Sequences and series 25 LR RN

In the first-year calculus, we have discussed sequences and series with values in K = R or C. We have EA—MIEDT » BRFETRTERMEE K = R &% C ZHiELRES  BRELEINRANSR &
seen different criteria to describe their convergence. In the first term of this year, we have studied the notion - . — § N -

BB PIRE R - EERENE 28 BRAIFH T EE—RZEFEF - REWEZRET - F7IHK

& o s (FE AR 5B 524 s EFA T (e R ANSEEE E eSO St ,

since an addition operation is needed, to make a more general theory, we will restrict ourselves to normed o BNREFAVEREY - AREAARBEANINEAER - IRBHE—ROBRMER - K

vector spaces. In this chapter, the sequences and series are considered to take their values in a normed vector MRERFIEREREZ[P - TE—EF @ RGBSR ERRETEREREZ/[ (W, ||| w)
space (11, - y). i

of convergence of sequences in more general spaces, such as metric spaces. But if we want to discuss series,

6.1 Basic notions F=—8 BEXER

6.1.1 Reminders for real sequences = — & SEEYMEREE
Definition 6.1.1: Let (a,),>1 be a sequence of real numbers. EE6.1.1 ¢ D (ay)n>1 ZEHFY ©
« We say that (a,),>1 converges to ¢ € R, denoted ay, m ¢, if for every € > 0, there exists RS > 00 FIEN > 158

N > 1 such that

Yn =N, |a, —{| <e. Vn >N, |a,—/{|<e,

« (Cauchy’s condition) The above definition is equivalent to the following: for every ¢ > 0, there

B S (HE = b= y S o
exists N 2 1 Such that nU?‘Z'ﬂHﬁDﬁr%_gu (an)n>1 ”&Aﬂ:‘: E S R DEVE (7% m E

vm,n 2 N, fan - an| <e. J + [Cauchy fff¥] FEMEBHERTESE  HRSME: >0 BEN > 1 55

Vm,n = N, |am —an| <e.

Proposition 6.1.2: Let (a,,),>1 be a sequence of real numbers. M 6.1.2 I D (an)n>1 REHFY -
(1) If (an)n>1 is non-decreasing and is bounded from above by some M < oo, then (ay,)n>1 converges (1) T8 (ap)nor IEEHEE LR M < oo » BBEE (an)ns1 WEAEIER € < M o
toalimitl < M.

(2) AR (an)n>1 IBEIZEEBE TR M > —c0 » BE (an)n>1 WRERER ¢ > M ©




Chapter 6 Sequences and series

(2) If (apn)n>1 is non-increasing and is bounded from below by some M > —oo, then (a,,)n>1 converges

toalimitl > M.

Definition 6.1.3 : Given two sequences a = (ay)n>1 and b = (b, )n>1 of real numbers. We say that

they are adjacent (F8££FF5!)) if one is increasing, the other one is decreasing, with a,, — b, — 0.

Proposition 6.1.4 : If the sequences (a,,)n>1 and (b, )n>1 are adjacent, then they converge to the same

limit.

Definition 6.1.5 : Given two sequences a = (a,)n>1 and b = (b, )n>1 of real numbers. We define

the following asymptotic relations.

(1) We say taht a is dominated by b, denoted a,, = O(by,), if there exists a bounded sequence
¢ = (¢p)n>1 and N € N such that a,, = ¢,,b,, foralln > N.

(2) We say that a is negligible compared to b, denoted a,, = o(by,), if there exists a sequence ¢ =

(€n)n>1 that converges to 0 and N € N such that a,, = €,,b, foralln > N.

(3) We say that a is equivalent to b, denoted a,, ~ by, if there exists a sequence ¢ = (¢p,),>1 that

converges to 1 and N € N such that a,, = ¢;,b, foralln > N.

Remark 6.1.6:

(1) When we write these relations between a and b, we may add the condition n — oo to emphasize
that in the asymptotic relation, we are taking n to infinity (not some other value), or if there are other
variables that might bring confusion.

(2) It can be checked that the binary relation ~ is an equivalence relation on the space of real-valued

sequences RY. However, the asymptotic notations O and o do not satisfy symmetry.

Last modified: 09:32 on Friday 18" April, 2025

E&6.13  MEMBEBEBZF a = (an)n>1 M b= (bp)n>1 ° NRMWPIEHPZ—ZBIRER > 5
—EZERD - ME a, — b, — 0 > BUFEPIERMFIRALEFS (adjacent sequences) °

il 6.1.4 : WIRFERFT (an)n=1 M (bn)n>1 EAEFEY - BIFISUREIABRBIELR

EEK6.1.5  REMBEEBFT a = (an)n=1 M b= (by)nx1 * BAIEER T EEEHGERR

(1) MREFEERRFI c = (cp)n>1 AR N € N&EE a,, = b, BRFBE n > N » BIFEFIER o
G b % > 521E an = O(by) ©

(2) MNREERFT e = (cn)n>1 BWER 0 UK N € NRRE ay, = enb, WRFIE n > N - BIF
95R o HEEHR b 2RI ZWERY > 521F a, = o(by) ©

(3) MBI ¢ = (cn)nsr WHE 1 BB N € NIBR an = cuby BRFE 0 > N » BIFH
0 B b RN 0 FE ap ~ by o

i 6.1.6 :

(1) BEHRMETLE o 8 b ZFEBIBIGREF - FATTLUEIES n — co FEARMIIERXZE »
BANEERN (MARBLNEME) - AZERMEZERE - FTRREESRE - eIl
ERE o

(2) MR URE TR ~ WS EEEEFYIZER RY LS ERAR o A #ERRst oMo
AR LB o
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Chapter 6 Sequences and series

BRE HYIERH

Example 6.1.7 :

(1) Let (an)n>1 and (by,)n>1 be defined by

Then, a,, = O(b,) and a,, ~ by,.
(2) Let (an)n>1 = (0,1,1,...) and (b,)n>1 = (1,1,1,...). Then, a,, = O(b,,) and a,, ~ by,.

(3) Let (an)n>1 and (by,)n>1 be defined by
Vn>1, a,=n?> and b, =2"

Then, a,, = 0o(by,) and a,, = O(by,).

6.1.2 Definitions

Let (up)n>1 be a sequence with values in a normed vector space (W, ||-||).

&l 6.1.7 :

1 1 1
Yn>1, a,=—- MUK b,=-+ —.
n n o n

BBE a, = Ob,) Ba, ~by e
2) B (an)n>1 = (0,1,1,...) & (by)p>1 = (1, 1,1,...) e BBEE a,, = O(by) B ay, ~ by, ©

(3) B (an)n>1 B (bp)n>1 EERMT
Vn>1, a,=n*> UK b,=2"

A ay = o(bn) B an = O(by) °

BIE EHR

B (up)n>1 SEVEEREREZ™[M (W, ||| FEIFSY o

Definition 6.1.8:

« The series (f%2X) with general term w,, is given by the sequence (.S, ),>0, defined by

n
Sy =0, Sn:U1+"‘+Un:ZUk7 Vn > 1.
k=1

We may also denote this series by >, ~1 un or > up.

« For each n > 1, u, is called the n-th term of the series > u,, Sy, is called the n-th partial sum of

the series > uy,.

« If the sequence (S,,)n>0 converges in (W, ||-||), then we say that the series Y u,, converges. In

this case, its limit is called the sum of the series, and is denoted by >~ ; u,,; for eachn > 1, we

Last modified: 09:32 on Friday 18" April, 2025

E&FH6.1.8 :

o —RIES u, BB (serics)  REITFHIREF (S,)nm0 FHETER -

n
Sy =0, S’n:u1+-~-+un:Zuk, Vn > 1.
k=1

PPt AT LUBEBRREECIE >, un B X up ©

cHREBE > 1 B w, BOERE Cuw, O B S, BIERE D u, B
5 n (AERGAT o

« SARFF (Sn)nz0 £ (W, [|-]|) FUER - BREFKFPIZRRE > w, WK - FEEMIBRT - fthaY
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Chapter 6 Sequences and series

denote by R,, the n-th remainder, defined by

[e.¢] n o0
Rn:Zuk—Zuk: Z U,
k=1 k=1

k=n+1

Remark 6.1.9 : We note that by definition, the convergence of a sequence (Sy,),>0 is equivalent to the

convergence of the series Y (S,+1 — Sy), which are related by the relation
N-1
Z (Sn41 — Sn) = Sn — So = Sn.

n=0

Such a summation is called a telescoping summation.

BRE HYIERH
MR ER BRI » BCIE 300wy s HIREHE n > 1 > FFHEMEE n JHERH R, E&&

o0 n o0
Rn:Zuk—Zuk: Z U,
k=1 k=1

k=n+1

Proposition 6.1.10 : We have the following two properties.
(1) If the series Y uy, converges, then (Sy,)n>0 is a Cauchy sequence.

(2) Additionally, if (W, ||-||) is a Banach space, then the series > u,, converges if and only if (Sy)n>0

is a Cauchy sequence.

Proof : This proposition follows directly from the definition.

(1) The series Y u, converges means that the sequence (S,),>1 converges. And it follows from

Proposition 2.4.6 that a convergent sequence is a Cauchy sequence.

(2) It remains to show the converse. Suppose that (.S, ),,>0 is a Cauchy sequence, since it takes value

in a Banach space, it converges, so the series > u,, is convergent. O

Corollary 6.1.11 (Cauchy’s condition) : Suppose that (W, ||-||) is a Banach space. The series Y u,

converges if and only if for every ¢ > 0, there exists N > 1 such that
Vn = N, Vk>1, ||upt1+ -+ unskl <e. (6.1)

This condition is called Cauchy’s condition (FIPIEHF) .
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iR 6.1.9 @ HFVERR - IRIBERE * B9 (Sn)nzo0 BIMRERERRE 5°(S, 41 — Sn) BIREE - IR
ftfPIR] LU THI BRIV FIERSE—IE -

IEARRIFIFE(ERIERM

foed 6.1.10 : HMBETIREMLEE -
(1) BNRIREL S u, WE  BBEE (S,)ns0 BENMFERT o

(2) k5 gNR (W, [|-||) =18 Banach ZEfE » FREMRE 5 u,, WHEBMESE (S,)n>0 =B
FF5 o

S5 1 EEE ) U EEFEHE RASE
(1) B up WREARFET (Sn)n>1 YEX - WanRE 2.4.0 HFINE WK FFI 2 BT

2 RMOESBESRENT - B (S,)00 SETTERFF B RAEETE Banach 227
o B - BB S o, 8K - -

RE o111 [FWEMKME] : RFK (W, ||) 218 Banach ZEf ° fRE Y u, WHEBHREHNE

Ble>0FEN>1HE

Vn > N, Vk 21, ||upt1+ -+ unskl <e. (6.1)
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{ EIRHBIEMPEIRIT (Cauchy’s condition) © J
Proof : It is a direct consequence of Proposition 6.1.10 (2). O 8RR [ ERM 6.1.10 Q) NEEER O
Corollary 6.1.12: If " u,, is a convergent series, then lim,,_, oo u, = 0. [ Rife6.1.12 : AR > u, 2ERES > ABEE lim, oo up, =0 © ]
Proof : It is a direct consequence of Cauchy’s condition by taking the special case k = 1in Eq. (6.1). OJ 58 [ ERTUEER (6.1) FMFEIEMAEY £ = 1 BY4 - (]
Remark 6.1.13 : We note that the convergence to zero of the general term is necessary but not sufficient for R 6.1.13 : RFIED  —RBEKRHKEISESHEERBBILEEARTE G o Fla0  BNRE S %

a series to converge. For example, the harmonic series > % diverges, but its general term tends to 0.

EE Bt —ARIBEAR 0

Definition 6.1.14 : Suppose that (W, ||-||) is a Banach space, and let > u,, be a series with general EE6.1.14 : BER (W, |||) 218 Banach ZERS » TR Y u, Z—HRIBE W HAIRE

terms in W.

o TNRIRE S |Juyn || Y8R - BBERMIERAREN S u,, GABIULEL (converges absolutely) ©
« If the series 3 |Juy|| converges, we say that the series 3_ u,, converges absolutely (FB¥FULEN) .

o AIRIFE S u, WEERFBEURL - ABFRAIER O un BB (converges conditionally) ©

« If the series Y u,, converges but does not converge absolutely, then we say that > u,, converges

conditionally (1§&{4FUER) .

Example 6.1.15 : The series >, (_17);1“ = In 2 is convergent but not absolutely convergent. We g 6115 T BRES,., (_17)Ln+1 = In2 IWRER GBI - 75 6.4.1 /NEIFR » FRFIGLEER
will have a more thorough study of such series, called alternating series, in Section 6.4.1. SRS SAISIEAE R AR S L FEVEAS AR o

Theorem 6.1.16 : Suppose that (W, ||-||) is a Banach space. A series Y uy,, that converges absolutely in EH 6.1.16 : RE% (W, ||-||) B1E Banach ZEf ° 7 W P EIBEUBIAIRE X v, BEUEK ©

W also converges.

Proof : For every n, k > 1, we have G0 W EMEn, k> 1 BB

Junt1 + -+ ]| < fJupgall + - 4 lunskll - 1 + -+ k]| < l[tnptll + - + [tmpsl] -
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Chapter 6 Sequences and series

Thus, Cauchy’s condition for ) ||uy, || implies Cauchy’s condition for ) u,. O

Remark 6.1.17 : From the above theorem, to show that a series converges in a Banach space, we may show
that it converges absolutely, which reduces to the convergence of a series with non-negative terms. This is
the reason why understanding the behavior of a series with non-negative terms is important. In the next

subsection, we are going to study sufficient conditions for such series to converge.

6.2 Series with non-negative terms

6.2.1 Comparison between series

Proposition 6.2.1: Let ) u,, be a series wtih non-negative terms. It converges if and only if the sequence

(Sn)n=0 of partial sums is bounded from above.

Proof : It is a direct consequence of Proposition 6.1.2. O

Proposition 6.2.2 (Comparison test) : We consider two non-negative series ), u,, and ) v, satisfying

(1) If>" vy, converges, then ) u, converges.

(2) If S uy, diverges, then Y v, diverges.

Proof : Let (S),)n>0 be the partial sums of )" u,, and (7},)n>0 be the partial sums of > v,,. Then, for

every n > 0, we have S, < T},. We conclude by Proposition 6.1.2. (]
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It - BRECY [|un || B EIRAF SR SRE D u, BTG o O

5% 6.1.17  RIBELEEIE - EFEEATE Banach ZREFHRE G - HFITTIAFZRMEBEIKE -
URMERELTR—MRBFERBNEH - EEMEBAME - RFIFEEARRIEMET HEE—
IRIRIE R IRERAIILEL o TE TRENED - IS A5 SRS REBEREI — e &

BE —RIAIERIARIRE

B—EY RBUZFHRILER

BRE 6.2.1 1 T Y u, A RRIRIFRTERIRE - thERHEBEETDAMFET (S))n=0 BLR

'ﬁg

BH: E2mEcl 2 NEERER - 0

0

el 6.2.2 [LEBUER]] @ HMEERMEIEERY] X w, F X v, WE

(1) WS S v, R+ B Y wy, WK

(2) A0 S u, BEEL - B S v, BEEX o

SR I D (Sn)nzo A D u, BIRBAF] 0 B (T0)ns0 7 2 v, BIERAH - BBEHREE n > 0 &K
8 S, < T, » RFIREEBNE 6.1.2 ZRARKE © O
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Chapter 6 Sequences and series

Theorem 6.2.3: Let > u, and >_ v, be two series with non-negative terms.
(1) Ifv, = O(uy) and Yy u, converges, then'y_ v, converges.

(2) If uy, ~ vy, then the series Y u, and ) v, are of the same behavior (i.e. both divergent or conver-

gent).

Proof :

(1) Suppose that v, = O(uy). Let M > 0 and N > 1 such that v, < Mu, for alln > N. This

means that for n > N, we have

n N-1 n N-1 n
kaz ka+ ka< ka+MZuk.
k=1 k=1 k=N k=1 k=N

Since Y u,, converges, the sequence (>_;'_ Uk )n>N is bounded from above. Therefore, the series

> v, converges.

(2) If uy, ~ vy, it means that v, = O(vy,) and v, = O(uy,). So (1) implies that )" u,, converges if

and only if )" v, converges.

Remark 6.2.4 : We note that to apply Theorem 6.2.3, the assumption on non-negative terms is essential.

1) Forn > 1, let u,, = D" and v = L. It is clear that v, = O(u,). However, 3 u,, converges b
Theorem 6.4.2, but ) v, diverges from Proposition 6.2.6.

(2) Forn > 1, letu, = % + % and v,, = % It is clear that u,, ~ v,. However, > v,, converges by
Theorem 6.4.2, but > u,, diverges because ) % diverges.

Example 6.2.5 : Let us study the behavior of the series ) n% First, we note that

Yk > 2 1— 1 _ 1 <i< 1 _ —1
-7k k+1_k(k+1)\k2\k(k—1)_k—1 k
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BRE HYIERH

EIE6.23 : ¥ Y u, B Y v, AME—HIEIEEIEAVIRE
(1) MR v, = O(u,) MR Y u,, YEX » FBEE S v, YK ©

(2) R up ~ vy BERE S u, M Y0, EERRATA (EHMEWEERHIWE ER

%) o
55HA :
(1) BFE v, =0y B M>0URN>1ERFv, < Mu, BRFiBEn > N ERRE
n> N K> EME
n N-1 n N-1 n
ka: ka+ ka< ka+MZuk.
k=1 k=1 k=N k=1 k=N

B Y un WK * FPF (e uk)n=y BE LR o EIL - RE Y 0, WHK -

) MR u, ~ v, ERR u, = O(vy,) MB v, = O(uy,) ° B 1) R S u, WEEBMS
Zvn l‘l&ﬁ& °

B 624 1 RITIED WRBEEAEE 23  —REFANBRILRBERH -
W) HR 21 Buy= L MR v, =L B8R BFIE v, = O(uy,) © AT RIBEIE 6.4.2 -
BB S u, BIREK - IR 6.26 + BB Y v, BEHE -
@ BB >1 Bu, = L 4 LR, = 5L o B8R BB w, ~ v, o AT RBEE

n

6.4.2 » FRELY v, FYEL - BN Y L BB RE > w, hERE -

gl 6.2.5 1 HPIREAZTBKE Y. L 091758 - B HVEER

Yk > 2 1— 1 _ 1 <i< 1 _ —1
-7k k+1_k(k+1)\k;2\k(k:—1)_k—1 k
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Chapter 6 Sequences and series

n

Z also converges. Moreover, for n 2 2, the following relation holds for the n-th remainder,

1 1 1
g R?’L = Z 72 g —.
n+1 k:n+1k n

By Cauchy’s condition, the series ) | # converges, and its n-th remainder is equivalent to %

n—1

will see at a later stage.

Since the telescoping series (- 1 L) converges, it follows from Proposition 6.2.2 (1) that the series

Another way to show the convergence is to note that % ~ L % and apply Theorem 6.2.3 (2).

But to find an asymptotic formula for the n-th remainder, we need to apply Theorem 6.2.8 that we

BRE HYIERH

HRHIERE > (L — L) ek - BIjaGE 6.22 (1) HREY. L WEUWEL - 1S - Bt n
FAPIRTLUZHIZE n THRVERIE @ BFLR :

1 =1 1
n+1 ket 1 k n

IR ERIRM  RE Y L Wit - RIS n TRERTRME 1 H(E -
HMBETUEAEE 6.23 (2) REFHRBANYE - AREMAE 5 ~ L - L - BUIRBERIIE
n TRRRTERVAED - HAIFBREAERT EBIINEE 6.28 ©

and only ifa > 1.

Proposition 6.2.6 (Riemann series) : Let « be a real number. The Riemann series » nla converges if

Rl 6.2.6 [RERH] @ Do RBEH - RERH Y L WHEEHRE > 1

Proof : For real numbers o« > 3, we have nl —z for all n > 1. By Proposition 6.2.2, it is sufficient

to show that } % diverges, and for any o > 1, the series 3 - ~& converges.

o Let @ = 1. For every k > 1, we have

1 k+1dt k-‘rldt
1 a —In(k+1) — Ink.
k /k k /k 7 —k+1) -

This implies that

Z (In(k +1) —Ink) = In(n + 1).

w\»a

n
Vn > 1, Z
k=1

Since In(n + 1) — o oo, we deduce from Proposition 6.2.2 (2) that the series ) % diverges.

o Let @ > 1. Similarly, For every k > 2, we have

N T o
ke b—1 k& = k—1 t% 11—l ket (k*l)afl ' ’

This gives that
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WU WREHO > 5 BFE L < L HRFAE > 1 RESE 022 > RARBEEH
S LEE BRRER o> 1 R L SUERENH o

cTa=1-HRBEL>1 &KFME

1 kJrldt k+1dt
= — > k Ink.
k /k K /k 7 ~(k+1)—In

{oii
o
o

> (In(k+1) —Ink) =In(n+1).
k=1

w\»a

n
Vn > 1, Z
k=1

B In(n + 1) —— +oo  BFHE @B 022 () HISHRE L | S8

s Sa>1-EIE HREBEL>2 HME

1_/kdt</k T - (6.2)
ke Jem1 ke T it 1—alket (k—1)e-1 | .
EERTEM

¥n > 2, B . _

n kX;kOé 1—akz_:2[kal —1) 1 a—ll no—1 a—1
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Chapter 6 Sequences and series

So the series ) | n% converges when o > 1. O

Remark 6.2.7 : For a fixed a > 1, the Riemann series ) n% is convergent by Proposition 6.2.6. We may

find an asymptotic expression for its remainder. For k£ > 1, we have

1 /k+1 dt 1
— > =
ke E te 11—«

11
(k+1)o—1 ko t|

This gives that

201 1 > 1 1 1 1
n kz ko 1—« Z [(k+1)a1 kal] a_lnafl
=n k=n
Similarly, from Eq. (6.2), we find,
> 1 1 1 > 1 1 1 1 1
Vn > 1, i - _ -
n kz: ko ne + 1—a« Z [ka—l (k _ 1)a—1‘| a—1 na—l ne

The above two relations imply that

s Lo 1 1l h 6.3
7@-;@4‘ (ﬁ), when n — oQ. ()

6.2.2 Partial sums and remainders

Theorem 6.2.8: Let Y u, and > v, are two series with non-negative terms such that u, ~ v,. Then,

the following properties hold.

(1) If > uy, converges, then ) v, converges and their remainders satisfy
o0 (o)
Z Up ~ Z Vg, N — 00. (6.4)
k=n k=n

(2) If > uy, diverges, > vy, diverges and their partial sums satisfy

n n
ZukN ka, n — 00. (6.5)
k=1 k=1
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FIE o > 16 RE Y L SR -

2R 6.2.7 1 H—EREN o > 12K - 1RIFEMRE 6.2.0 - REME Y L IR - RPIRTLUEMBAYER
IEHEAERN - BN k> 1 &fIB

1 /k“ dt 1
g i
ke k te l—«o

1 7 1
(k+ 1)1 jo 1|

ERFEM
> 1 1 e 1 1 1 1
Vn > 1, > _ _ .
" kz:;l k71—« kz:% (k+ 1)1 ka_ll a —1nol
BEIE - % (6.2) » FHMFE)
> 1 1 1 s 1 1 1 1 1
W1, Y — < — - - —
" kg% ke T no + Y k:Z:nH [k‘al (k — 1)0‘1] a—1ne1l  po

L EmERFRINER ISR

> 1 11 1 "
k:nkfa = ﬁF +O(n7>, = N — 00. (6.3)

S/ER BMAMELERIE

EHE 628 T Y u, B Y v, RME—RBIFENRE > BRE un ~ v, ° BBETIEEM

i I

RVAKS

(1) MR Y u, WEL > BBE S v, WK - BFPIRIERIERE
iukw ivk, n — o0. (6.4)
k=n k=n

(2) MR > u, TR BE S v, ER - BFIRVEMA IR E

n n
ZUkN ka, n — 00. (6.5)
k=1 k=1
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Chapter 6 Sequences and series

Proof : By Theorem 6.2.3, we already know that > u,, and > v,, have the same behavior.

(1) Lete > 0. It follows from the equivalence u,, ~ v,, that we may find N > 1 such that

Vk > N, (1—5)uk<vk<(1—|—e)uk

(6.6)
By taking a summation over k > n with n > N, we find
oo
Yn>=N, (1-—¢) Zuk ka (1+¢) Zuk
This is exactly what Eq. (6.4) means.
(2) Lete > 0. As above, we may find N > 1 such that Eq. (6.6) holds. Then, for any n > N, we
have
n n N n
ka—i— 1—¢) Zuk Z Z +(1+€)Zuk. (6.7)
k=N k=1 = k=N

We use the fact that the general terms v,, are non-negative and the series ) | uy, diverges, we may
find N’ > N such that the two following inequalities hold

6.8)
k=N
N-1 N-1 n
(1 —2¢) U, — v < € Z up, Vn >N’ (6.9)
k=1 k=1 k=N

If we use Eq. (6.8) to the right side of Eq. (6.7), we find

n n

n
S oe < (1+42) > wp < (1+28) > w,

k=1 k=N k=1

where the last inequality follows because the general terms u,, are non-negative. Similarly, if we
use Eq. (6.9) to the left side of Eq. (6.7), we find

n

n n n
Z (1—2¢) —e Y wet(l—e) Y up=01-2)>
k=1 k=N k=1

&Mlz

k=N

This is exactly what we need to show for Eq. (6.5).
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BARE HYIERH
2B IRIREE 6.23  FFIBKEIE X w, M Y v, BEBERITS ©
(1) & e >0 RHFEBR uy ~ v, RFIEEEBI N >

> 11515
Vk >N, (1—c)ur <vp < (1+¢e)ug (6.6)
BEREn > N HAE L > o B EMSR
VYn > N, (1—5)§:uk ivk (1+¢) Zuk
k=n k=n
ERFHER (6.4) FIARHER °
(2 |e>0° AL HPPTUMIKEI N > 1 15 (6.0) FRIL - #E - HREE n > N > HM
=)
N-1 n n N— n
S+ (=) Y up <D v Z (1+e) > ws (6.7)
k=1 k=N k=1 k=1 k=N
HR—RIE v, 2IEER - MERE S v, 28 > BPIATUIKRE N > N FETEMERE
TURKIL ¢
N-1 n
vp < € Z up, Vn >N/, (6.8)
k=1 k=N
N-1 N-1 n
(1—2¢) Uy — vkggz up, Vn >N’ (6.9)
k=1 k=1 k=N

I (6.7) BT - HPERR (6.8) - EMIFE

n

n
Z (14 2¢) Zuk (1+2¢) Zuk,
k=1 k=N k=1

HARBR—EFCFAGHIL > ERB—

ARIE v, BIFEH - B » TR (6.7) WEFFKFIE
B (6.9) » 5%

n N—-1 n n
Doz (1-20) > 5Zuk+ 1—e) > up=(1-28)> uy
k= k=1 k=N k=1

BREI (6.5) FIREFERR -

—_

= B2
=

{o
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Chapter 6 Sequences and series

The above result has useful applications when it comes to asymptotic expansion of sequences or series.

We are going to look at an important example below.

Example 6.2.9 : The sequence (H,,),>1 of harmonic numbers is defined by

1 1
Vn>1, H,=1+=4- -+ —.
2 n

(1) We first note that when n — oo, we have the following equivalence,

%Nln(l%—%).

Since both series Z% and > In(1 +

Theorem 6.2.3 (2) that they are of the same behavior. It is not hard to see that

%) are with non-negative terms, it follows from

Zn: (1+ ):i In(k+1) —In(k)] =In(n+ 1)

diverges when n — 00, so we deduce that Z% also diverges. Moreover, it follows from

Theorem 6.2.8 (2) that their partial sums are equivalent. In other words, for n — oo, we have

1
%) =In(n+1) ~Inn.

n
Hy~ Y (14
k=1
This gives the first term in the asymptotic expansion of the harmonic numbers.
(2) To get the following terms in the asymptotic expansion of (Hy, ), >1, let us consider the sequence
(Ap)n>1 defined by A,, = H,, — Inn for n > 1. Then, for n > 2, we may write

1 1 1 1
A= — ) == 1= =)~ .
Ap = Apr= = —Infln(n—1)= >+ (1->)~ (6.10)

By the result on the Riemann series in Proposition 6.2.6, we know that the series > # converges,
and again by Theorem 6.2.3 (2), we know that the series Y (A, —A,,—1) converges. Additionally,

since
n

Vn =2, Y (A — Apq) = Ay — Ay,
k=2

we deduce that the sequence (A4,,),>1 converges. Let us define v := lim,,_,o, Ay, called Euler’s
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ERAEREFYRBBER IV - BRI UER LENER - TERMAG—EEZE
% o

#86 6.2.9 1 HFAMBFABRNFS (H,)n=1 ERWTF ¢

1 1
2 n

(1) BRMERIEER B n — oo B BB TIIFERG

%wln(l—i—%).

HAREL > L A1 Y In(1+ 1) EFRIERZIEEN  REE 623 (2) BRIIFEMMIBER
BU1T4 © &E - BZFIFEED

z”: In (1 + %) = z”: [In(k + 1) — In(k)] = In(n + 1)
k=1 k=1

B7E n — oo FFEERD RILERFIGA S L W& - b5 > WEHE 6.2.8 (2) FAFIRE - 1t
FINEMAN & BEER - MAER  En - o B B

1
+ %> =In(n+1) ~Inn.

H, ~ i In (1
k=1
ERBMAMESEEERPNE—IE -
(2) BIRE (H,),>1 FERBAERENE » BPIZERFEY (A1 EEM A, = H, — Inn BN
n>1° BBEHNn > 2 HBATUB

1 1 1 1

IRIRADRE 6.2.6 PRRSRBEVER » MOIFERE > L Wi - HEEAEE 623 ()0 &
FIRERRE > (A, _1) 8K e S - iR

Vn>2, Y (A — Apq) = Ay — Ay,
k=2
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Chapter 6 Sequences and series BARE HYERR

constant, and we have BPIHERFES (An)ns1 WK BFIEE v := limpyoo A, TBIEBRIH B BRI

H,=Inn+A,=Inn+~vy+o0(1), whenn — oo.

H,=Inn+ A, =lnn+y+o(l), &n— .
(3) Following the computations in (2), due to the equivalence in Eq. (6.10) and Theorem 6.2.8 (1),

we know that the following equivalence holds, (3) EE (2 PMETE  ENBRMAER (6.10) PHEHERIR  BBTIE 628 (1) BRFEETE
o0 1 21 1 HERRKIL -
v—A, = Z(Ak—Ak—l)N—* Z s~ o
k=n-+1 2 i K 2n o Lo )
. . | | Y= An= ), A=A~ =5 D g
where the last equivalence comes from Example 6.2.5. This gives the asymptotic expansion of —1 2 kent1 k 2n
H,, below

1 1 HPREB—EFERMFRIKBEM 625 - ERBEMTERMER H, NEERRR
H,=Inn+~+ o +0(ﬁ)’ when n — oo.

1 1
anlnn—i-v—kf#—o(—), B n — oo.
n

(4) We may go further in the above asymptotic expansion. Let us consider the sequence (D, ),>1 2 n
defined by
D,=H,—Ilnn—~y— 2i =A,—v— ZL’ VYn > 1. (4) BB LEENIERRIEER TE - HMIERREY (D)1 &M
n n
Then, when n — oo, we have 1
D,=H,—-lnn—~v— —=A4,—v——, Vn=>1
2n 2n
Dn—Dn_1:1+1n(1—1)+L—i
B M) W AR+ % n — oo B » BT
“aGraetastolE) r5 (o) - 5 , ' : :
1 1 D,—-Dp1=—+h(l——)4+—7—7———
:W+O($)' ! n+n< n>+2(n—1) 2n
1 1 1 1 1 1 1 1 1
== (ct5t=sto(5))+=(1+>+5+0(5))— =
Since the Riemann series ) % converges, we know that the series Y (D,, — D,_1) also con- n (n 2n?  3n? ( 3)) 2n ( n 2 0(712 )) 2n
d wh h _ 1 !
verges, and when n — oo, we have =63 + 0<$)'
> 1 & 1
Y Dr=Dip)~z > 135 HRREMRHB > 5 W - RAIFERE (D, — D) LB MEE n — oo B
k=n+1 6 k=n+1 k "
#®MB
By applying Eq. (6.3), we deduce that >°72 ., ,713 ~ #, and the left-hand side is equal to 00 ] =1
limg_yoo Dy, — D,, = —D,,. This allows us to obtain that D,, ~ —1—12# when n — oo. The Z (Dg = Dy—1) ~ 6 Z L3
k=n+1 k=n+1
asymptotic expansion of the harmonic numbers writes
MBBRFEAR (63) » RIS D50 & ~ g MEHBER limg o Dy — D, =
1 11 1 - N —
Hy=Inn 45+ 5=~ g o), whenn - oc. D, * {EAFIRIE—IE - BFHEE D, ~ — 5k B n — oo o BRBEERBERAINR
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Chapter 6 Sequences and series

(5) You may repeat the above procedure to find the following asymptotic expansion

N
1 Boy, 1
H,=lnn+~vy+ o —];1 SnZk +o<n2N), when n — o0,
where (Bsy)r>1 are Bernoulli numbers whose first terms are given by By = %, By = —%,

Bg = ﬁ, etc.

Remark 6.2.10 : In Exercise 6.12, you may apply the same method as in Example 6.2.9 to deduce an

asymptotic formula for n!, called Stirling’s formula.

6.2.3 Comparison between series and integrals

Integrals and series are closely related: a series is a discrete summation, whereas an integral is the limit of
such discrete summations. When a series converges, it is usually not trivial to get an exact formula or value
for its limit; however, there are a lot of functions who have a nice primitive that we can compute (Appendix
1). In this subsection, we introduce a method allowing us to study the behavior of a series with the help of
integrals. The idea behind is similar to what we have done in the proof of Proposition 6.2.6, but here we give

a more general setting and a more precise result for such a method.

Proposition 6.2.11: Let f : [1,+00) — R be a non-increasing function with lim,_,~, f(z) = 0. For

every integern > 1, let us define
Sn=)Y_fk), I.= / f(t)dt, D, =S, —I,.
k=1 1

Then, the following properties hold.

(1) Forn > 1, wehave0 < f(n+ 1) < Dpy1 < D, < f(1).
(2) The sequence (D,,)n>1 converges, and denote D := lim,,_, oo D,,.

(3) Theseriesy. f(n) and the integral [ f(t) dt := lim, o [ f(t) dt have the same behavior, that

BRE HYIERH

i

1 11 "
H”:lnn+7+%_ﬁﬁ+o<ﬁ)’ | 1L — 00.

(5) fRATAEE LENTER - EMES TIEERFA

1 X By 1 "
Hn:lnn+7+%kz>:l2kn2k+o(n2]v), 8 n — 00,

Hrh (Bak)k>1 =& Bernoulli 2 R FIEBIER B, = % s By = —% s Bg = é FEo
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SBZEN RBRRS LR

ROMBBEBEVINRER  RBEERMBA - /oS RHBRMAIER - ERBUBERE - —IRKE
ERIMERNETZEZNERS A RERBEFNRRHZALUGEN (Mix—) - 58
BN RPN B—ESE  BRATUAEHES RKARRANTA - BROBEEILFIEH
& 6.2.6 EFEML - BEEHMERRVZE—MRNER - LHERHERERER -

6211 1 B f:[l,+00) - R, BIEEBRE » ME lim, oo f(z) = 0° HRSERH
n>1'EKMEHE

ARFE » FHMEERKIL ©
1) HRn>1 FHMBOS f(n+1) < Dpy1 <D, < f(1)°

2) BH (Dy)n>1 WL > FEMEE D := lim,, o0 Dy,
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Chapter 6 Sequences and series

is both are either convergent or divergent.

(4) Forn > 1, we have 0 < D,, — D < f(n).

Proof :

(1) Since f is non-increasing, we find

Let us fix n > 1. We have
n+1 n k+1 n
Lia= [ f0d=3" [ rode <Y ) = s,
1 k—=1"k k=1

Therefore, f(n + 1) = Sp41 — Sp < Spt+1 — In+1 = Dy, which shows the first part of the

inequality.

Next, we write
n+1

Dy~ Dupi= [ f#)dt = fn+1) >0,

n
This shows that D,, 11 < D,,. To conclude, we note that D; = f(1), and by induction, we find
D, < Dy = f(1) foralln > 1.

(2) From (1), we know that (Dj,),>1 is a non-negative sequence bounded from below by 0, so it

converges.

(3) From (2), we know that lim,,_,,(.S,, — I,,) exists. Therefore, both sequences (Sy,),>1 and (I,)n>1

=

have the same behavior.

(4) Forn > 1, we write the telescoping summation

N-1
D,— D= Nhgloo(Dn — Dy) = Jim > (Di — Dys1)-

k=n

From (1), we know that Dy — Dy > Oforallk > 1,s0 D,, — D > 0. For every k > 1, we also

have

k+1
Dy — Dyy1 = /k Ftydt— fk+1) < fk) = f(k+1),
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(3) MREX S f(n) MIFESD [° f(t) dt == lim, oo [T f(¢) At BAERIANIT > LALEME BRI
B RN o

@ BRn>1> EMBOKD, -D< f(n)°

s B

(1) @R f 2IBEEL - B

]J:t ’ f(n + 1) = Sn_l,_l — Sn < Sn_l,_l — In+1 = Dn+1 ’ E%EETZ:%E%EQ%_%BTQ °

B2E - AR

n+1
Dy D= [ f®)dt = fn+1) >0,

BT Do < D, B BFIERRI D = f(1) ) BEBHERWE  HRFAAE

n>1'EMERI D, <D =f(1)°
(2) 7% (1) > HFIFNE (D)1 =EIEERS) - BEO0ATHR - FAAZUE -
(3) # (2) » FFIFE limy, o0 (S — 1) TEFE © B FF (Sn)ns1 M (1) n>1 BERRITS ©

(4) Bl n>1 BRAZTREN:
N—-1
D, =D = lim (D, — Dy) = lim > (Dg — Dy41)-

N
— 00 k—n

(1) - HFIMEHRAE L > 1 FFIE Dy — Diyy > 0 AL D, — D > 0 - HRE(E
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Chapter 6 Sequences and series

SO Nl
Dy =D < Jim Y () = f(k+1) = lim (f(n) = F(N)) = ().
k=n

Remark 6.2.12:

(1) In Proposition 6.2.11, if f is non-increasing on [M, +00) for some M > 0, then the qualitative state-

ments such as (2) and (3) still hold, whereas the bounds in (1) and (4) need to be adjusted.
(2) From Proposition 6.2.11 (4), we also know that

0< f:f(k)—/lnf(t)dt—pgf(n).
k=1

In other words, we have an asymptotic expansion

n

> fk)

/n f&)dt+ D+ O(f(n)), whenn — cc.
k=1 !

(6.11)
If we apply this to the function f(x) = %, then we find

| =

n
Hy=)_
k=1

zlnn—l-D-i—O(%), when n — 00,

which is similar to the result obtained in Example 6.2.9, stronger than (2), but weaker than (3).

Example 6.2.13 : Take s € R and f(z) = =~ in Proposition 6.2.11. Along with Proposition 6.2.6,

we know that >~ n™% converges if s > 1 and diverges if s < 1. For s > 1, this series is called the
Riemann zeta function,

BNE HYEKH
E>1 H&MLEE

k+1
Dy — Dyy1 = /k Ftydt— fk+1) < fk) = f(k+1),
Fr LA

3% 6.2.12 :

(1) 7E8PRE 6.2.11 B > SNRBNEAE M > 0 f £ [M, +o00) ERIFEER » BEEEIRGIIRZ (2)
N (3) THPARKIL » 1B (1) M (4) EFHNAFTERE -

(2) B 6.2.11 (1) BRFHBAILIEA

HBAEER - HMISEHERR

n

D,

k=

[y

f(k:)—/lnf(t)dtJrDJr(’)(f(n)), B 0 S oo

. (6.11)
INRBIUEERERE f(2) = 2 - BIEKFIEE

| =

n
H,=>
k=1

:lnn+D+(9<%), B n — oo,

EGREH 6.2.0 PRUFERMBLL - L (2) 38 - BEE(3) 55 -
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Chapter 6 Sequences and series

For s € (0,1), Eq. (6.11) gives us
1-s

"1 n -1
Z::]? 1—s

+C(s) + (9(%), when n — oo,

where C/(s) is a constant depending on s. The constant term in the above summation is equal to ((s),

so the remainder of the series writes,

1 pls 1
k_z: ?:s—1+0(ﬁ) when n — oo,
=n+1

which is the result we found in Eq. (6.2).

Proposition 6.2.14 (Bertrand’s series) : For o, 5 € R, the corresponding Bertrand series is given by

1
2 n®(Inn)f’

n=2
(1) When o > 1, the Bertrand series converges.

(2) When o = 1 and B > 1, the Bertrand series converges.

(3) Otherwise, the Bertrand series diverges.

Proof : We are going to apply the comparison test (Proposition 6.2.2) and Proposition 6.2.11 to show

these properties.

(1) Let a > 1. Note that we have the compraison

1 _ 1 h
()P =0\ “ira)2 when n — oo.

We know that the Riemann series ) W converges, because H'Ta > 1. By comparison

(Proposition 6.2.2), we deduce that the series ) m is convergent.

(2) Let « =1 and 8 > 1, and let us apply Proposition 6.2.11 to the non-increasing function f(x) =
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\Em
=
&

B s < (0,1) » = (6.11) FAFKAM

n 1-s
ég:k? ZEI“;;1‘+(j(S)+‘C)<£§>, Eng—% o0,

Hep O(s) ZEBRR s NEH - LXPNEBIEETEFR ((s) » RLRERER S

1 nls 1Y\
E: %giz s—1 +‘C)(5g> = N — 00,
k=n+1

EHER (6.2) FASEIER -

o8 6.2.14 [Bertrand ¥%2] : BN o, 8 € R » MFAHFER]AY Bertrand FRENE M

1
2, n®(Inn)f’

n=>2
(1) & a > 1 Itk Bertrand #RELUIER ©

(2) Ea=1Hp3>1> It Bertrand fRELUEK ©

(3) HAKR T » Itk Bertrand #REEZHL o

FERA : HMEERLLBIER (B o.2.2) UKME6.2.11 RERELHEE o

(1) B a>1- ZRRHMETENLE

1 1
n*(Inn)? ~ o\ narer

2 Lo > 10 BRMAERESRE Y L BIKH - EELEER (B c22) 5 B
SRS ot s REES o

il
3
1
8

2 Ta=1MUKa>1> WiBmE6.2.11 BEIFEERE f(z) = £ NEDRIER

z(hlx

BBk : 20254 4 A 18 H 09:32



Chapter 6 Sequences and series

m. The integral of f writes as below,

n n 1 Inn 7 1 1 1
/2 f(t)dt:/Q t(lr1t)/3dt_/1n2 ﬁdsz 1—6{(1nn)5—1 a (ln2)5—1}'

The right hand side of the above integral converges to some finite limit, so the series >

is convergent.

(3) Let us first deal with the case « = 3 = 1. We apply Proposition 6.2.11 to the non-increasing

1

zlnz*

function f(z) = The integral of f writes as below,

n n o1 lnn1
/Qf(t)dt_/z A= “ds=Inlnn—Inln2.

In2 §

1

nlnn

The right hand side of the above integral diverges, so the series >

is divergent.
When o = 1 and 8 < 1, we note that we have

1 < 1
nlnn ~ n(lnn)s’

1

We conclude by comparison (Proposition 6.2.2) that the series ) wn )P diverges.

When « < 1, we have the relation

1 1

W :O<na(1nn,)ﬁ> Whel’ln—>oo,

and the result follows from the divergence of the Riemann series ) | W with HTO‘ <l 0O

6.3 Tests of convergence

n(lnn)P

that it is strictly positive from a certain index. Additionally, assume that the following limit exists

. Unp+1
{:= lim 2+
n—00 Uy,

€ [0, +oo].

Then, the following statements hold.

(1) If¢ < 1, then the series Y, u,, is convergent.
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n n 1 Inn 7 1 1 1
| fwa= | t(m)ﬁdt_/lng 79 = 5 T ~ )

FEBANA S RHEIEEERER - LRSS L SR -

n(lnn)P

BRFERIE 0 = 5 = | 9IER - RFIBHE 6211 FEFEREY f(o) = L bof
MRED EEHINT :

n n 1 lnn1
/ f(t)dt:/ —dt = —ds=1Inlnn —Inln2.
2 o tlnt In2 S

FEBRSNAEHER  ARE Y - S8 -

nlnn

BEo=1MAES <18 EMAEHE

1 1
<

nlnn — n(lnn)?’

HELEEA (S o22) - RIVIERE Y o, B -
o<1 RAVE IR :

I 1 "
771(1_1_&)/2 =0 7na(lnn)ﬁ | N — 00,

HPIMAUERRERE . —rn BN 2 < 1 MERAHER - #EHAIMEN -

S=E BkigiRliE

EHE 6.3.1 [D’Alembert A8 » BIREIE] @ B (un)n>1 BEBFS o RERUEFEERG - g
EEMRASIER © b5 - (RER TIUMEIRZTE -

AREE » TEAGIRAIL
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Chapter 6 Sequences and series

(2) If¢ > 1, then uy, ot and the series y  u,, is divergent.

(3) If£ = 1 and the ratio “™** stays above 1 for all large enough n, then the series > u,, is divergent.

Remark 6.3.2 : When ¢ = 1, even if the ratio “*** always stays below 1 for all n, d’Alembert’s criterion

does not allow us to conclude. For example, we may consider the series ) - 1 and Z —3. In both cases, the

limit is ¢ = 1, and the ratio "*1 is smaller than 1 for alln >

1. However, the former series is divergent, and

the latter series is convergent.

Proof :

N, we have u,, > 0 and “"“ < — <1,

1 such that forn > >

(1) Suppose that ¢ < 1. Let N >

Then, for n > N, we find u,, < " Nuy, and

n N-1 n N-1 n

k—N

Doup =y upt Y up < Yy upt Y v
k=1 k=1 k=N k=1 k=N

In the above summation, the first term is a constant, and the second term is a geometric series

with ratio r < 1, so converges.

(2) Suppose that £ > 1. We proceed in a similar way as above, with inequalities reversed. Let N > 1

such that for n > N, we have u,, > 0 and uZ—:l > 1%'4 =: r > 1. Then, for n > N, we find

n—N

Up =T uy, and

n N-1 n N-1 n
Zukz Zuk+ Zm? Zwﬁ- Zrk_N
k=1 k=1 k=N k=1 k=N

In the above summation, the first term is a constant, and the second term is a geometric series

with ratio > 1, so diverges.

(3) Suppose that =1 andlet N > > 1foralln >

1 such that u,, N. Then,

for all n > N, we have u,, > uy > 0. Clearly, this implies that the series > uy, is divergent. [
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n N-1 n
Z Z U + Z rh=N
k=N k=1 k=N

FLEMMNER  S—EREER  EZEERLS r > 1 AUBERE > FIUERE -

B BEFr=11T%
& WRERE n >

> 1 EFHRFAE

>N HEPEE u, >uy > 00 B8R EEISRE > v, BN -

(2 B (> 1 REERAARNSE  ZRERERNTEXSATE 9 N > 1 £18
Ron> N BAEE u, > 0 MR 2 > B > 1o /A W 0 > N > HAGE

» BMESIRFRE n 0 B o AKGEMEFFTE 1 AT » D’Alembert ARIEEARIFIE
c EMEBRT - WREZE ¢ = 1 MEHRFAE

sEPA
1) BRIO<1- BN 1BBERn> N BFIEB u, >0 UK 22 < = r <10 B
& B\ n > N> HBAER w, < Nuy MR
n N-1 n N-1 n
Zuk: uk+Zuk< uk+2rk_NuN
k=1 k=1 k=N k=1 k=N

> N> B8 w, >0 MEEmE 2t > 1 8

]
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Chapter 6 Sequences and series

Example 6.3.3: For a given z € C*, let us look at the series ) % The ratio of two consecutive terms

writes )
nt 1)!
At el
|z|™ /n! n+1 n—oo

By the d’Alembert’s criterion, the series ) %7: converges absolutely, so it also converges. Therefore,
this series converges for all z € C. This is a direct consequence of Theorem 6.1.16 if we see C as a

two-dimensional vector space over R.

A simple generalization of Theorem 6.3.1 is stated in the following corollary. To get the absolute conver-

gence of a complex-valued series, we may look at the lim inf and lim sup of the ratio.

Corollary 6.3.4: Let Y u,, be a series with nonzero terms in a Banach space (W, ||-||). Let

r = lim inf im 1 and R = limsup [ten |
n—00 ||uy| nooo  |[unl|

(1) If R < 1, then the series Y u,, converges absolutely.

(2) Ifr > 1, then the series ) u,, diverges.

(3) Ifr < 1 < R, then we cannot conclude.

Remark 6.3.5 : Do not forget that this corollary is useful especially when (W, ||-||) = (C, | - |).

Proof : The proof is very similar to that of Theorem 6.3.1. Let us prove it for (1) as an example.
Let > u, be a series with nonzero terms in (W, --) such that R < 1. By the definition of lim sup,
there exists N > 1 such that

lnsall _ 1+ R _

< < 1.
[t 2

Vn > N,

Then, we may follow the same argument to conclude. 0
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gl 6.3.3 1 HWIRNIEEN 2 € C* - FBRPIRERH S 2, - 1BHBMENERT

2"/ (n+ D2
|z|™/n! 41 oo

0<1.

D’Alembert’s AR R - REL Y. 2, SEHUIEL > FIUEG IR - EIt - S EREEGHRER
B:cCHH - ERMIBCEFRR IEMN-HZTHE  SEESTFEIE 6.1.16 NEEEZER -

THNRERERE 631 W—EHEHRE - IREFIEHRAVEBHKE - HMARFEEREEHN

lim inf #0 lim sup BIAJ ©

X634 : © Y u, H—MIEIES - BUETE Banach ZEfE (W, ||-||) FEUREL - &

r = lim inf [n 1] UK R =limsup len 1] .
n=00lup|| n—oo ||un|

(1) AR R < 1 > FBERER S v, SHEEIUREN o
(2) SR r > 1 BBEERER > u, TEEEN o

(3) IR r <1< R ABERPIE AR -

#6351 AETE  TERHER W, |) = (C,|-|) & » EEREIEELFA -

2B 1 EEFERREEE ¢.3.1 BIFERAIFEMRML - HFIEREZE (1) NEBEAA -
T Y uy A —HRIEIESE - BUETE (W, ) PBRE LHE R < 1 ° 1R limsup NER * BF

EN>1ES

lunsil _ 1+R _

Vn = N, < =<l
[Jun | 2

B7E > RFITUERBETG AR O
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Chapter 6 Sequences and series

Theorem 6.3.6 (Cauchy’s criterion, root test) : Let (uy,)n,>1 be a sequence of real numbers. Suppose

that it is non-negative from a certain index. Additionally, assume that the following limit exists,

A= lim (u,)"™ € [0, +00].

n—c0
Then, the following properties hold.
(1) If X < 1, then the series ) uy, is convergent.
(2) If X > 1, then the series ) uy, is divergent.

3) If\=1, and (un)l/" stays above 1 for all large enough n, then the series Y u,, is divergent.

Proof :

(1) Suppose that A < 1. Let u = # € (A, 1). Take N > 1 such that u,, > 0 and (u,)"/™ < u for
alln > N. This shows that for any n > N, we have

Therefore, the series } ;- uy converges, and so does the series >, -1 up.

(2) Suppose that A > 1. Letu—ﬁ 1,)). Take N > 1 such that (u,)/™ > pforalln > N.
PP

This shows that for any n > N, we have

n
ZukEZ,u > p"t —— +oo.

n—oo

Clearly, the series ) u,, is divergent.

(3) Suppose that A\ = 1 and there exists N > 1 such that (u,)"/™ > 1 for alln > N. Let us fix such

an N > 1. Then, for all n > N, we also have u,, > 1, so the series ) u,, is divergent. O
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B 63.6 [MAEZAR > BREAZE] @ B (un)nx1 REBEHFY o BRAEEBERE - thEIIFE

BY o ESY - IRER THUMRIRTZTE :

A= lim (u,)"" € [0, +00].

BBEE » FEIMGREIL ©
(1) 3R ) < 1 BBEERER S u,, SUEK o
(2) B0 X > 1 BBEEAREN > u,, EEEEK ©

3) MR )\ = | MEHRFAEHKRN n KR > (u,)/" BFRIFE L 2L > BERE > v, B
ﬂﬁi& ]

B:::

) BEA<1oBDpu=12ec(\1) BN 1FERERAE > N> BfIB u, > 0 UK
(un)V/™ < p o SEFRBATHRER n > N - HfE

n n N
Z up < Z k< < 00.
k=N

=N 1—p

B » BREE D s v e WK > FREAURREL Y, o wn B

@) BERA>1 D=2 c (LN BN > 1 EBERFAE > N> BFE (w,) /" >pe

ERATHREE > N &8
Z (I p =t — too
k=N k=N

HESR o IREX > u, BEEE -

() B = | TIABEN > 158 (u) /" > 1 BRFE n > N - BRAEE —EEN
Lo HBEE  HFE 0 > N B u, > 1 BB S, B - -
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Chapter 6 Sequences and series

Remark 6.3.7 : Similar to Remark 6.3.2, when A = 1 and (un)l/” always stays below 1 for all n, Cauchy’s

criterion does not allow us to conclude. We may again take the same series ) % and ) ,712 as examples.

Corollary 6.3.8 : Let (uy,)n>1 be a sequence in a Banach space (W, ||-||) and
A := limsup ||uy ||Y/™ € [0, +00].
n—00

Then, the following properties hold.
(1) If A < 1, then the series ) uy, is absolutely convergent.
(2) If X > 1, then the series ) uy, is divergent.

(3) If A = 1, then we cannot conclude.

Proof : The proof is similar to that of Theorem 6.3.6, which is left as an exercise, see Exercise 6.16. [J

Remark 6.3.9 :In Exercise 2.31, we saw the following inequality for a sequence (a,),>1 with general

strictly positive terms,

a
lim inf < lim inf(an)l/" < lim sup(an)l/” < lim sup ntl
n—o00 G, n—00 n—oo n—oo A,

An+1

This means that the root test is stronger than the ratio test. For example, we may look at the sequence (ay, ), >1
defined by

2ntl 11 if nis even,
Yn>1, ap,=(1+(-1)")2"+1= :
1 if n is odd.

Then, we have

a a
0 = liminf — < liminf(a,)"/™ = 1 < limsup(an)"/™ = 2 < lim sup —
n—oo  Qy, n—00 n—00 n—00 an

= +o0.

If we want to apply the ratio test (Corollary 6.3.4), we see that we are in the third scenario; whereas if
we apply the root test (Corollary 6.3.8), we are in the second scenario, that is the series 3 a,, is divergent.
However, we may note that by applying the ratio test to > ag,, we find the divergence of the series > agn,

leading to the divergence of > a,.
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3R 6.3.7 : BR324 B )\ =1 MEAHERHAE n BME (uv,)/" —BEREE 1 Z T [fEE
AR LR PISEEEER - RO UBHERIRE > 1 /Y L BF6F -

RI26.3.8 : T (un)n>1 ATE Banach ZEfE (W, ||-||) FEIEEY - WUk
A = lim sup [|us ||Y/™ € [0, +o00].

AREE - FEIMEEMIL -
(1) TR A < 1 FBEREN Y u, SIEE UL -

(2) BOR X > 1 - BBEEREN > u, G

(3) F0R X =1 » ABEFRFIEERRAS o

580H : FEERELEIE 6.3.0 RURERAMEML - BMBEEZE > RE&E6.16 © 0

i

5% 6.3.9 : TEHE 231 F » HAEFWNRES (a,),>1 W—RIBEBRIBALE - BFIEETIAER :

. . . . a
lim inf < liminf(a, )™ < lim sup(a, )™ < lim sup ntl
n—00 QG n—o0 n—o00 n—00 an

an+1

BARE @ IRRAVELEERAIERS o Hl40 > IFIATUEREZRIDTEIFY (an)n>1

2rtl 1 o BB,
Vn>1, ap,=00+(-1)"2"+1=

1 EnAETEL

ABEE - FfFIF

0 = liminf 2+ < lim inf(a,)"" =1 < limsup(a,)"/™ = 2 < limsup Intl _ oo

n—oo Ay n—00 n—00 n—00 7%

MRFFBECERERAE R o34) - BAGEE=ERBRT ; BURBRFAERRRAE (R
EBo38)  HASGEEEBED - EHERKHE Y 0, FHE - BRAILUEEER) - FFIBEHE X asn
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Chapter 6 Sequences and series

6.4 Conditionally convergent series

In this section, we still consider series with terms in a Banach space (W, ||

), which converge condition-
ally. We recall that if a series converges but does not converge absolutely, then we say that it converges

conditionally, see Definition 6.1.14. We note that the special cases W = R or C are useful in practice.

6.4.1 Alternating series

Definition 6.4.1:Let " u, be a series with terms in R. We say that it is an alternating series (3X#5
BN if (—1)"u, has the same sign for all n > 1. Up to a global sign change, we may rewrite the

series > uy, as y_(—1)"a,, where a,, > 0 foralln > 1.

Theorem 6.4.2: Let (a,,),>1 be a non-negative sequence. Suppose that it is non-increasing and tends to

0. Then, the alternating series Y (—1)"a,, converges, and its remainder satisfies

o0
Vn>1, |Ry|<ant1, whereR, = Z (—1)kay.
k=n+1

Remark 6.4.3 : In Exercise 6.22, you can see that under some additional mild assumptions, we get a finer

estimation on the remainder of an alternating series. In particular, you may apply this result to the alternating

(-t

series )

Proof : Since (a,,) is non-increasing, we find, for all n > 1,

Sony2 — Son = 2p42 — G2p41 <0 and  Sopy1 — Sop—1 = a2p — agp41 = 0.

In other words, the sequence (S2,)n>1 is non-increasing, and the sequence (S2,-1)n>1 is non-

Last modified: 09:32 on Friday 18" April, 2025

22

BRE HYIERH

EFRBRALE  RIEGIRE Y agn HUBEENS  SEMMES X a, USRS -

SEHED MR RE

TEEE/NE - MBS BRRE—AIR(TIPAE Z7E Banach ZZ[ (W, |-]|) F - ME SRR - T
FIEIEEEES: 6.1.14 FRIER : MRBREBURHEFSEEIIER » ARERFIRABEUE - BFIRTLOE
BENE - wEREAT - RFIEEEIR W =R K CEHGF -

B—Eh RXERE

EE 641 1 DY u, B—IREE R PHRY - IRHERFAE 0 > 1 (—1)"u, BHEENES
%% BIRMRMZEZMMY (alternating series) ° HRBEHE - RAATUREHHENIER
BES  BOATLUBRE Y v, B Y(—1)"a,  HFR a0, > 0 HIRFE 0 > 1

7|

B 642 @ T (an)>1 RIFEFT - BREREMEIFEL > BBER 0 ABE - XERH
S (—1)"a, BURE - T EMBIERE M E

Vn>1, |Ru|<ans1, HFR, = > (-1)fa.

3F 643 @ EEE 022 (RAIMEER - T —EMBRERMRERZT - HFITUE I ERBAIERE

n+1

BREIFMGEE o EEBRITUAEREHRY > U EmEdl L

S8R : BN (a,) BIEEIER  BHREAIE 0> 1 HME
Sont2 — Son = Aont+2 — aont1 <0 LAK  Sopt1 — Son—1 = azy, — agnt1 = 0.

BAIEER * 5 (San)n>1 BIFEERY > TNEFS (S2n—1)n>1 RIBEREY © IR Sz — Son—1 =
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Chapter 6 Sequences and series

decreasing. Since So,, — Sop—1 = a2, — 0, the sequences (S2y,)n>1 and (S2;,—1)n>1 are adjacent.
n—oo
Then, it follows from Proposition 6.1.4 that they converge to the same limit, denoted S. Therefore,
S, —— S and
n—oo

Vn=>1, Sop—1 < Sopg1 <5< S,

This implies that
Vn =1, |Ron| =[S — Son| < Son — Sont1 = a2ns1.
Similarly,
Vn>1, [Rop—1]| =[S — Son—1| < Son — Son—1 = azy. O
. . (=pntt . .
Example 6.4.4 : By Theorem 6.4.2, the series ) | ~— — is convergent. Let us compute its sum. By

Example 6.2.9, we know that the harmonic numbers have the following asymptotic behavior,

=Inn+vy+o(l), whenn — oco.

T =

n
Hy=)_
k=1

Let us denote the partial sums of the alternating series as below,

n (_1)]<;+1
Yn>1, S,= Z 7 .
k=1
Then, for every n > 1, we find
"2
HQn_SQn:kZ::lﬂ =H,.

In other words, we have the following asymptotic behavior for Ss,,,

Son = Hop — Hy = (In(2n) + v+ 0(1)) — (Inn+ v+ 0o(1)) =In2 + o(1), whenn — oo.

_1)yn+1
This means that the series ) (% converges to In 2.
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azn —— 0 B (Son)nz1 M (Son—1)nz1 RIEHFS) - RIF@DE 6.1.4 > A FRHBIERIE

BE ,§E1/ES°JII:I ’SnmSﬁlﬁH
Vn =1, Soyp—1 < Sopyr <5 < S,
B

Vn =1, |Rap| =15 — Son| < Son — Sont1 = agn1.

[ - &HfLE

Vn>1, |Rop—1| =15 — Son—1| < Son — Son—1 = azy.

n+1

644 @ MBER a2 - BB Y EV G BEEBRMAKRFEHNM - RIBEH
Bl 6.2.9 - HFIXERNBEE TEERAETS

n
1
anzgzlnn—&—'y—i—o(l), B n — oo
k=1

BB BRI BB IR FECIF

noo q\k+1
Vn > 1, Snzz( D)
k=1 k
AE > HREE > 1 &RE
no9
H2n_52n—2ﬁ_Hn

BAEEER + HIR Sy, HFIEE TEEEFETS -
Son = Hyy — Hyp = (In(2n) + v +0(1)) — (Inn+ v +0(1)) =In2 + o(1), & n — cc.

ERRZHRE Y OV SIHE In2 o

n
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6.4.2 Dirichlet’s test

Let us consider a series > u, whose general term can be rewritten as u,, = a,b, for n > 1. We write

Sp = p—1bgforn >1and Sy = 0.

Proposition 6.4.5 (Abel’s transform) : For everyn > 0, we have

n—1

(ak - ak+l)5k + apSh. (6.12)

n
> =
k=1

Proof : For every n > 0, we have

||M:
I
M
i I M:
é”
|
;5‘3

k=1
n n—1

= axSk - Z ap15k = Y _(ar — ag41)Sk + anS

k=1 k=0 k=1 U

Remark 6.4.6 : This is exactly the integration by parts for the Riemann-Stieltjes integral when the integrator

is given by the Gauss function |- |, see Corollary 5.2.24, and try to compare the two formulas.

Theorem 6.4.7 (Dirichlet’s test) : Let > u,, be a series with general terms in a Banach space (W, ||-||).

Suppose that its general term u,, writes u,, = apb, witha, € R andb, € W foralln > 1, and satisfies

(i) the sequence (ay,)n>1 is non-negative, non-increasing, and tends to 0;

(ii) the series > by, is bounded.

Then, the series Y u, is convergent.

Remark 6.4.8 : We can make the same observation as in Remark 6.4.6. We have already seen an application
of Corollary 5.2.24 to show the convergence of series in Exercise 5.21. This theorem is based on the Abel’s

transform (Proposition 6.4.5), and the result is exactly the same as in Exercise 5.21.
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FHFIZBRE Y v, EP—RIBATURM up = anb, BB n > 1 HME S = 0 URHRN

n>1°5 Sy =>j_1bi°

foel 6.4.5 [Abel 8] : HNEE >0 HME

n —1
Z ak = ak+1 Sk + G Shy. (6.12)
= =1

3

o

2 HREE N >0 B

S up = arby =Y ap(Sk — Sk-1)
k=1 k=1

k=1
n n—1 n—1
= Z agSk — Z ak+1Sk = Z(ak — ak+1)Sk + anSy,. O
k= k=0 k=1
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MBI —ARIE u, FIAR M vy, = anb, > HEF e, e RB b, c WEHRFIEn > 1 BRE :

(i) B (an)n=1 BIEE ~ IBELE - AR 0 ;

(i) KBS b, BR -

ARFEARB > w, EHEK -

i 6.4.8 1 IFIFTLUMMIHEREEAR 6 4.6 HHERVERE - EEE 521 > HMIBEEBRIE 5.2.24 NIER -
BILURGE BRI BV  SEMEEIRBEIITE Abel B8 (fARE 0.45) HER L > MMBMAVEREEE

521 BPERTE % °
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Proof : Let us apply Abel transform Eq. (6.12) to the series ) u,,. For every n > 0, we have

n—1

n
Z Z ap — ak+1 Sk: + anSn)
k=1

where S, is the n-th partial sum of the series ) by,. Let M > 0 such that |S,,| = |>F_; bx| < M for
all n > 1. Then, we have |a,,S,| < |an|M — 0, so the series Y u,, and >_(a, — an+1)Sy, have the
n o0

same behavior. Moreover, for every k > 0, we have

[(ax — ar+1)Sk| < (ax — apy1) M,

since (ay)x>1 is non-increasing. Thus, for every n > 0, we have

n n

> lak = ar1) Skl < D (ar — arr1)M = (a1 = apy1)M < ar M.
k=1 k=1
This shows that the series ) (a,, — a,+1)Sy is absolutely convergent, so convergent. ]

Example 6.4.9 : Applying Theorem 6.4.7, we obtain the convergence of the following series.

(1) Let (an)n>0 be a non-increasing sequence that tends to 0. The alternating series > (—1)"a,, is

convergent because the following partial sum is bounded,
vz, (=)' (=14 ()" < L

This is exactly the result in the first part of Theorem 6.4.2 for alternating series. However, the

Dirichlet’s test does not give us any estimate on the remainders of the series.

(2) Let (ap)n>0 be a non-increasing sequence that tends to 0. Let § € R\27Z. Consider the series

S anel™. For all n > 0, we have

1— 6i(n—i—l)@
1 — el

((n+1) ) 1

[sin (3)

sin

sin (3)

Vn >0, \1+eie+--~+ei"9\:‘

né

Therefore, the series " a,e' ™’ converges if § € R\271Z.
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FGHE ¢ EPIEHRE S u, £ Abel BT (6.12) - HIREME » > 0 HFMAE

3

n
Z Z ap — ag41)Sk + anSn,
k=1 k=1

Heh S, BHRE 0, WE n BB oS M > 08 |S,| = | X0, el < MEREEn > 10
ABIE > BB |anSnl < lan|M —— 0> FIBURE 3 up M Y (an — ani1)S, BHEERTS © I
N B/REEE >0 HME

[(ax — ar+1)Sk| < (ax — apy1) M,

A% (ap)r>1 BIBEER - Ftt » HREE» > 0 HME

n n

Z ar — aks1) Skl <Y (ar — ape1)M = (a1 — ani1)M < ag M.
=1 k=1
EBEEPA T IREL D (an — ant1)S, SREBIEL - FTAEIRER o O

g8l 6.4.9 : EAEE 6,47 » HAITTLIEEI TIRBAIKE -

(1) % (an)nz0 BIEEWE BBER 0 BIFF] o TR > (—1) e, BUKRK - BA TEHIEMEER
PBHMRERN
vnzl, (D' (=D (- < L

EREE 6.4.2 PHE—AMM AR KERBAEVER o AM » Dirichlet IRALAE ARG TR
SERIAAY(LET -

(2) B (an)ns0 BIBEEBBER 0 IFT o 5 0 € R\21Z > ZERE X a,e'™ - HRFFE
n>0-BHME

1— €i(nJrl)G

1 — el

sin (D)

sin (g)

1

Jsin(§)]

Vn >0, |1—|—ew—|—---+ei"0\:‘

ELE > 205R 6 € R\2nZ > BIREL S ane'™ WEK ©
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6.5 Rearrangement of series

Let (W, ||]|) be a Banach space and >_ u,, be a series with general terms in .

Definition 6.5.1: We say that the series 3 v,, is a rearrangement (BE#1HE5!) of 3 u,, if there exists

a bijection ¢ : N — N such that

Up = Up(n), VN €N

Theorem 6.5.2 : Suppose that the series Y u,, is absolutely convergent with sum s. Then, any rearrange-

ment of Y uy, is also absolutely convergent with sum s.

Proof : Let vy, be a rearrangement of ) u,, defined by vy, = uy(y,) foralln € N, where ¢ : N — N

is a bijection. We note that for every n > 1, we have

n n (o]
> il = 37 [ug | < X el
k=1 k=1 k=1

The series Y ||vg|| has non-negative terms and bounded from above, so it converges, that is >~ vy con-

verges absolutely.

Let € > 0. Since ) u,, converges absolutely, we may find N > 1 such that

o0

> lwl <e

k=N+1

We write (.S),)n>0 for the partial sums of Y w,, and (7},),>0 for the partial sums of " v,,. Let M > 1
be such that
{10 N} C {p(D), .., (M)}, (6.19)

then for any n > M + 1, we have p(n) > N + 1. Take n > M + 1, we have

n N n N 00
10 = Snll = | 2o on = D)l = || 2 oy = 2w < 3 Nl <o,
k=1 k=1 k=1 k=1 k=N+1

Last modified: 09:32 on Friday 18" April, 2025

BRE HYIERH

ShE WMBEEIEHF

£ (W, |1-|) % Banach ZERIEL 3" u,, Z—ARIETE W SHETIRE o

EE 651 @ MRERE Y v, NRFEEFRH o : N - NfEF
Up = Up(n), Vn € N,

BFERPIRMZ > u,, EFPES (rearrangement) ©

TR 6.5.2 : RERRE S u, SEEE > BMA s o BBEE » E1 Y u, WEFRHYI B EBE
o BMA s

B D Y v B v, BT - BEM v, = up) HRFIBE n e N EfF o N - N 2@
LR - HFVERR) > BNEE > 1 FFIE

n n (o]
Sl = (o | < 3 sl -
k=1 k=1 k=1

RELY ||o|| EFRIRIEE - BELR » FRUEIRE  EREER X v, SEHIRE -
Te>0° AR Y u, TRHKE - BFIEHRE N > 1 &5
> Nl <e

k=N+1

BHHE S u, BIBMAFIECIE (Sn)nso * BE Y v, BEMPHIEENE (Th)ns0 o B M > 1iWE

{1,....NYC {o(1),..., (M)}, (6.13)

BEHREREn>M+1 - FEMB on) >N+1Bn>M+1 FHME

n N n N 0o
1T = Snll =D ve = > wil| = 1D oy — Dl < D uwl <e,
k=1 k=1 k=1 k=1 kE=N+1
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where in the last equality, we use the inclusion from Eq. (6.13). To conclude, we write
Ty — s|| < ||T5 — Sn|| + ||Sv —s]] < e +e =2e.

Thus, the series Y v, also converges to s. (]

Remark 6.5.3 : In Theorem 6.5.2, it is important to assume that the series converges absolutely. Below, we

provide a counterexample in Example 6.5.4 and give a general result in Theorem 6.5.5.

Example 6.5.4 : We already know that the following series converges (Example 6.4.4)

(=™ 1 1 1 _

If we rearrange the terms in the following way, we get a different sum,

1 1 1 1 1 1 1 1
(1-3)-1+G-5) -5+ G-wm) 5w+
1 1 1 1 1 1

1
—5_1+6—§+E_E+—§1H2

Theorem 6.5.5 (Riemann series theorem) : Let Y u,, be a real-valued series. Suppose that it converges

conditionally. Let —oo < x < y < +00. Then, there exists a rearrangement »_ v, of y_ uy, such that

liminf7, =« and limsupT, =y,
=E2 n—00

where for everyn > 1,T,, = v1 + - - - + vy, is the n-th partial sum of Y vy,.

Remark 6.5.6 : In particular, if we take x = y in Theorem 6.5.5, then the theorem says that we can find a

rearrangement whose sum is equal to z = y.
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EPHEMATEREZ—ESEAD  FATR (6.13) PNE SRR - &% - HATUSER
T, — s|| < | T — Snl|l + 1Sy — 5| <e+e=2e.

EILtt - $REL S v, WEWEF) s © O

it 653 @ EEE 652 BRERRBIBEHKHEEREERN - HTHK » HMMIESER 6.5.4 PIE—
BRAE > It BEEE 6.5.5 PEEH—AR ARG E -

8l 6.5.4 : HRFISKEME TERRBGHE (8EF 6.4.4)

(_1)n+1

EE P -
n B 2 4 -

3

>

n=>1

INRFFICEFVIER TIANEFBS - HFISFEIARRERIM

1 1 1 1 1 1 1 1
(1-3)-1+G-8)-5+G-w 5+

B 655 [REMBEE] @ B Y u, REHFY  LEREMEBEFLE - F —co <2<y <
+o0 ° FBEE » TFE Y un, NEFHHET Y0, 15

liminfT, =2 MUK limsupT, =y,

n—oo n—o00

HbMNEBEn > 1 BB T, = v1 + - + v, 5B1ER D v, BIZB n EERAF o

3% 6.5.6 1 NREEE 6.5.5 F » HMEUSH 2 = v > FEEIEEFRFT B —EEFHES - &

BHHNMNERr=y-°
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Chapter 6 Sequences and series

Proof : This statement can be shown by construction. We do not give the details here. (]

6.6 Cauchy series

Definition 6.6.1:Let K = R or C and (A, ||||) be a normed vector space over K. Consider a binary
operator - : A x A — A.
(1) We say that (A, -) is an algebra if - is bilinear, that is, the following are satisfied.
(@) (Right distributivity) For z,y,z € A, wehave (z+y)-z2=xz-2+y- 2.
(b) (Left distributivity) For z,y,z € A,wehavez- (r+y) =z -z + z-y.
(c) (Scalar multiplication) For z,y € A and a,b € K, we have (az) - (by) = (ab)(x - y).
(2) We say that (A, -, ||-||) is a normed algebra (AEEE{XE) if (A, -) is an algebra, and the norm |||

is submultiplicative, i.e.,

Ve,y € A, oyl <l flyll-

Example 6.6.2:
(1) The simplest examples of normed algebras are (R, x, | - |) and (C, x, | - |).

(2) We have seen in Remark 3.2.15 that £.(U) equipped with the oprator norm ||-|| is a normed
algebra for any normed vector space U. In particular, if U is a finite-dimensional normed vector

space, then £(U) equipped with the oprator norm ||-|| is a normed algebra.

(3) Equivalently, for an integer n > 1, the space of n X n matrices M,,«,(K) equipped with the

matrix norm ||-|| is also a normed algebra.

Last modified: 09:32 on Friday 18" April, 2025

28

2B 1 ARG FT AFE RS ARERER » BPIEET R - O

SBNER PUEREREK

%661 DK=RFCH A, ||)BKLELNBLMEEM - EER-TEF : AxA— A

(1) 205R - BERIER - BRLEWE THNEMG - FBFRFIER (A, ) 2EAE
(@) [GEHERE] Mty 2c A BB (2 +y) 2=2-24y-2°
b) [ESEE] #hay-c A BFE (v4y) =z a+2.y°
) [MEFE] B a,yc AU a,bc K BT (ax) - (by) = (ab)(z-y) °

(2) IR (A, ) BERE - B || BAERXRAFKE - UHER
Vo,y € A, lzyll < ll=ll lyll,

ABEMIER (A, -, ||-]]) SEHE (normed algebra) ©

&%l 6.6.2 :
(1) BEABREENHIFE R, x,|- ) F (C, x,|-|)°

(2) EEFE 3215 % EMEEBHNERREERNEEZM U > 7 L.(U) LEFEFEHE ||
B> GREMRERE - KR > IR U SEERHEENREMREZEM - B0EE L(U)
FERFEFEE || R S 2EREAE -

(3) FERR > WNEREH- n > 1 B n x n FBEFABENZER M, ., (K) 2 FrEREEHEE
-l B - LB 2 ERHEEAE -
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Chapter 6 Sequences and series

Theorem 6.6.3 (Cauchy product) : Let >, - an and )~ bn be two absolutely convergent series with

terms in a complete normed algebra (A, ;||-||). We define their Cauchy product to be the series - cx,
given by

n
Vn € Ny, ¢, = Z arb,—r-
k=0

The series Y ¢, is absolutely convergent, and its sum equals

ch = (Zap> (qu>. (6.14)
n=0 p=0 q=0

Proof : Let us denote the following sums,

A= gyl and Bi=3 byl
p=0 q=0

Let n > 0. The n-th partial sum of ) ¢,, writes

> llewll < ( > ||ap\-||bq\|> < D lapll - libg]
k=0 k

=0 \ p+g=k 0<p,gsn
p,q=0

) (,jzn%”a”’ ) <q§:”bq\l) < AB.

Thus, the series Y ¢, is absolutely convergent.

To compute the sum of the series } ¢, let us define the following quantities,

2n n n
Yn>0, A,= ch — (Zap> (qu>.
k=0 p=0 q=0
Then, for any n > 0, we have

Ap= > apbg— > apbg= Y apbgt+ > apb,.

p+q<2n 0<p,gq<n p=2n+1,q20 gzn+1,p=0
p,q=0 p+q<2n p+q<2n
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EE 663 [MAERE] : T,0an B Y,50 by #MESEHUEHERE - BRI —RIEE
SERRREECE (A, [|]) F - HAIEZRMPINMERSERIN TRRE Y, ~ocn

n
Vn € Ng, ¢, = Z apby,_k.
k=0

RE Y ¢, TIEHIER - MEMBIFFR

D 8= (Zap> (Z%). (6.14)

n=0 p=0 q=0

29

s2BA : FMIEZE TEAA

A=Y ol BB B=Y bl
p=0 q=0

Sn>0°Y ¢, B n EERGFEMH

Do llell < ( > lapll- ||qu) < D llapll - lIbg]
k=0

k=0 \ p+q=k 0<p,gq<n
p,q=0

= (Z [l ) <Z Hqu) < AB.
p=0 q=0
Frll o fREL S ¢, BHBHEIR -

BEERE Y ¢, A HAEETENE :

2n n n
Vn >0, An:ch— <Zap><2bq>.
k=0 p=0

q=0

BE - WREEn >0 EMB

Apn= Y apbg— D apbg= > b+ D apbg

p+q<2n 0<p,gsn p=n+1,420 g=n+1,p=>0
p,q=0 p+q<2n p+q<2n
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Hit > HREE n > 0 ZAFEFAEHBEM :

Therefore, for any n > 0, the triangle inequality gives,

AR < D2 apllllogh + > llapll bl

q=>n+1,p>0

1Aall < >0 laplllbgll + D2 llapll 5]
>n+1,g>0 >n+1,p=0
g P+Q<gn ! p+q<5n pifgibqfo p+q<2n
< llap|| 11bg]] + llap| 11bg
st el s < 3 Mgl 30 el bl
oo oo p=n 4= qazn b=
=B- llapl| + A - |bg|| —— 0. s s
A 2 Wl s —5- 3 Jad +4- 3 Jhl 50
p=n q=n
This proves Eq. (6.14). ] SEBBIT (6.14) o 0
6.7 Double sequences, double series SEE $TIERT « # TIEREY
>Z b2 3 ? >Z k2 .Y
6.7.1 Double sequences and double limits B \E S TIEREY R L FIEER
Let (W, ||-||) be a Banach space. A sequence (U, n)m,n>1, taking values in W with two indices, is called a 4 (W, ||-|) 2 Banach ZEF8 - HME TAZ » BEUETE W BHIFET (wmn)mast @ B P 1thHE 1E
double sequence (BETIZREY) .
! B w (double sequence) °
Definition 6.7.1: Let (¢, n)m,n>1 be a double sequence. Let £ € . We say that the double sequence EE6.7.1 I B (Unn)mns1 BETIERT S le W - MREREE: >0 HLEEEN>1
(Wm,n)m,n>1 converges to ¢, denoted (512
lim Uy =4,
Vm,n =N, |umn — 1| <e, (6.15)

m,n— o0

if for every € > 0, there exists N > 1 such that
AIFFIRRE TAZEFET (wmn)mn>1 SWEE ¢ 521

(6.15)

lim u =/
m,n—00 T

Vm,n = N, |umn— | <e.

We call ¢ the limit or the double limit of the double sequence (U, n)m n>1-

IR ¢ RE TR (umn)mn>1 BIMBIRENZ S MR -

B 6.7.2 1 T (umn)mn>1 SNERBERNETRFY  EHM

Example 6.7.2 : Let (U, )m,n>1 be a real-valued double sequence defined by
Vm,n =21, Unn=Lnzn.

Vm,n =21, Umn = Lnsn.

30 BABIBM : 20254 4 H 18 H 09:32
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Chapter 6 Sequences and series

Then, we have,

Vn>1, lim %p, =1 and lim lim wu,, =1, (6.16)
m—0o0 n—oo m—0oo
and
VYm>1, lim %y, =0 and lim lim wu,, =0. (6.17)
n—00 M—00 N—00

However, this double sequence does not converge in the sense of Definition 6.7.1, where the uniformity
in both indices m and n is required. We call the limits in Eq. (6.16) and Eq. (6.17) iterated limits of the
double sequence (U, n)m,n>1. This shows that when taking an iterated limit in a double sequence, the

order in which the limits are taken is important.

Theorem 6.7.3 : Let (U, n)mn>1 be a double sequence. Suppose that
(i) the limit lim,,, 1,00 U, exists and equals ¢ € W;
(ii) for everym > 1, the limit lim,, o0 Uy, y, exists.

Then, the following iterated limit exists and satisfies

lim lim w = /.
m—oon—oo 0"

Proof : From the assumption (ii), we may define /,,, := lim,_,oc U, for every m > 1. Let ¢ > 0.

From the assumption (i), we may find N > 0 such that
|lumn — || <e, VYm,n=>N.

Fix m > N, by the definition of /,,, just above, we may find N’ = N’(m) > 1 such that
m — umnl <e, Vn=N'.

Then, for any n > max(N, N'), we have

1€ =Ll < 1€ = vmn

+ |umn — || < e+¢e=2e.
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ABIE - FFIE

Vn>1, lim up,=1 DK lim lm up, =1, (6.16)
m—0o0

n—o0 m—r0o0
Y94

Vm =1, lm up, =0 MUK lim lim u,, =0. (6.17)
n—oo

m—r0o0 N—0o0

A - EEETRFILRGEER 071 WERTHHY  BARMATEERAETE Mo
B3 - RIIBI (6.16) T (6.17) EPHVERBLE TIRFET (wmn)mn=1 FIBUHIR - 38
™ EHETRFSBUAURIRE - TRIEFERERN -

EIE6.73 B (Umn)mn>1 = NEFT - K
(i) MBBR limy, o0 U FIEEFER L€ W 5
(i) BWHREME m > 1 &R limy, o0 U, TFE ©

ABETEBGERERRTE - BimeE

lim Lm g, , = 4.
m—00 Nn—00 ?

F9HA : EHEEE ) BPTUEFRAE m > 1 €& (), = lim, 00 U, ° Se> 00 ERED
() » HPIATLULE] N > 0 1S

|ltmn — || <e, VYm,n>N.

m — umnl <e, Vn=N'.
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Chapter 6 Sequences and series

This shows that lim,,,_soo &y, = £. ([

6.7.2 Double series

Due to the Riemann series theorem (Theorem 6.5.5), when we want to discuss the order of summations

in double series, we are only interested in absolutely convergent ones.

Theorem 6.7.4 : Let (U n)m.n>1 be a double sequence with general terms in a Banach space. Then, the

two following properties are equivalent.

(1) For everyn > 1, the series Y., U, n is absolutely convergent, and the series >, (3", || um.nll)

converges.

(2) For every m > 1, the series Y., Uy, n is absolutely convergent, and the series > ., (3", ||tm.nl)

converges.

Moreover, when one of the above properties holds, we have

Proof : By symmetry, it is enough to show that (1) = (2). Assume that (1) holds. For every n > 1,
let Ap = 32,51 [[Um,n|. Then, the preoperty (1) states that ) A,, converges. Let us fix m > 1, then
lumnl| < Apforeveryn > 1,503, <1 um ., converges absolutely. Let By, := 3_,, 51 ||tm,n|| for every

m > 1. Then, for any M > 1, we have

D)z

n>=1

%Bm %ZHMMIZ(

m=1 m=1n=1 n>1

where in the second equality, we use the linearity on convergent series. On the left-hand side, we

have a series with non-negative terms, and on the right-hand side, we have an upper bound that is
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BREE - HREE » > max(N, N') » &HME

1€ = Emll < 1€ n—lm| Sete=2e

BT limy oo by =L © O

SBIE ETIRERE

IRIFRERBEE (Ef655) @ ERFIBEFRE TERBEMNIEFE - HARBEEHK
VA B -

T 6.7.4 1 D (Unmn)mns1 B—HASIETE Banach RIS TIZRF - B » FTEMEMLEE
Z(Ff o

(1) BREE > 1 BREY,, un., TREEE  BIRE Y, (5, umal) BEK -
2) HREEm > 1 BE Y, un,, SREER - BRE S, (5, lumn|) Y8

s - B EEmEP—EEERIIE - HKfIEE

HEA: BBHENE REFEFHO=>Q BROMRIL - BHREE > 1° D4, =
ot ltmnl © BBEE > HHE (1) REE X A, R - BREEE m > 1
HRBEn > 1 Y o umy, SBEEE - HRBEm > 1 B By =Y 51 [[umnl © BB
& WRER M > 1 BME

=

n>1

%Bmzﬁ ”umnH:Z<Z‘

m=1 m=1n>1 n>1

ELEAHE_EASFAF - RFAIERRERERENE - #4575 - HFIBE—RIBEFENR
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independent of M, so the series Y B,, converges. This allows us to conclude that (2) holds.
We note that when (1) is satisfied, the right-hand side of Eq. (6.18) is well defined, because for every

n > 1, the absolute convergence of ), U, , implies that ), u, , converges and satisfies

Then, the convergence of >, >

gence of 3> (3, Um,n). Since we have shown that (1) and (2) are equivalent, the left-hand side of
Eq. (6.18) is also well defined.
Now, we are going to show Eq. (6.18). Define

n n
Yn>1, S,= Z Zup,q,
p=1q=1

and let us show that S,, converges to the right-hand side of Eq. (6.18), then we conclude by symmetry.
Let

m
Vm,q =21, amq= Z upq and Vg=1, aq= ZUWI'

p=1 p=1

Lete > 0and Q) > 1 such that }° -, Ay < . Then, for n > @), we have

%) %) Q n %)
Zaq—SnZZaq Zanq—z —ang) + Z (ag — an,q) + Z q-
q=1 q=1 q=1 q=Q+1 q=n+1
We note that for ¢ > 1, we have [|aq4|| < A, and for ¢ > @Q, we have [|ag — ap 4|| = HZP?n‘H upqu <
A,. Thus, the above inequality gives
Q o0 Q
Sn Z — Qp q Z Z — Qn q t+e.
= q=Q+1 q=1

Since ay, 4 7 A for every ¢ > 1, by taking lim sup when n — oo, we find

Z“q Sn

qg=1

lim sup
n—oo
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g BEER  ZRFIEERBURN M B ER » FRLURE Y. B, I8 - EBEMITTLUBE 2 &
YL °

BEER  EQMNRIKR X NWAABERRFN  RAHEREMEr > 1 BHK
> U, BRBHIERMERR S 3, um, 8K > TIEMRE

Zum,n < Z|
m m

%B@ ’ Zn Zm Hum,nH E’\]H&ﬁﬂ(@ﬁ%ﬁ Zn ||Zm um,”” E’\]l&ﬁﬂ( ’ ﬁﬁﬁ Zn(Zm U’myn) E’\JW@& ° HE'
RIFITERT (1) M (2) BFER » X (6.18) WES R EERIFHY
AR HFIZEFEAN (6.18) ° EF

n n
Yn>1, S,= ZZ“WI’

p=1lg=1

FEER S, FRHEIT (6.18) BVG T » FFIBERE KRS

m
vm7q P ]-7 Um,qg = Zupvq 'LX& vq Z 1’ Gq = Zupﬂ'

p=1 p=1

£ 0MR Q> LRE S, 0d, <o BB 8RR w>Q R

Q

o0 o0 n n o0
Zaq—Snz Zaq_zan,q: Z(aq_an,q)+ Z (ag — anq) + Z Gq-
q=1 q=1 q=1

g=1 =Q+1 q=n+1
BAERB 8iq > 1 BAE ol < A, TMEER g > Q+ HMFH llag —angll =
[yt n]| < Ay © Bl - EEBTE R

Q

E : — Qn,q)

+ZA

=Q+1

00 Q
Zaq—Sn Z(aq—anq
q=1 q=1

BREEE > 1 HFE an, ——rag’ » FEEY n — oo B lim sup » FFI1EE]

lim sup
n—oo

Zaq—Sn

q=1
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The choice of ¢ > 0 is arbitrary, so we find

o0 o0
hg;solép Zaq—Sn =0 = nhﬁrgo Zaq—Sn =0,
q=1 q=1
that iS, Sn m 220:1 Gq-. O

6.8 Infinite products

6.8.1 Convergence and divergence

Let (un)n>1 be a sequence with values in K = R or C. We may define the sequence (P, ),>0 as below
n
Po=1, Py=][w, VYn>1
k=1

For each n > 1, we call u,, the n-th factor of the infinite product [] u,, and P,, the n-th partial product of
the infinite product [] wy,.

Definition 6.8.1 : The notion of convergence and divergence of an infinite product []u, is given

below.

(1) Ifthere are infinitely many factors u,, that are zero, we say that the infinite product [ | u,, diverges

to zero.

2) If u,, # O for all n > 1, we say that
Yy
(a) the infinite product converges to P # 0 if P, m P, and we write P = [[72 | up;
(b) the infinite product diverges to 0 if P, —— 0;
n—oo

(c) the infinite series diverge otherwise.

(3) If there exists N > 1 such that u,, # 0 for alln > N, let us define

Yn =1 v, =uUpyrN-1,
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H e > 0 BOEFERTDUERV) - FRFIFE)

00 00
lim su ag—Sp|l =0 = lim ag — Sp|l =0,
n—)oop z_:l e " n—00 2_:1 ! "
q= q=
mﬁt%%ﬁ Sn m Z;il aq ° O

SB\E #ER
B—ED Wkt sd st EkiE

B (Un)n>1 SIETE K = R 5 C FRIFT - HFIRTUERFT (Po)no 80T :

n
Po=1, Py=]Jw, Vn>1
k=1

HREE N > 1 FFIB u, BEER [[u, NE n BEF - UKk P, HEERE [Ju, B9 n EERH
*ﬁ o

ERE 6.8.1 1 EEW [[ v, WHESEHEIZ A TEMGLATEE
(1) MRBESEZEETF v, BF - PEXMIRESERE [[v, BHEF -

() NRERFAE n > 1 HFAE v, # 0> BMETEER :
(a) 1R P, —— P#0° BIFRMREEBRBE P> WEE P =122, un
(b) R P, —— 0 BIRFREEREHE 0
(c) HtiRT - HMERMETRI

(3) WMREFEE N > 1 FFEHNFE > N » G v, £0 ERMEE

Vn>1, v, =UntN_1,
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and its corresponding partial products (P},),>0 given by
N+n—1

n
Po=1, Po=1Jve= ] w, n>1
k=1 k=N

(a) If the infinite product [ v,, converges to P # 0, then we say that the infinite product [] u,,

converges to uj . ..un—1 P and write its limit as

Hun =UuUl...uUN-1 H un:ul...uN_lnvn;

n>1 n>N nz>1

(b) If the infinite product [] v, diverges to 0, we say that the infinite product [ u,, diverges
to O;

(c) Otherwise, we say that the infinite product [] u,, diverges.

Remark 6.8.2 : From Definition 6.8.1, we know that by adding or removing finitely many zeros to an infinite

product, we do not change its convergent or divergent behavior.

Proposition 6.8.3 (Cauchy’s condition) : The infinite product || u,, converges if and only if for every
e > 0, there exists N > 1 such that

Vn)N, Vk’> 1, |’I,Ln+1...un+k;—1| < E. (619)

Proof : Since the notion of convergence of [| u,, and the condition Eq. (6.19) are not changed if we

remove finitely zero terms from (u,),>1, we may assume that u,, # 0 for alln > 1.

« Suppose that [ ] u,, converges. Let

n
P = Jlim P = fim, [] w0
This means that the partial products (P,),>0 of [| u,, are bounded from below by some constant
M > 0. Let € > 0, by the Cauchy’s condition for sequences from Corollary 6.1.11, we may find
N > 1 such that

Vn > N,Vk>1, |Puk— Pl <eM,
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AR AP FER OB ARE (P))s0 B0 :

n N+n—1
Po=1, Po=1Jve= [] w, Wn>1
k=1 k=N

(a) WNEREBEETE [[ o, WRER) P # 0 - BIFPIRREEERE [[w, BB w1 .. uny_ P W4BME
HUMRFRECE

Hun =UuUr...UN-1 H un:ul...uN_lnvn;

nzl n>=N n>1
(b) FNRMEZTE [[ v, BEE 0> BIRMIREER [[u, BFHEO
(c) HMART » HMEREEETR [T u, THL -

sEf# 6.8.2 1 WEE 081 » HMAIBIMREFEEERPNARBRERSEE - AT SR
W B B RRYITAS ©

el 6.8.3 [MFEMRM] : EER [[u, WREBHEHRAE:: >0 FEN > 1 EF

Vn > N, VkE>21, |upt1.. unsk — 1] <e. (6.19)

2B ANRIFIE (un)ne1 PRFBERZESE » HMALASRE [ u, BWEBIBLX AR EH
I (6.19) » R FFIFTUBRRERFE n> 1 HfIB u, #0°

- RER [Ju, W -5
b= lim P = lig J] ue 20

BARE [Tu, BEBRIR (Po)nzo B TR HMARR M > 0 BEF—ETR - He >0 1R
BRE 6.1.11 B - BRFFIRRFEGRAS - ZFIEREI N > 1 #17

vn>N7Vk>]-a |P’Vl+k?_Pn‘<8Ma
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which is exactly Eq. (6.19).

« Suppose that for every € > 0, there exists N > 1 such that the condition Eq. (6.19) holds. Let
€ = l, and take N > 1 such that Eq. (6.19) holds. This shows that for every n > N, we have
up # 0. Forn > N, let Q, = [[y—n, ux. From Eq. (6.19), we also deduce that

3
| <35

for all n > N. Additionally, for every n > N and k > 1, we also have

—1l<e

3
= ‘Qn+k_Qn| <5‘Qn‘ < 55-

Qn+k
Q@n

This means that the sequence (Q,,),>n satisfies Cauchy’s condition, so converges. This also

means that the product [] u,, converges.

Theorem 6.8.4: Let (ay,)n>1 be a sequence with strictly positive general terms. Then, the infinite product

[1(1 4 ay) converges if and only if the series Y a,, converges.

Proof : The convergence of the infinite product [](1 4 a,,) is equivalent to the convergence of the

series Y In(1 + ay,).

« If > In(1 + ay) converges, it means that In(1 + a,,) — 0,50 ap —— 0. Thus, we have the
n—oo n—oo
equivalence relation In(1 + a,) ~ a, when n — co. We apply Theorem 6.2.8 and we find that

the series > a,, converges.

« If the series Y a,, converges, then a,, — 0. Then, we conclude in a similar way. O
n—oo

Remark 6.8.5:

(1) If some of the terms in (ay),>1 are zero, both the values of " a,, and [[(1 + a,) are not changed.

Therefore, it is reasonable to assume that the sequence (a,,),>1 does not contain any zero.

(2) In the case that (ay),>1 is a sequence with strictly negative general terms, the same statement also
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FEr>NME>1 BALE

3
-1l <e = |Qn+k_Qn| <5‘Qn‘ < 55'

Qn—‘rk
@n

BAREFY (Qn)n=n mEMPEEMF - FRLUREL © EHBARIE [Tu, 8K
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> a, R -

s9EA 1 AT [[(1 + a,) BIRERERRE > In(1 + a,) BIMREREHTE -

« AR S In(1+a,) Y8
B RPIEFERMR In(1 + a,) ~ a, ° HPIFIAEE 6.2.8 RIFEIRE > a, B °
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Chapter 6 Sequences and series

holds.

(3) Itis important to assume that the sequence (a,,),>1 has a constant sign. We may consider the example

an—(\f) forn > 1.

« The series > a, is an alternating series, and by Theorem 6.4.2, it converges.

« For every n > 1, we have

(14 a2,)(1 4+ agpt+1) = (1 + \/1271) (1 - \/ﬁ) =1- % +0(711)’ when n — oo.

Since 3 1 diverges, the infinite product [T(1 + az,)(1 + azn+1) also diverges.

BRE HYIERH

2) B (a)n>1 BIE—RERRASNFFIE - BRNFCRBERIT -
(3) BRFF ()1 WERRTEBCIREB Gl RFAUER 0, = L Hiln > 10
. Y a, RETHERE - EAREER 042 » IEURH -
CHREE > 1 BPE

(14 )1+ azn) = (14 =) (1= ) = 1= 5o o(3). B

R Y L B0 SREBRE [1(1 + a2n) (1 + a2 ) R R o

Definition 6.8.6: Let (ay,),>1 be a complex-valued nonzero sequence. We say that the infinite prod-

uct [](1 + a;,) converges absolutely if [[(1 + |a,|) converges.

EFE6.8.6 I T (an)n>1 HEHBEERF o (IR T1(1 + |a,|) WL - BIFKFIREETSE [1(1 + an)
AEEUREL o

Theorem 6.8.7 : Let (a,)n>1 be a complex-valued nonzero sequence. If the infinite product [[(1 + ay,)

converges absolutely, then it converges.

EE 687 I T (an)n>1 SEBIEEFT - NREEE [[(1 + a,) BEWE > FREME U

Proof : Let us check Cauchy’s condition provided in Proposition 6.8.3. For every n,k > 1, by the

triangle inequality, we have

k
H 1+ |ang]) — 1.

k
H 1+ an—f—j
7j=1

Therefore, if the infinite product [J(1 + |a,|) satisfies the Cauchy’s condition, so does [[(1 4+ a,,). O

6.8.2 Application to the Riemann zeta function

Let the sequence (pg)x>1 be given by ordered prime numbers, that is p1 = 2, py = 3, p3 = 5, etc.

Theorem 6.8.8 (Euler’s product) : For s > 1, we have

1 o0

(e.o]
:ZEZ

n=1 k=1
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Chapter 6 Sequences and series

Moreover, the above infinite product converges absolutely.

Proof : For n > 1, let us write the n-th partial product to be
Po=1] ——. (6.20)

Our goal is to show that P, — ¢(s).
n—oo
Let us fix an integer n > 1. We may expand each factor in the right-hand side of Eq. (6.20) into a

series, that is
o0

Vi > 1,

00
1
=1+ (6.21)
1- pk m=0 mzzl leS

and

n o0 1 o0
=[I> == - Z
k1m0 PR e —op

=0

For every n > 1, let
A, ={N € N: N has all its prime factors among pi,...,pn}.

Due to the uniqueness of prime factorization, we know that

1
P, = —.
NeA, Ne
Therefore,
1
Pa=C) < X (6.22)
N?anrl

because all the terms defining the series ((s) are all positive. Since ) ]\}S converges, its remainder goes
to zero, so the right-hand side of Eq. (6.22) goes to zero, that is P, — ¢(s).

For every k > 1, we may rewrite the series in Eq. (6.21) as 1 + aj. The series ) aj converges
absolutely because all its terms are positive, and is bounded from above by ((s). Then, it follows from

Theorem 6.8.4 that the infinite product [](1 + ax) converges absolutely. O
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N]lid

1Po—C(s)| < ) el (6.22)
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