f+cg)da:/abfda+c/abgda.

In other words, R(«) is a vector space over R, and the integral operator f —» f: f da is a linear form on
R(«), that is an element of L(R(c), R).
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Chapter 5 Theory of Riemann—Stieltjes Integrals

Proof : Let ¢ € Rand h = f + cg. For any partition P € P([a, b]) and tagged points ¢, we have

h(te)Aag = > f(t)Aag + ¢ g(ty) Ay,
1 k=1 k=1

(fa ) + CSP,t(gv Oé).

Lete > 0. Since f € R(«), we may find a partition P! € P([a, b]) such that for every partition P D P!
and tagged points ¢, we have

M:

Spﬂg(h, Oé)

I
0

Sp,t(f,a)—/abfda‘ <e

Similarly, we may find a partition P/ € P([a,b]) such that for every partition P O P! and tagged
points ¢, we have

b
’SRt(g,oz) —/ gda’ <e.

To conclude, we define P. := P!\ P/, then for any P D P, it follows from the inequalities above that
b b
’Spyt(h, a) — / fdo— c/ gda’
a a

b b
< |Spufo) = [ fda) +1dl|Sealg.) - [ gda

< (1 + c])e.

Proposition 5.2.8: Let o, 3 : [a,b] — R be two bounded functions and f € R(«) N R(B). Then, for
any c € R, we have f € R(a+ ¢f) and

/abfd(a—ircﬂ)—/abfda—i—c/abfdﬂ.

Proof : You may follow similar steps as in the proof of Proposition 5.2.7. See Exercise 5.17. |

Definition 5.2.9: For a < b, any bounded function « : [a,b] — Rand f € R(«;a,b), we may define

/bafda = /ba f(z)da(z) == — /abf(m) da(z), (5.7)

and we write R(a; b, a) = R(;a,b). We also define [ f dae = 0 for any function f defined at a.

Proposition 5.2.10: Let I C R be a segment and a,b,c € I. Let o : I — R be a bounded function and
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R D ceRUK L= f+cg > BRETDE P € P([a,b]) ARAIZCE: ¢ - FfIH
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Chapter 5 Theory of Riemann—Stieltjes Integrals

f € R(a;a,b) N R(a; b, c). Then, f € R(«;a,c) and we have

/lefdoz—i-/bcfdoz—l—/cafda:O

Proof : Without loss of generality, we may assume thata < b < c. Lete > 0. Since f € R(a;a,b), we
may find a partition pY e P([a, b]) such that for any finer partition P(1) D PY with tagged points
t(), we have

bfda’ < % (5.8)
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Similarly, we may also find a partition P¥ e P([b, ]) such that for any finer partition P(?) D p?
with tagged points ¢(2), we have

¢ €
Spo (o) — [ fdal <5, (59)

Let us set P, := Pg(l) V PE(Q).

Let P € P([a, c]) be a partition of [a, | that is finer than P, and ¢ be tagged points. Let
PY =PnAla,b) and PP =Pnb,

denote the corresponding restricted partitions on [a, b] and [b, ], so that we also have P(1) D P and

P@ > PE(Z). We also denote t() and ¢(!) to be the corresponding restricted tagged points. Then, we
have the following relation between the Riemann-Stieltjes sums,

Spi(f, ) = Spa ;) (fs ) + Spea) o) (f, ). (5.10)

It follows from Eq. (5.8), Eq. (5.9), Eq. (5.10) and the triangle inequality that
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This implies that f € R(«;a,c) and
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To conclude, we use the notation from Eq. (5.7). O
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