Sequences and series

5 BB K

In the first-year calculus, we have discussed sequences and series with values in K = R or C. We have
seen different criteria to describe their convergence. In the first term of this year, we have studied the notion
of convergence of sequences in more general spaces, such as metric spaces. But if we want to discuss series,
since an addition operation is needed, to make a more general theory, we will restrict ourselves to normed
vector spaces. In this chapter, the sequences and series are considered to take their values in a normed vector

space (W, [|-{|yy)-

6.1 Basic notions

6.1.1 Reminders for real sequences

Definition 6.1.1: Let (a,),>1 be a sequence of real numbers.

« We say that (a,),>1 converges to ¢ € R, denoted a, — ¢, if for every € > 0, there exists
n—oo

N > 1 such that
VYn >N, l|a,—/{|<e.

+ (Cauchy’s condition) The above definition is equivalent to the following: for every € > 0, there
exists N > 1 such that
Vm,n =N, |am—ap| <e.

Proposition 6.1.2: Let (a,),>1 be a sequence of real numbers.

(1) If (ap)n>1 is non-decreasing and is bounded from above by some M < oo, then (ay,)n>1 converges
toalimitl{ < M.

(2) If(an)n>1 is non-increasing and is bounded from below by some M > —oo, then (ay,)n>1 converges
toalimitl > M.

Definition 6.1.3 : Given two sequences a = (ay)n>1 and b = (by,),>1 of real numbers. We say that
they are adjacent (F8f£FF5!)) if one is increasing, the other one is decreasing, with a,, — b, —= 0.
n—oo

TER—WHESH » HFIFTHRTNETE K = R 5 C ERNFFIEREY > RAIBEIFANAR » K
IR - TERFENE -2 HFFRTEE—RZE[AF - REMEZED - F7IRUR
B o BINRFKMVESTH/RE - ARBRAFTEERNNEER - IREHE—RNBRMEH »
MFRERGEREREZ[P - TE—FF » FINRBAERRZBEEREREZRE (W, |-y)

gep o

F—8 BEFEE
B—E BHFSIIEIEE

EE6.1.1 D (a,)n BEEFY -
- NRHENEME: >0 FEN > 1 5
Vn >N, l|a,—/{| <e,
AIFEFIERFET (an)ns1 WHE (€ R > 5B a, —— L
- [Cauchy 1&##] LENERBETESFE  HREE:> 0 FEN > 1 F5

Vm,n =N, |apy —ay| <e.

R 6.1.2 I D (an)n>1 BEEFT o
(1) T0R (an)ns1 IBEBBBE LR M < 0o » BBEE (0 )ns>1 WRERRR ¢ < M ©
2) FNR (an)ns1 IBEEBEE TR M > —oc0 » BBEE (a,)ns1 WREEMER ¢ > M -

EE6.13  BEMEBEF a = (an)n>1 M b= (by)n>1 ° WRMPIEPZ—BEIER - 5
—EARBERN - MH a, — by, — 0+ BIFERPIRMPIZ TS (adjacent sequences) ©




Chapter 6 Sequences and series

Proposition 6.1.4 : If the sequences (a,,)n>1 and (b, )n>1 are adjacent, then they converge to the same
limit.

Definition 6.1.5 : Given two sequences a = (an)n>1 and b = (b, )n>1 of real numbers. We define
the following asymptotic relations.

(1) We say taht a is dominated by b, denoted a,, = O(by,), if there exists a bounded sequence
¢ = (¢p)n>1 and N € N such that a,, = ¢,,b, foralln > N.

(2) We say that a is negligible compared to b, denoted a,, = o(by,), if there exists a sequence ¢ =
(€n)n>1 that converges to 0 and N € N such that a,, = €,,b,, foralln > N.

(3) We say that a is equivalent to b, denoted a,, ~ by, if there exists a sequence ¢ = (¢y,)n>1 that
converges to 1 and N € N such that a,, = ¢;,b, foralln > N.

Remark 6.1.6:

(1) When we write these relations between a and b, we may add the condition n — oo to emphasize
that in the asymptotic relation, we are taking n to infinity (not some other value), or if there are other
variables that might bring confusion.

(2) It can be checked that the binary relation ~ is an equivalence relation on the space of real-valued
sequences R, However, the asymptotic notations O and o do not satisfy symmetry.

Example 6.1.7 :
(1) Let (apn)n>1 and (by)n>1 be defined by

1 1 1
Yn>1, a,=— and bn:—+—2.
n non

Then, a,, = O(b,,) and a,, ~ by,.
(2) Let (an)n>1 = (0,1,1,...) and (by)n>1 = (1,1,1,...). Then, a,, = O(b,) and a,, ~ by,.
(3) Let (apn)n>1 and (by)n>1 be defined by
Vn>1, a,=n> and b, =2"

Then, a,, = o(by,) and a,, = O(by,).

il 6.1.4 : WIRMERFT (an)n>1 M (bn)n>1 EAEFEY - BIFISURREIABRBIER

EEK6.15 : MREMBEBEBFT a = (an)n=1 M b = (by)nx1 * BAIEER T EEEHGER R

(1) MBFEERFI ¢ = (co)uot LB N € N8 a, = coby HIRFE 1 > N » BIBFIER o
B b 8+ SE0E = O(by) ©

(2) BBTFIERFF € = (c0)no1 BURRHE 0 AR N € NI ay = enby WIRFE n > N > B
950 o ABEIHR b AT ZKHY » 521E 0 = o(by) °

(3) BISAFAERE ¢ = (c)nor YEREBN 1 DU N € NTBR an = coby BHEE 1 > N » BIBAH
3 o 50 BB  52E ap ~ by ©
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(1) ERXFETLE o 8 b ZBBRIRE » RFARTLULEIESE n — co FERARFINEERZEE n
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SRR o

(2) BFIRTLURE ZThifR ~ NESETEEEFHZE/M RY EMNEERR - 22 @ FESLR oMo
WARm B EEME -

& 6.1.7 :
(1) % (an)n>1 Eﬁi (bn)n>1 E%QD—F
Vn > 1, an:l VY4 bn:l—i—%.
n n n
BE a, = Ob,) Ba, ~by e
2) B (an)n>1 = (0,1,1,...) B2 (by)p>1 = (1,1,1,...) e BB a,, = O(by) B a,, ~ by, °
3) B (an)nz1 B (by)n>1 ERWAT
Vn>1, a,=n> UK b,=2"

ABE Ap = O(bn) B Qp = O(bn) °
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Chapter 6 Sequences and series

6.1.2 Definitions

Let (uy)n>1 be a sequence with values in a normed vector space (W, ||-||).

Definition 6.1.8:

« The series (f%2X) with general term u,, is given by the sequence (.S, ),>0, defined by
n
Sy =0, Sn:u1+-~-+un:2uk, Vn>1

We may also denote this series by >, -1 u, or D uy.

« For each n > 1, u, is called the n-th term of the series > u,, Sy, is called the n-th partial sum of
the series >_ uy,.

« If the sequence (S),)n>0 converges in (W, ||-||), then we say that the series Y u,, converges. In
this case, its limit is called the sum of the series, and is denoted by >~ | uy; for each n > 1, we
denote by R,, the n-th remainder, defined by

n—ZUk—ZUk;— Z (s

k=n+1

Remark 6.1.9 : We note that by definition, the convergence of a sequence (S,,),>0 is equivalent to the

convergence of the series Y (S,+1 — Sy), which are related by the relation

N-1
> (Sny1—Sn) = Sy — So = S

n=0

Such a summation is called a telescoping summation.

Proposition 6.1.10 : We have the following two properties.
(1) If the series Y u,, converges, then (Sy,)n>0 is a Cauchy sequence.

(2) Additionally, if (W, ||-||) is a Banach space, then the series > u,, converges if and only if (Sy,)n>0
is a Cauchy sequence.

Proof : This proposition follows directly from the definition.

(1) The series > u, converges means that the sequence (.S;,),>1 converges. And it follows from
Proposition 2.4.6 that a convergent sequence is a Cauchy sequence.

(2) It remains to show the converse. Suppose that (.S,,),,>0 is a Cauchy sequence, since it takes value
in a Banach space, it converges, so the series > u,, is convergent. O

Last modified: 09:32 on Friday 18" April, 2025

BIE EH
B (Un)n>1 SEIEERERSEZERM (W, |||) FRIF

E&*&6.1.8 :

- —RRIEZ w, B (series) * BETHIES (S,)n=0 FTHEER] :
Sy =0, Sn:u1+-~-+un:zn:uk, Vn >1

BT LS EREETIE X,y un B Sy, ©

CHRBE R > 10 BOE o, BIERE Cu, WERIH B S, BERE Cu, B
= n (AERGAI o

« SNRFF (Sn)nzo0 £ (W, ||-||) PR - BREFFIZRRE > u, W - FEEM@IBRT - fthaY
PR IER BRI » BCIE 500wy s HIREHE n > 1 > FFHEMEE n JHERH R, E&E&

n—ZUk—Zuk— Z U

k=n+1

2 6.1.9 @ HKFUEER - REBER ° B (S))ns0 FIRBUERLIRE 3 (S,11 — S,) BNINHEE - A%
ftbFIRT LA T AR VB FIERSTE—H’E -

Z n+1 — SN So SN.
n=0

BRI AR EZUEM -

iRl 6.1.10 : HMBETIREMEE -
(1) BNSRIKEL S u, R » BBEE (S,,)ns0 BENTERES o

(2) k5 g0R (W, [|||) =8 Banach ZEfE » ARERE 5 u,, WHEBMSE (S,)n=0 B
E27I

G0 | SR ET] U EEERERFAER -
(1) FREX D up WREARFS (Sn)nz1 R © 1EaRE 2.4.0 BFIREWRFFIZEF RS o

(2) HARFEZRF@ERT © K&K (Sn)nz0 EEMAEFS] » BRMMEETE Banach ZEfE
B EWER - FRLUREL S w, ER - O
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Chapter 6 Sequences and series BAE HYERH

Corollary 6.1.11 (Cauchy’s condition) : Suppose that (W, ||-||) is a Banach space. The series Y u,
converges if and only if for every e > 0, there exists N > 1 such that

RiEBe.1.11 [MFEEEH] : B (W) 218 Banach ZER ° KRB > v, WHEBHEHRE
Be>0'FEN>1MTF

Vn>= N, VE>1, |upi1i+- - +unkl <e (6.1) WS N, VES> 1, [ungs 4+ unee]] <e 6.1)
= ) = ) mn . .

This condition is called Cauchy’s condition (FIFGIEFE) .

EREBIEMPEIEMF (Cauchy’s condition) ©

Proof : It is a direct consequence of Proposition 6.1.10 (2). O B SERME 6.1.10 () NEERER O

Corollary 6.1.12: If > u,, is a convergent series, then lim,,_, oo u, = 0.

R 6.1.12 1 AR > u, 2EBEFS > FBEE lim, oo uy, =0 ©

Proof : It is a direct consequence of Cauchy’s condition by taking the special case k£ = 1 in Eq. (6.1). [

A SR MUEERT (6.1) PHBEEMFE k= 1 B9 o O

Remark 6.1.13 : We note that the convergence to zero of the general term is necessary but not sufficient for
a series to converge. For example, the harmonic series > % diverges, but its general term tends to 0.

i 6.1.13 @ RFVIEE —RIBRHIIFTERBBEHLEEATE TR - Fla0 > AR > L
S BRI —ARIEEAR 0 ©

Definition 6.1.14 : Suppose that (I, ||-||) is a Banach space, and let > u,, be a series with general
terms in IW.

« If the series 3 |Juy|| converges, we say that the series 3_ u,, converges absolutely (FB¥FULEN) .

« If the series ) u, converges but does not converge absolutely, then we say that > u,, converges

conditionally (1&H4URRY) .

EFE6.1.14 : &% (W,|||) 218 Banach ZEfE » WS Y u,, A—AKIETE W PEIKREL o
o WORIREL S |Jun || WEBK - BBERPIERAREN O w,, FHBEIEL (converges absolutely) ©
o TARIREN S w,, WRHEFHBE SR - BRFRAIER 3w, EIFUBL (converges conditionally) ©

_1\n+1
Example 6.1.15 : The series >, ( 121 = In 2 is convergent but not absolutely convergent. We

will have a more thorough study of such series, called alternating series, in Section 6.4.1.

& 6115 ¢ BB Y., CU — 100 INREREIBYIRE o 75 641 N > RFELR
STRHET SRS TEAE AL AOR L - FE R -

Theorem 6.1.16 : Suppose that (W, ||-||) is a Banach space. A series Y uy, that converges absolutely in
W also converges.

EH 6.1.16 : {RER (W, ||||) 2B Banach ZEfE] ° £ W RERBEWEATRE > u, WEUEK

Proof : For every n, k > 1, we have
g1 + -+ Untrll < |l + -+ [Jupgrll -

Thus, Cauchy’s condition for Y ||uy,|| implies Cauchy’s condition for Y u,. O
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5B HREE k> 1 BB
[tUnt1+ -+ upgrll < lungll + - + lupgrll -

Kt » BREY [|un || IR SR SRE D w, BTG M O
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Chapter 6 Sequences and series

Remark 6.1.17 : From the above theorem, to show that a series converges in a Banach space, we may show
that it converges absolutely, which reduces to the convergence of a series with non-negative terms. This is
the reason why understanding the behavior of a series with non-negative terms is important. In the next
subsection, we are going to study sufficient conditions for such series to converge.

6.2 Series with non-negative terms

6.2.1 Comparison between series

Proposition 6.2.1: Let ) u,, be a series wtih non-negative terms. It converges if and only if the sequence
(Sn)n>0 of partial sums is bounded from above.

Proof : It is a direct consequence of Proposition 6.1.2. (]

Proposition 6.2.2 (Comparison test) : We consider two non-negative series >, u, and > v, satisfying
Yn>1, 0<uy < vy,

(1) If> vy, converges, then > u,, converges.

(2) If > uy, diverges, then v, diverges.

Proof : Let (S),),>0 be the partial sums of )" u,, and (7},)n>0 be the partial sums of > v,,. Then, for
every n > 0, we have S,, < T,,. We conclude by Proposition 6.1.2. O

Theorem 6.2.3: Let > u,, and > v, be two series with non-negative terms.
(1) Ifv, = O(uy) and Y u, converges, theny v, converges.

(2) If uy, ~ vy, then the series Y u, and ) v, are of the same behavior (i.e. both divergent or conver-

gent).

Proof :

(1) Suppose that v,, = O(uy,). Let M > 0and N > 1 such that v, < Mu, for alln > N. This
means that for n > N, we have
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5% 6.1.17  RIBEEEIE - EFEEATE Banach ZEFHRE G IR - I AFZRMEEEIKRE -
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BTH —RIAIFRIARRE
BN R RIRI LR
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A SR o2 WEEREER - O

i

e 6.2.2 [LEBIZR]] @ HAIEEMEIEEF S uw, M X v, WmE

(1) TR Y v, BB 2 B D uy, REK
(2) TR Y- w, 3R - B Y, HEL

G D (Sn)nzo 23 2w, BIERAA] » B (T)ns0 43 v, BIBRAHN o BREHREE n > 0 &K
8 S, < T, » ZFIREREBERE 6.1.2 FHBHE O

EE6.23 ! ¥ u, B Y v, AME—HIEIEEIEAVRE
(1) MR v, = O(u,) MR Y u,, YEX » FBEE " v, YK ©

(2) SOR up ~ v, * BERE S u, M Y0, EEEETA (BEEME EFHIME EIK
#) e

B

(1) R v, = Oun) e B M >0URN > 1E8 v, < Mu, HRFFIBEn > N - ERRE
n> NEK - &BME

n N—-1 n N—-1 n
Dok=Y vkt Y < Y v+ MY
k=1 k=1 k=N k=1 k=N
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Chapter 6 Sequences and series

Since Y u,, converges, the sequence (>_}_ s U )n>n is bounded from above. Therefore, the series

>~ v, converges.

(2) If uy, ~ vy, it means that u,, = O(v,) and v, = O(uy). So (1) implies that ) u,, converges if
and only if )" v, converges.

O

Remark 6.2.4 : We note that to apply Theorem 6.2.3, the assumption on non-negative terms is essential.

(1) Forn > 1, let u,, = (77?“ and v, = % It is clear that v,, = O(u,). However, Y u,, converges by
Theorem 6.4.2, but > v,, diverges from Proposition 6.2.6.

(2) Forn > 1, letu, = (\/%)n + % and v,, = (?/lﬁ)n. It is clear that u,, ~ v,. However, > v, converges by

Theorem 6.4.2, but > u,, diverges because ) % diverges.

Example 6.2.5 : Let us study the behavior of the series ) % First, we note that

Vk > 2 1 L _ ! <i< 1 _ 1
7k k+1 k(k+1) k2 T kRKE-1) k-1 Kk

Since the telescoping series Z(ﬁ — %) converges, it follows from Proposition 6.2.2 (1) that the series

> # also converges. Moreover, for n > 2, the following relation holds for the n-th remainder,

1 o
<R, := Z

By Cauchy’s condition, the series Z converges, and its n-th remalnder is equivalent t0 =
1

Another way to show the convergence is to note that - L~ o il and apply Theorem 6.2.3 (2).

But to find an asymptotic formula for the n-th remalnder we need to apply Theorem 6.2.8 that we
will see at a later stage.

Proposition 6.2.6 (Riemann series) : Let « be a real number. The Riemann series » n% converges if

and only if . > 1.

Proof : For real numbers o« > 3, we have n“ < /3 for all n > 1. By Proposition 6.2.2, it is sufficient

to show that > % diverges, and for any @ > 1, the series > ni converges.

o Let @ = 1. For every k > 1, we have

1 k+1 dt k+1 dt
f:/ 72/ In(k+1) —Ink.
k k et
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B Y un W FF (e k) >y BELER o EIE - FRE Y v, W -

() MR vy, ~ v, ERXER u, = Ov,) MB v, = O(uy) ° FIE (1) BE > u, WHEBMS
Zvn ‘I‘I&ﬁ& °

B 624 1 HEED WRBECATE 23 —RAFANRREREEMN -

(1) #0210 Buy = S5 UKo, = Lo B BVE v, = O(uy) © AT » ARBER 642 -
HRB Y v, BURER - BARESRE 620 + BB Y v, B -

@ HRn> 1 B, = T 4 LBR v, = O @R BIVE w, ~ v, AT - IRBEE

6.42 + fREN v, BURER - BEHRY Y L EREHN - R Y u, EEH -

v

gl 6.2.5 1 HPIRIAFRE Y L B9174 - Bk HFVEER

1 1 1 1 1 1 1
=— = <5< = -
k- k+1 k(k+1) Sk Sk(k—1) k-1 k

HRRIERE > (L — L) W8k - BIjaGE 622 (1) HRE Y. L WEUEL - 15 - Bt n
FFITLUHERIZE n THRIERIE » B

Vi > 2,

1 1 1
n+1 k:n—l—lk n

IR TR » RE Y L Wi - RIS n TRERTRME 1 H(E -
HABIUEREE 6.23 (2) REH/UBAM  RRERME L ~ 15 - L - BINRBEHRIE
n JRRFTERVENET - HAIFBEAERT EBIINEE 6.28 ©

Rl 6.2.6 [RERH] @ Do RBEH -RERY Y L WHEEHRE > 1-

B BB > 8 BHMAF & < %ﬁ WG n > 1 BIEHE 022 - RMIEEHH
> Ll BERER o> 1 ‘f&ﬁﬂlz L SUSRENT o

s Ha=1"HNEEEL>1 FME

1 k+1 dt k+1 dt
= — > k+1)—Ink.
k A k A 7 ~bk+1)—In
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This implies that

w\»—n

n
Vn > 1, Z
k=1

Z (In(k +1) —Ink) = In(n + 1).

Since In(n + 1) — 7 oo, we deduce from Proposition 6.2.2 (2) that the series ) | - diverges

o Let @ > 1. Similarly, For every k > 2, we have

i /k dt</k %7 1 1 _ 1 (62)
ke Ji_i ke T it 1—a | ket (k—l)o‘_l ' ’

This gives that

" 1 1 1
vn 22, Zk‘ 1—042[]{:0‘1_ —1)0‘1]: ll_n

So the series ) | n% converges when o > 1.

Remark 6.2.7 : For a fixed a > 1, the Riemann series ) | n% is convergent by Proposition 6.2.6. We may
find an asymptotic expression for its remainder. For k£ > 1, we have

1 /k+1 dt 1
— > =
ko k te

11—«

1 1
(k+ 1)1 kol |
This gives that

201 - 1 1 1 1
Vn > 1, ,;Lk/‘o‘El—aZl( _ ]_

h k + 1)0471 kafl a—1 nafl :
=n
Similarly, from Eq. (6.2), we find,

> 1 1 e 1 1 1 1 1
Vi > 1, <= - — .
" 2:: ke 1 —a k;—&-l [ka_l (k — 1)0‘_11 a—1no-l + no

The above two relations imply that

;?:a—lna +O(ﬁ)’ when n — co. (6.3)
=n

6.2.2 Partial sums and remainders
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'H1

(i
112

=1, Y Zlnk—i— —Ink) =In(n+1).
k=1 k=1

w\»—t

B In(n + 1) —— +oo > HfHE B .22 (2) HERE L | FFH -

cTa>1-FE - HREBEL>2 &MAB

L _pa e a1 o
ke i1 ke T it 1 —a| ket (k—l)a_l ' ’
EghREmM
L | 1 " 1 1 1 1 1
=2, — < — = 1-— <
n ];2 kT 11—« gz:? lka_l (k — 1)0‘_11 a—1 l na_ll a—1

EHE o > 1B BBy L &IKE -

M

R 6.2.7 | H—EREERN o > 12K - IRIFME 6.2.0 » REME Y L FIHK - RPIRTLAEBAIER
IEHREEER - Bk > 1 BB

1 /"f“ dt 1
— > h—
ke k te

1 1
(k+1)o1  fo 1|

11—«
EREAM
> 1 1 > 1 1 1 1
v > 17 T 2 - = .
n kZ: ko 1 -« Z (k+1>a—1 ka—l] a_lna—l
=n k=n

EE - %3 (6.2) » FHFIEER)

WV
—_
—

| 0 1 1 1 1 1
vn 1, ;kfﬂ < ne + 1—ak;n+1 [ka—l - (k—l)a—ll T a—1nol +n70"
FEmERRIERMER

o

1 11 1\
: k‘a = Eno‘fl + (ﬁ>7 &| 1 — 00. (6.3)
=n

S/hEN BRAFISERIA
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Theorem 6.2.8 : Let Y u, and > v, are two series with non-negative terms such that u, ~ v,. Then,
the following properties hold.

(1) If> uy, converges, then Y v, converges and their remainders satisfy
o o
Zukw ka, n — Q. (6.4)
k=n k=n

2) If > uy, diverges, > vy, diverges and their partial sums satisfy

n n
ZUkN ka, n — 0. (6.5)
k=1 k=1

Proof : By Theorem 6.2.3, we already know that > u,, and > v,, have the same behavior.

(1) Lete > 0. It follows from the equivalence u,, ~ v, that we may find N > 1 such that
VE> N, (1—e)ur <vp < (14 ¢e)ug. (6.6)

By taking a summation over k£ > n withn > N, we find

o0

Vn = N, (1—82 Zl}k 1—|—€ Zuk

k=n
This is exactly what Eq. (6.4) means.

(2) Lete > 0. As above, we may find N > 1 such that Eq. (6.6) holds. Then, for any n > N, we
have

n n N—
ka+ 1—¢) Zuk Z Z (14¢) Zuk (6.7)

We use the fact that the general terms v,, are non-negative and the series ) | uy diverges, we may
find N’ > N such that the two following inequalities hold,

n

Z vp < € Z ug, Vn = (6.8)

N-1 n

N—
(1—25)Zuk—2vk<52uk, Vn > N’ (6.9)
k=1

If we use Eq. (6.8) to the right side of Eq. (6.7), we find

n

n
Z (142e) > up < (1+2) Zuk,
k=N

where the last inequality follows because the general terms u,, are non-negative. Similarly, if we
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Be28 WY u, Y v, HME—MRIFIEGRIRE > BWmE uy ~ v, ° BBETIIEERK

o

(S

(1) 20K > u, W FRFE S v, EK > BMFIRIERIE R B
iukw ivk, n — Q. (6.4)
k=n k=n

(2) BN 3w, EEX - ABRE > v, 3EHL - BMIRVEBMR TS

n n
Zukw ka, n — 00. (6.5)
k=1 k=1

S8R : IRIBEIE 6.23 » HPIBKEE Y u, M X v, BHEHENITS °
(1) Fe>0° RFEERR v, ~ v, BRFIEIKREI N > 1 (E18
VE>= N, (1—e)up <vgp<(14e)uy. (6.6)

HES > N I L > o B - EMISE

o0

Vn = N, (1—5)iuk ka (1+¢) Zuk
k=n
EMFFEER (6.4) FIXKRHIER -

(2 We>0°@L  HFARTLUKEI N > 1 EFI0 (6.6) BRI - #E - HRER n > N » &M

ot :|> f‘llll

N-1 n n N-1 n
ka+(1—6)2uk<20k< ka+(1+5)2uk. (6.7)
k=1 k=N k=1 k=1 k=N

HR—RIE v, BIFEW - MERE S w, 8E - HATLUIRE) N > N FE TERERE
UYL :

N-1 n
kagesZuk, Vn > N, (6.8)
k=1 k=N
-1 N—-1 n
(1 —2¢) Z kagezuk, Vn > N'. (6.9)
k=1 k=1 k=N

7R (6.7) 9E7F - BPIEAR (6.8) » EMFE

n n
> v < (1+2) Zuk 1+25Zuk,

k=1 k= k=1

Hb R —EAREFEAERIL 0 RRAB—RE v, BIFEMN - FIE > £3 (6.7) WEH KL
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Chapter 6 Sequences and series

use Eq. (6.9) to the left side of Eq. (6.7), we find

n n
Z (1—2¢) Zuk—ezuk+ (1—¢) Zuk_l—zs >k
k=1 k=1

This is exactly what we need to show for Eq. (6.5).
O

The above result has useful applications when it comes to asymptotic expansion of sequences or series.

We are going to look at an important example below.

Example 6.2.9 : The sequence (H,,),>1 of harmonic numbers is defined by

1 1
2 n

(1) We first note that when n — 0o, we have the following equivalence,

1 1
Sl ).
Since both series > % and > In(1 + 1) are with non-negative terms, it follows from
Theorem 6.2.3 (2) that they are of the same behavior. It is not hard to see that

n

z": In (1 + %) = Z [In(k + 1) —In(k)] =In(n+ 1)
k=1

k=1

diverges when n — o0, so we deduce that Z% also diverges. Moreover, it follows from
Theorem 6.2.8 (2) that their partial sums are equivalent. In other words, for n — oo, we have

H, ~ iln(l—i—i) =In(n+1) ~ Inn.
k=1

This gives the first term in the asymptotic expansion of the harmonic numbers.

(2) To get the following terms in the asymptotic expansion of (Hy,),>1, let us consider the sequence
(A )n>1 defined by A,, = H,, — Inn for n > 1. Then, for n > 2, we may write
1 1 1 1
An—An_l:——lnn—i—ln(n—l):——i—ln(l——)N——. (6.10)
n n n
By the result on the Riemann series in Proposition 6.2.6, we know that the series > # converges,
and again by Theorem 6.2.3 (2), we know that the series > (A, — A,,_1) converges. Additionally,

since
n

Vn =2, Y (A — Apq) = A, — Ay,
k=2

we deduce that the sequence (A4,,),>1 converges. Let us define v := lim,,_,o, A, called Euler’s
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EEEBER (6.5 FIEEFAN -

O

ERAEREFTREBER TR - RFIFTUER LENER - TERFAG—EEZNA)

?o

88l 6.2.9 1 HFMHMFABRNFS] (Hp)n>1 EFWT ¢
1

1
2 n

(1) BRMERIEER P B n— oo B BB TIIFERG

1 1
HRIRE Y 2 #f Y In(1+ L) EPMIEHZIEGR - HEE 023 (2) BRMIFEMPIBER
iTA - #E > ROF#EDH

Zln(1+ ) Xn: In(k + 1) — In(k)] = In(n + 1)

B7E n — oo FIEERL EIELFHMIEA > L & EEE - b5 HEE 6.2.8 (2) FFIFNE > 1
FINSONEEFE - ROER B n — o K - %5

H, ~ znjln(l—i—]i) =In(n+1) ~ Inn.
k=1

BB IRRMEEE RRAFRIE—IR -

(2) BIE (H,) > BERBAERENIE » BPIEZRBFEY (A1 BRI A, = H, — lnn HR
n>1° BEHR n > 2 BAAIUE
An—An_l:%—lnn—}-ln(n—l):%—l—ln(l—l)N—i. (6.10)

n 2n?2

IRIRARRE 6.2.6 PRREMBAVER » MOIFERE > L i HEEAEE 623 ()0 &
FIZDERRB > (A, — Ap—1) WEL - 1ESY - AR

Vn > 2, Z(Ak —Ap_1) = Ay — Ay,
k=2

BEHEERET (An)ns B - BPIERE 7 = limy 00 Ay, » TBIEEPLEEL > EBEMIATIU

BiBIER : 20254 4 A 18 H 09:32




Chapter 6 Sequences and series

constant, and we have

H,=Inn+A,=Inn+~y+o0(1), whenn — co.

(3) Following the computations in (2), due to the equivalence in Eq. (6.10) and Theorem 6.2.8 (1),
we know that the following equivalence holds,

A i (Ap— Ap1) 1 i 1 1
Y An = k— Ag—1) ~ —35 72~ T 5
k=n+1 2 k=n+1 k 2n

where the last equivalence comes from Example 6.2.5. This gives the asymptotic expansion of
H,, below

1 1
Hn:lnn+’y+—+o(7), when n — oo.
2n n

(4) We may go further in the above asymptotic expansion. Let us consider the sequence (D;,)n>1

defined by
1

1
Dn:Hn_lnn_’}/_i:An_’Y_zia
n

Vn > 1.
2n "

Then, when n — oo, we have

Dn—Dn_1:%+ln(1—%)+7——

Since the Riemann series ) . % converges, we know that the series Y (D,, — D,_1) also con-
verges, and when n — oo, we have

i 1 & 1
> (Dg — Dy—1) ~ s > =R
k=n+1 k=n+1

By applying Eq. (6.3), we deduce that 72 k—lg ~ #, and the left-hand side is equal to

limg_yoo Dy — D,, = —D,,. This allows us to obtain that D,, ~ —1—12# when n — oo. The
asymptotic expansion of the harmonic numbers writes
11 ( 1

1
H,=lhn+~v+ — —2), when n — oo.
n

on  12n2 1O

(5) You may repeat the above procedure to find the following asymptotic expansion

N
1 Boy, 1
H,=Inn+~vy+ on ;}>1 2k + O<n2N>’ when n — o0,
where (Baj)k>1 are Bernoulli numbers whose first terms are given by By = %, By = —%,

(
Bg = i, etc.
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a

H,=Inn+A,=Inn+~vy+o0(1), &n— oo.

(3) B ) FHEE - HMNEMBE (6.10) PRIFEBRIMR - FBTEE 628 (1) BMFAETE
HERARARAL -

A i (Ap — Ap_1) 1 i 1 1
Y An = k— Ag—1) ~ —35 72~ T
k=n+1 2 k=n+1 k 2n

Hh % —EAFERRIAKRBER 6.25 < ERBATEEAR O, NEERR
anlnn—i-v—i-%#—o(%), & n — oo.
(4) HMETLUE LENFERFADEER TE - RFIZEFY (Dn)n=1 EHM

1
D,=H,—-lnn—y——=A4,—~v—

2n on’ vn =1
HBEE » & n — oo B - KB
1 1 1 1
Dn—anl—ﬁ—f—ln(l—E)‘Fm—%

1o 11 1 1 11 1 1
(Ctgatasto(s) ta (14 +5+0(5)) -5

1 1
HRBEMRH Y L W RPIFERE (D, — Dp—y) WEKE - MEE n — oo K>
#MB

s 1 1
k=n-+1 k=n-+1

SIRBFIEAN (6.3) » MR 202,00 5 ~ 502 ' MEAEGFR limpoo Dy — Dy =
—D,, ° {BFIME—IE - HMERI D, ~ -5 5 B n — o - ANBHIERFAXATUR
i

(5) FRATAEE LERTER - EMES TIEERMA

1 X By 1 "
Hn:lnn—kfy—l—%—];%n%+o<n2N>, = n — 00,

HP (Boy)i>1 & Bernoulli 2 - INRBITERIER By = é N By = —% ~ Bg = ﬁ FEFo
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Chapter 6 Sequences and series

Remark 6.2.10 : In Exercise 6.12, you may apply the same method as in Example 6.2.9 to deduce an
asymptotic formula for n!, called Stirling’s formula.

6.2.3 Comparison between series and integrals

Integrals and series are closely related: a series is a discrete summation, whereas an integral is the limit of
such discrete summations. When a series converges, it is usually not trivial to get an exact formula or value
for its limit; however, there are a lot of functions who have a nice primitive that we can compute (Appendix
1). In this subsection, we introduce a method allowing us to study the behavior of a series with the help of
integrals. The idea behind is similar to what we have done in the proof of Proposition 6.2.6, but here we give
a more general setting and a more precise result for such a method.

Proposition 6.2.11: Let f : [1,+00) — R be a non-increasing function with lim,_,~, f(z) = 0. For
every integern > 1, let us define

Su=3"f(K), In— /n F(t)dt, Dy =Sp—In.
k=1 1

Then, the following properties hold.
(1) Forn > 1, we have0 < f(n+ 1) < D41 < Dy, < f(1).
(2) The sequence (Dy,)n>1 converges, and denote D := lim,,_, o D,,.

(3) Theseriesy. f(n) and the integral [ f(t) dt := lim, o [ f(t) dt have the same behavior, that
is both are either convergent or divergent.

(4) Forn > 1, we have0 < D,, — D < f(n).

Proof :
(1) Since f is non-increasing, we find
k+1
VE>0, flk+1)< / 6 dt < f(k).
Jk

Let us fix n > 1. We have

n+1 n k+1 n
Toit = / fe)de =3 /k 6)d < 3 10 =

Therefore, f(n + 1) = Sp41 — Sp < Spt1 — Iny1 = Dpy1, which shows the first part of the
inequality.

Next, we write
n+1
Dy=Dupi= [ f)dt = fn+1) >0,
n

This shows that D,, 11 < D,,. To conclude, we note that D; = f(1), and by induction, we find
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1IEI/J\EDEP HFIEME—E7 % BHEFITLGERRD RERRBENTH - EROBERRFIESD

2 6.2.6 EHEM - BEEHMSHREROIE—MNER - LETHHERREIER -

W 6211 1 & f:[1,400) - Ry BIEEERE  FBRE limy oo f(2) = 0 ° HNEERH
n>1'EZMEHE

Su=3 k), In:/lnf(t)dt, Dy = Sy — I,

k=1

ARAEE - TEIMER/RIL -
M) HRn>1 BB f(n+1) < Dpyi <D, < f(1) e
2) 5 (Dy)n>1 BYER - FIEE D = limy, 00 Dy

3) REY f(n) TR [7° f(1) At := limy—oo [{ f(t) dt BIHEEINITS @ LRLEME & UWEEL
W AN

@ Hiln>1>EMBOKD, - D< f(n)°

55HA :
(1) AR f BIBRIEN » HME
k+1
Wk>0, flk+1)< /k £ dt < f(k)

ERMEE > 1 FME
n+1 n k+1 n
Int1 = f(t)dt = fydt< ) f(k) =
w= > / >

lﬂ: ’ f(n + 1) = Sn+1 — Sn < Sn+1 — In+1 = Dn+1 ’ EEEEHTZ:%KE,‘J%_%BTQ °
BE - w8
n+1
Dy~ Dupi= [ f#)dt = fn+1) >0,

EFEBAT Doy < D, ° &% BRFUERRI D, = f(1) BBABBEWNE  HRFAE
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Chapter 6 Sequences and series

D, < D; = f(1)foralln > 1.

(2) From (1), we know that (D,,),>1 is a non-negative sequence bounded from below by 0, so it
converges.

(3) From (2), we know that lim,,_,~ (S, — I,) exists. Therefore, both sequences (Sy,)n>1 and (I,)n>1
have the same behavior.

(4) Forn > 1, we write the telescoping summation

N-1

> (D — Diy).

k=n

D, — D = lim (D, — Dy)
N—o0

= lim
N—o0

From (1), we know that Dy — Dy > Oforallk > 1,s0 D,, — D > 0. For every k > 1, we also

have .
Di=Dia= [ J()dt=f(k+1) < f(R) = (k+1D)
SO N_1
Dy =D < lim > (f(k) = f(k+1) = lim (f(n) = f(N)) = f(n).
k=n

Remark 6.2.12:

(1) In Proposition 6.2.11, if f is non-increasing on [M, +00) for some M > 0, then the qualitative state-
ments such as (2) and (3) still hold, whereas the bounds in (1) and (4) need to be adjusted.

(2) From Proposition 6.2.11 (4), we also know that
0< Y )~ ["#(®dt-D < f(n).
k=1 !
In other words, we have an asymptotic expansion
S° F(k) :/ F(t)dt+ D + O(f(n)), whenn — oo, (6.11)
k=1 !
If we apply this to the function f(z) = L, then we find
Hn:zn:l:lnn—i—D—}—O(l) when n — oo
k:1 ]{: n 9y Y

which is similar to the result obtained in Example 6.2.9, stronger than (2), but weaker than (3).
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n>1EMHFRI D, <D =f(1)°
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N-1
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k>1 B8R

k+1
Dy — Dyy1 = /k Ft)dt = F(k+1) < F(k) — f(k +1),

BT
N-1
Dy =D < lim S (f(k) = flk+1)) :]\}gnm(f(n) — f(N)) = f(n).
k=n
0
5% 6.2.12 -

(1) 7ERRE 6.2.11 B WIRHNEAE M > 0 > f 7E [M, +o0) ERBIFEILRY - FREE EBIRGLRZ (2)
M (3) TARKIL » B (1) M (4) EFHIAFTERE o

(2) MtvRE 6.2.11 (4) » FRFIBATLUEEN

0<> 1w - [ fwar-p < jw)

k=1
BaEERR - RPIEEMERMH
zn:f(k:) :/1nf(t)dt—|—D+(9(f(n)), B n — oo. (6.11)

k=1

IRRHEEBERH [(2) = L BERFYSH

n

Hn:kz:lllenn—FD—i-O(i), B n — oo,
=1

B HEF 6.2.9 PRUERMEL - b (258 - BEE(3) 55 ©
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Chapter 6 Sequences and series

Example 6.2.13 : Take s € R and f(z) = 27° in Proposition 6.2.11. Along with Proposition 6.2.6,
we know that >~ n™% converges if s > 1 and diverges if s < 1. For s > 1, this series is called the
Riemann zeta function,

n>1
For s € (0,1), Eq. (6.11) gives us

n 1-s
ZQTH;+C@+OQJ whenn = oc,

where C/(s) is a constant depending on s. The constant term in the above summation is equal to ((s),
so the remainder of the series writes,

> 1 nlfs 1
k:z:wlks - s—1 +O(E) whenn — 00,

which is the result we found in Eq. (6.2).

Proposition 6.2.14 (Bertrand’s series) : For o, 5 € R, the corresponding Bertrand series is given by
)P —
=, n*(n n)b’

(1) When o > 1, the Bertrand series converges.

(2) When o = 1 and 3 > 1, the Bertrand series converges.

(3) Otherwise, the Bertrand series diverges.

Proof : We are going to apply the comparison test (Proposition 6.2.2) and Proposition 6.2.11 to show
these properties.

(1) Let @ > 1. Note that we have the compraison

1 1
:0< > when n — oo.

n*(Inn)? n(l+a)/2
We know that the Riemann series ) W converges, because H'TO‘ > 1. By comparison

(Proposition 6.2.2), we deduce that the series ) 5 is convergent.

ne ln n)

(2) Let @« =1 and 8 > 1, and let us apply Proposition 6.2.11 to the non-increasing function f(z) =
. The integral of f writes as below,

1 Inn 1 1 1 1
/)f A (1w(”:1¥ ﬁd3:1—5hmnwﬂ"mnw4}

z(Inz)B
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RE (HY -

B se(0,1) 3 (6.11) 46T

n 1-s
1 u—i—C’(s)—i—(’)i, En — oo,
= ks 1-—s ns

HAp O(s) 2EBRR s NEH - LXPHNEBIEEEFR ((s) » RLREBIRER S

<1 nl=s 1
kZ1kS:S—1+O(nS) B n— oo,
TL

BRI (6.2) FAIFEIBKER -

iRl 6.2.14 [Bertrand fR&] @ HR o, 8 € R » HFTHFERIRY Bertrand HREF M
1

2 n®(Inn)f’

n=2

(1) 8 o« > 1 Itk Bertrand #REURL ©
(2) 8a=1Hp3>1" It Bertrand fRENUEX °
(3) HAKR T » Itk Bertrand #REZEHL o

B RPEEALEER (B o22) LURME 0211 FEIELMHE -
(1) & a > 1 TEHRMAE TAGLS

1 1
n®(Inn)? ~ o\ narer

B e > 1 ﬁﬁﬂﬁ%%ﬁﬁzhm%EQW%°%mﬁﬂim(ﬁ%ﬁﬂ)’ﬁﬁ
HERE S T ﬁmalléz’%lﬂ’w

Hak
3
1
1

2 Ba=1UKRA>1> UiBamE 6211 BEIFEERE f(z) = x(m Lo BN EIEER
mnr
1 Inn 1 1 1 1
/‘f !L t(Int)? dt = m?;Ed5:1443&mnw71_(m2w7J'
EERA NS MBI REEIRER - BRR Y L B

BiBIER : 20254 4 A 18 H 09:32



Chapter 6 Sequences and series

The right hand side of the above integral converges to some finite limit, so the series > W
is convergent.

(3) Let us first deal With the case o = 8 = 1. We apply Proposition 6.2.11 to the non-increasing
function f(z) = The integral of f writes as below,

mlnm

Inn |
/ f(t)dt = / / fds—lnlnn—lnln2
2 tlnt In2 S

is divergent.

The right hand side of the above integral diverges, so the series >

nlnn

When o = 1 and 8 < 1, we note that we have
1 < 1
nlnn — n(lnn)?’

We conclude by comparison (Proposition 6.2.2) that the series ) m diverges.

When « < 1, we have the relation

1 B 1 h
ey 0 7"‘(11&71)5 when n — o0,

and the result follows from the divergence of the Riemann series ) | Wlaw with 1+ch <1

6.3 Tests of convergence

Theorem 6.3.1 (D’Alembert’s criterion, ratio test) : Let (uy, ),>1 be a sequence of real numbers. Suppose
that it is strictly positive from a certain index. Additionally, assume that the following limit exists

¢:= lim 2L €0, +o0).

n—00 Uy,
Then, the following statements hold.
(1) If¢ < 1, then the series Y, u,, is convergent.

(2) If¢ > 1, then uy, ot and the series y , u,, is divergent.

(3) If ¢ = 1 and the ratio UZ—Zl stays above 1 for all large enough n, then the series ) u,, is divergent.

Remark 6.3.2: When ¢ = 1, even if the ratio “Z—:l always stays below 1 for all n, d’Alembert’s criterion

does not allow us to conclude. For example, we may consider the series ) - L and >z L. In both cases, the
limit is £ = 1, and the ratio “*** is smaller than 1 for all n > 1. However, the former series is divergent, and
the latter series is convergent

Last modified: 09:32 on Friday 18" April, 2025

() ERMEEE o = 5= 1 WER - RIUESE 0211 AEIBEEEY f(o) = L Lo
RS BRBARINT -

n n 1 lnnl
/ f(t)dt:/ —dt = —ds=1Inlnn —Inln2.
2 2 tlnt In2 S

FEBAMNAS R FRE > L G-

nlnn

Ea=1MHEB <1  EMEE

1 < 1
nlnn  n(ln n)ﬂ'

FRALBER (@l o22) - RFFNERE Y o B8
B a <1 HMABETIRMRI

1 1 "
7’”(1_"_0[)/2 =0 7"’1/0{(111”)5 = n — 00,

HPIMATLGERRERH O s BN 15 < 1 MEWIER - #ERMAREN - 4

S=E BdigiRliE

EIE 6.3.1 [D’Alembert AR » FRAIE] @ B (un)n>1 RBHFY o BRREEERR - 0E
TERMRABIER © 15 RERTIIMIREFAE :

0= lim 2 € [0, +o0].

n—00 Uy,

BREE - T ERGRARIL ©
(1) R 0 < 1> BREERER S u, GULER o
(2) yﬂ% 14 >1° %B@ Un n—>—oo> —+00 ﬁﬁﬂ%&%& Eun gé’ég& °

(3) WIR ¢ = 1 MEHNRAEHMA » KR - & “o FRTFE 1 2L > PERE D v,
g& o

iif# 632 1 B (=1 BMEHRAA n - B “ KEMRTE 1 T » D’Alembert AR AR
FRIESR - A0 BPITUBERE S LMY L - EMEFERT - BREBZ ¢ = 1 MEHRFAE
n> 1 B2 G 1 RS - 2R - A ERBEEER - MRERBULR -

BiBIER : 20254 4 H 18 H 09:32



Chapter 6 Sequences and series

Proof :

1) Suppose that £ < 1. Let N > 1 such that for n > N, we have u,, > 0 and 22 < 14 —. p < 1.
(1) Supp Un

2
Then, for n > N, we find u,, < " NMuy, and

n N-1 n N-1 n
Douk =3 wnt D un <yt y Y
k=1 k=1 k=N k=1 k=N
In the above summation, the first term is a constant, and the second term is a geometric series
with ratio r < 1, so converges.
(2) Suppose that ¢ > 1. We proceed in a similar way as above, with inequalities reversed. Let N > 1

such that for n > N, we have u,, > 0 and % > IT‘M =: r > 1. Then, for n > N, we find

=Ny, and

n N—-1 n N-1 n
Zuk: Z“k+ Z%? Z“k+ ZTk*N
k=1 k=1 k=N k=1 k=N

In the above summation, the first term is a constant, and the second term is a geometric series
with ratio r > 1, so diverges.

Up =T

(3) Suppose that £ = 1 and let N > 1 such that u,, > 0 and the ratio uZ“ 1 for alln > N. Then,
for alln > N, we have u,, > uy > 0. Clearly, this implies that the series ) u,, is divergent.

Example 6.3.3: For a given z € C*, let us look at the series ) %T,L The ratio of two consecutive terms

writes
2" (n+ 1) 2]

= 0<1
|z|™/n! n+1 nooo

By the d’Alembert’s criterion, the series %7: converges absolutely, so it also converges. Therefore,
this series converges for all z € C. This is a direct consequence of Theorem 6.1.16 if we see C as a
two-dimensional vector space over R.

A simple generalization of Theorem 6.3.1 is stated in the following corollary. To get the absolute conver-
gence of a complex-valued series, we may look at the lim inf and lim sup of the ratio.

Corollary 6.3.4: Let Y u,, be a series with nonzero terms in a Banach space (W, ||-||). Let

r = lim inf ltn 1 and R = limsup [ten 1
n—=o0||up| n—oo  |[un]

(1) If R < 1, then the series ) u,, converges absolutely.
(2) Ifr > 1, then the series Y u,, diverges.

(3) Ifr < 1 < R, then we cannot conclude.
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FLEMNER - F-IBEREEH - BTIRERES r < 1 BURARE - UG

2 ’&RF (> 1 ZAEAERNSZE  ZERF[ENAFAARARE - 5 N > 1 F15H
Rn>N>EMAEE u, > 0K 22 > L —r > 10 BE - W0 > N BAHEE

Uy, = r”_NuN =l

n N—-1 n N— n
Z + > Z + >
k=1 k=1 k=N k=1 k=N
ZLENMER  FS—EEEEH > ETIEEQLLS r > 1 FORMAHRE > R E3EE -

Q) B =1TF N> 1 ERERMEn > N> BT v, > 0MABRE “22 > 1 3B
& BWRFIB n> N BFIEE u, > uy >0 BB » BRESRE Y v, G- 0

gl 6.3.3 1 HWIRIEEN 2 € C* - FBRPIRERE > %7 - 1BHMIENFERE

2"/ (n+ 1) 2]
]z\”/n' - n+1 n—oo

D’Alembert’s ERIHEFEH - B Y 2, SRS > FIAGKE - ALt > ESERBEEHRHA
B2 CRER - ERFHE C BER R LEM"HZREE - SESEE 6.1.16 WEEER -

0<1.

THNREREE 631 W—EBEHE - IREFIEHRBNVEHKH - AMARFTEEEBHN
lim inf ] lim sup BAA] ©

R 634 T u, A —AKIEIFE - BYETE Banach ZE[E (W, ||||) PRIRE - &

r = lim inf ltim 1] MUK R =limsup lin 1] .

n=o0un|| n—oo ||unl

(1) MR R < 1> BPERE S v, GIEEURE o
(2) TR r > 1 ABEEMREN >, BEEE o
(3) WIR r < 1 < R BPEHRMEELED
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Chapter 6 Sequences and series

Remark 6.3.5 : Do not forget that this corollary is useful especially when (W, ||-||) = (C, |- |).

Proof : The proof is very similar to that of Theorem 6.3.1. Let us prove it for (1) as an example.

Let > u, be a series with nonzero terms in (W, --) such that R < 1. By the definition of lim sup,
there exists N > 1 such that

lunsil _ 1+R

Vn > N < =z <l
[l 2

)

Then, we may follow the same argument to conclude. (]

Theorem 6.3.6 (Cauchy’s criterion, root test) : Let (uy,)n>1 be a sequence of real numbers. Suppose
that it is non-negative from a certain index. Additionally, assume that the following limit exists,

A= lim (u,)Y™ € [0, 400).
n— o0
Then, the following properties hold.

(1) If X < 1, then the series ) uy, is convergent.

(2) If X > 1, then the series Y uy, is divergent.

(3) If A = 1, and (u,,)'/™ stays above 1 for all large enough n, then the series 3" u,, is divergent.

Proof :

(1) Suppose that A < 1. Let u = 2 € (A, 1). Take N > 1 such that u, > 0 and (un)'/™ < pu for
alln > N. This shows that for any n > N, we have

n n N
Zuk Zp <L<oo
k=N k=N 1—p

Therefore, the series } ;. y uy converges, and so does the series >, -1 up.

(2) Suppose that A > 1. Let u = 42 € (1,\). Take N > 1 such that (un)V/™ > pforalln > N
This shows that for any n > N, we have

n

n
Z (T pt =t —— o oo
k=N k=N

Clearly, the series > u,, is divergent.
(3) Suppose that A = 1 and there exists N > 1 such that (u,)"/™ > 1 foralln > N. Let us fix such

an N > 1. Then, for all n > N, we also have u,, > 1, so the series ) u,, is divergent. .
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3i# 635 ¢ AETE  EREEHER W, |-) = (C,|-|) & » EEREIFEFA -

2B 1 EERERREEE 6.3.1 BIFERAIFE ML - HFIEREZE (1) BIEHAA -

B Y u, B—IRIBEIES - BETE (W, ) PERE  TRE R < 1 © 1B limsup NEE * BF
EN 155
Junt1ll _ 1+ R

< =r<l.
unl 2

#7E > BRI UERBREG AR O

Vn = N,

BB 636 [MFEAR W RIEAZA] : B (un)n1 REHFT - BRRUEERE - thEEIFE
B9 o 5 - IRER THUMRIREE ¢

A= Jlngo(un)l/” € [0, +o9].
ARFE » TERGIAIL
(1) RN < 1 BBEERE Y u, G -
(2) WIR X > 1 - BBEERRE > u, GEEER -

3) MR\ = | MEHRFAEHKR 0 KR » (u,)/" BFRIFE L 2L > BERE S u, G

16

gy o
550 -
O BFA<1o D=2 c N BN 1ERERAEr> N> BB u, > 0 UK
(un)/"™ < p o EFBATHRER > N> iwﬁﬁ
n n N
Z up < Z k< L < 00.

k=N k=N 1-

BRI > BREX S o wi BE » FREARREL S, o1 un RN
BA>S1eoDpu=2e(1,N)e > 1 EEBEHRFAE n > N BB (uw,)/" > pe

(2) fRE
EEATHRERE > N ?ﬂf‘ﬂﬁ

n

we > Yt 2t oo,
k=N

- %

HESR  IREX > u, BHEE -

(3) 1Fx A=1MEBFEN > 1 E8] (u,)V" > 1 BRFAE n > N - BRMABEE —EERN

> 1 ME > BWRFAB n > N> BFIBEE u, > 1 FILURE Y v, G - 0
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Chapter 6 Sequences and series

Remark 6.3.7 : Similar to Remark 6.3.2, when A = 1 and (un)l/” always stays below 1 for all n, Cauchy’s
criterion does not allow us to conclude. We may again take the same series ) | % and )" # as examples.

Corollary 6.3.8: Let (uy,)n>1 be a sequence in a Banach space (W, ||-||) and
X = lim sup [[u, | /™ € [0, +00].
n—o0

Then, the following properties hold.
(1) If X < 1, then the series Y u,, is absolutely convergent.
(2) If X\ > 1, then the series ) wuy, is divergent.

(3) If A\ = 1, then we cannot conclude.

Proof : The proof is similar to that of Theorem 6.3.6, which is left as an exercise, see Exercise 6.16. [

Remark 6.3.9 :In Exercise 2.31, we saw the following inequality for a sequence (a,)n>1 with general
strictly positive terms,

..o e Ongl R . . an+1
lim inf 7 < lim inf(a,)"/" < lim sup(a,) /" < lim sup —=-
n—oo  ap n—oo n—00 n—oo  Qp

This means that the root test is stronger than the ratio test. For example, we may look at the sequence (ay, )n>1
defined by
2"+l 11 ifnis even,

Vn>1, a,=04+(-1)")2"+1= .
" ( (=17 {1 if n is odd.
Then, we have

Gn+41 an+1

0 = lim inf < linnl)inf(an)l/” =1 < limsup(a,)"/™ = 2 < lim sup = +o0.

n—o0 an oo n—oo n—oo (079
If we want to apply the ratio test (Corollary 6.3.4), we see that we are in the third scenario; whereas if
we apply the root test (Corollary 6.3.8), we are in the second scenario, that is the series 3 a,, is divergent.
However, we may note that by applying the ratio test to > as,, we find the divergence of the series > aan,
leading to the divergence of ) a,.

6.4 Conditionally convergent series

In this section, we still consider series with terms in a Banach space (W, ||-||), which converge condition-
ally. We recall that if a series converges but does not converge absolutely, then we say that it converges
conditionally, see Definition 6.1.14. We note that the special cases W' = R or C are useful in practice.
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M 637 1 HEMR 632 ML E )\ = 1 MAHREE n - HFE (u,)/" —BREE 1 ZTF @ WA
AR EEER PSR EER - BRI UBHERNRE > 1 /Y. L EF6F -

R 6.3.8 I D (up)n>1 ATE Banach ZERG (W, ||-||) AIESY » LUK
A = lim sup l[un|M™ € [0, +00].
AL - FHIMEE AT ©
(1) AR N < 1 FBEERRER 3 u, FHEYIUREX -
(2) BOR X > 1 - BBEERREN > w, GEHL o
(3) TR \ =1 > ABERFIEEAERE o

2P : FHERRETE 6.3.6 RURERAMEMLL - MIBEEE » RE&E 616 ° O

i

3F 6.3.9 @ EEE 231 % BMOIBRMRET (an)n>1 B—RREEEABIE  BASETIFER

. . . . a
lim inf < liminf(a, )" < limsup(ay, )™ < lim sup nil
n—00 Oy n—r00 n—00 n—00 an

BARE - BRAVALLERRAIARSR - fla0 - BRFITUEBRERN TEIFS (an)n>1

Anp+1

2"t 11 B n BB,
V1, ap=(1+(-1)")2"+1=

1 En BRI
ABIE - FkFIE
0 = liminf 2+ < lim inf (a,)"™ =1 < limsup(a,)/" = 2 < limsup Intl _ 4.
n—oo  q, n—00 n—00 n—00 an

MRFFBEERERAE (R o34) - BFAFEE=ERBRT ; BURKFAEBRRBAE (R
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ERBIRAIE » RIERFRE D g, FIBEEE - SEMIER 3 a, RISEERIE -

SBIHED MR RE

TEEE/NE - HFIEE BRRE—ARIATIAE Z7E Banach Z2[ (W, |-]|) F - MEEHRAKE - I
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Chapter 6 Sequences and series BAE HYERH

6.4.1 Alternating series FE—IE REEREN

Definition 6.4.1:Let " u, be a series with terms in R. We say that it is an alternating series (35 EE641 ! DY u, H—MREER EF'E’]%&%& MRRHERFAE L > 1 (-1)"u, BEENES

#88) if (—1)"uy has the same sign for all 7 > 1. Up to a global sign change, we may rewrite the 3 » BIRMRARERIBY (altermating series) ° BBEIEE - &WHTL,(HH%J‘FEEE’JIEE&

series 3t 8 2.(~1)"n, Where ap > O foralln > 1. BIERY - BFEATMUERE Y u, BR X (~1)"a, + HH 0, > 0 HRETE 0 >

Theorem 6.4.2: Let (ay,),>1 be a non-negative sequence. Suppose that it is non-increasing and tends to EH 642 I B (a1 BIFEFS - BRFMEBIEEL > BEER 0 BE > KEKRHK

0. Then, the alternating series > _(—1)"a,, converges, and its remainder satisfies S (—1)"a, BUE - T1EtbAIERIE 2

Vn > 1, |Bal Sansr, whereRo= 3 (=1)'a. ¥n>1, |Rn|<anpr, HE R, = > (—DFa
k=n-+1 k=n+1

Remark 6.4.3 : In Exercise 6.22, you can see that under some additional mild assumptions, we get a finer ﬁﬁg 643 1 (T2 th » (REIIUED| » E—LMEEMEENBRC T @ B LR R BRI
estimation or)lnt+hle remainder of an alternating series. In particular, you may apply this result to the alternating SR EHTHESH o SEERE B ] TR SR Z 1yt SEEESELL -
series Z

Proof : Since (a,,) is non-increasing, we find, for all n > 1, 5&HA 1 B (a,) BIBEIER - HRFIE n > 1 BRFE

Sont2 — S2n = @2nt2 = G2n41 SO and - Soniq — Son—1 = a2n — azn41 2 0. Sont2 — Son = Gango — G2ng1 <O BAR  Sopq1 — Son—1 = agn — agpg1 = 0.
In other words, the sequence (S2;,),>1 is non-increasing, and the sequence (S2;,—1)n>1 is non- HRADSEER 8 (S )not RIBEILET TR (Son 1 )nor 2IEERE o R Son — Son1 =

decreasing. Since Sy, — So,—1 = aop — 0, the sequences (S2;,),>1 and (S2;,—1)n>1 are adjacent.
n o0

a2 —— 0 BB (S )zt A (Son1)not RABHEFFD] » IRIEDHE 014 > I EIKHEBIERIE
RS Bk S5, —— SR

Then, it follows from Proposition 6.1.4 that they converge to the same limit, denoted S. Therefore,

S, — S and R
n—oo

Vn =1, Sop-1 < Sopy1 <5< S

Vn =1, Sou—1 < Sopp1 <S5 <K S
This implies that

Vn>1, [Ron| =[S — San| < S2n — Son+1 = agn+1. ERE
Similarly, Vn =1, |Ron| =|S — Son| < S2n — Sont+1 = a2nt1-
Vn>1, |Rap-1| =[S — S2n-1| < S2n — S2n—1 = azn. 0
B3R » HMItLE
Vn =1, |Rap-1| =[S — San-1| < S2n — S2n—1 = agn. 0
Example 6.4.4 : By Theorem 6.4.2, the series ) (_17):“ is convergent. Let us compute its sum. By gl 6.4.4 : RIBETFIE 642 - IRE Z 1,):“ B HEBRPRAEMIA - RIFEH
Example 6.2.9, we know that the harmonic numbers have the following asymptotic behavior, Bl 629 » BRAEEAMESSE TEIESEFETS :
noq "1
H, = ZE =Inn+vy+o(l), whenn — oco. H, = ZE =Inn+vy+o(l), n— oo
k=1 k=1
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Chapter 6 Sequences and series

Let us denote the partial sums of the alternating series as below,

n k:+1
Vn > 1, Z
k=1
Then, for every n > 1, we find
"2
H2n_52n:Z%ZHn'
k=1

In other words, we have the following asymptotic behavior for Ss,,,

Son = Hypy — Hp, = (In(2n) +v+0(1)) — (Inn+~v+0(1)) =In2+0o(1), whenn — oo.

n+1

This means that the series Z converges to In 2.

6.4.2 Dirichlet’s test

Let us consider a series > u, whose general term can be rewritten as u,, = a,b, for n > 1. We write
Sp=>F_1bgforn > 1and Sy = 0.

Proposition 6.4.5 (Abel’s transform) : For everyn > 0, we have

n
D uk
k=1

n—

1
=Y (ar — ak+1)Sk + anSn. (6.12)
k=1

Proof : For every n > 0, we have

n
>
k=1

n

> arby = ar(Sk — Sk-1)
k=1 k

=1

S

n—1
Z apSk — Z ap+1Sk = Z(ak — ag41)Sk + anSh.
k=1 = k=1

0

Remark 6.4.6 : This is exactly the integration by parts for the Riemann-Stieltjes integral when the integrator
is given by the Gauss function |- |, see Corollary 5.2.24, and try to compare the two formulas.

Theorem 6.4.7 (Dirichlet’s test) : Let > u,, be a series with general terms in a Banach space (W, ||-||).
Suppose that its general term u,, writes u,, = apb, with a, € R andb, € W for alln > 1, and satisfies

(i) the sequence (ay)n>1 is non-negative, non-increasing, and tends to 0;
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BRE HYIERH

BB BRI BIERDFECIF

n 1)k+1
vn -y
k=1
RE - WREEr > 1 KB
"2
Hop— Son = — = H,.
2 2 l; 2k

HRAJEEER » B Sy, HMIEE TEEREETS -
Son = Hap — Hy = (In(2n) + v+ 0(1)) — (Inn+ vy +0(1)) =In2 +o(1), & n — cc.

ERRERE > U GBI n2 o

FEZ/E Dirichlet #&E

FHIEBRE S u, HF—MRIBERTUEM v, = anb, HRFAE n > 1 FHME Sy = 0 ARER
n>1°5 Sy =>j_1bp°

foel 6.4.5 [Abel 8#2] : HNEE >0 HME

n—1

n
> (ag — aps1)Sk + anSh. (6.12)
k=1 =1l

ol

s8R : HNEE» >0 HME
>
k=1

Il
M:

Z (Sk — Sk-1)

k=1
n n—1 n—1
= Z apSyE — Z ak+lsk = Z(ak‘ — ak+1)Sk + anSn.
k=1 k=0 k=1 U

1% 6.4.6 : TERIE 5.2.24 2EMBY Riemann-Stieltjes TR IEEHH -
|-] » Fif5RIN R RS MeE@ER o RN ERLLEMENTNF °

B R AHEIR 73 bR BUE A = H R 2R

EI 6.4.7 [Dirichlet #AX] @ & Zun #A—MRIEBETE Banach ZEf (W, ||-||) FFHIFREK - &
M —ARIE v, ATABM vy, = and, » EF a, e RB b, c WHRFBEn> 1> BRE :

(i) B3 (an)n=1 BIEE ~ IBELE - BEAR 0 ;
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Chapter 6 Sequences and series

(ii) the series > by, is bounded.

Then, the series Y u, is convergent.

Remark 6.4.8 : We can make the same observation as in Remark 6.4.6. We have already seen an application
of Corollary 5.2.24 to show the convergence of series in Exercise 5.21. This theorem is based on the Abel’s
transform (Proposition 6.4.5), and the result is exactly the same as in Exercise 5.21.

Proof : Let us apply Abel transform Eq. (6.12) to the series ) u,,. For every n > 0, we have

n
Z Z ak — ag+1)Sk + an Sy,
k=1 k=1

3

where S, is the n-th partial sum of the series ) by,. Let M > 0 such that |S,,| = |>F_; bx| < M for

all n > 1. Then, we have |a,S,| < |ap|M — 0, so the series Y u, and > (a, — an+1)Sy have the
n oo

same behavior. Moreover, for every k > 0, we have

[(ax — ar+1)Sk| < (ax — apy1)M,

since (ag)g>1 is non-increasing. Thus, for every n > 0, we have

n n
> (ark — ars1)Skl < D (ak — ak41)M = (a1 — ans1)M < a1 M.
k=1 k=1
This shows that the series Y (a, — a,+1)Sy is absolutely convergent, so convergent. ]

Example 6.4.9 : Applying Theorem 6.4.7, we obtain the convergence of the following series.

(1) Let (an)n>0 be a non-increasing sequence that tends to 0. The alternating series > (—1)"a,, is
convergent because the following partial sum is bounded,

Vn>1, |(-D) 4 (D% 4+ (-1 <1

This is exactly the result in the first part of Theorem 6.4.2 for alternating series. However, the
Dirichlet’s test does not give us any estimate on the remainders of the series.

(2) Let (an)n>0 be a non-increasing sequence that tends to 0. Let § € R\27Z. Consider the series
> ane'™. For all n > 0, we have

1— ei(nJrl)G

1 — el

sin (D7)

sin (g)

1

Jsin (3)]

Vn >0, |1+ew+-~+ei"6\:‘

Therefore, the series 3" a,,¢'™? converges if § € R\27Z.
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(i) B> b, BR ©
BBEERREL > u,, FUEK ©

it 6.4.8 : ﬁﬁTuﬁktﬂéﬁiﬁﬁ’i 6.4.6 HHFEBVER - EEE 521 > HMEEERIE 5.2.24 BIFER >
AILUREE AR B IR - iIEEEIRZEILTE Abel B2 (M 6.45) MERR L - MTEMMAFEREZEE
521 EHRBERTE—Hk

2B IRPIEHREL X u, (EF Abel BT (6.12) - WIREE n > 0 FMH

1

n
Z (ar — ak+1)Sk + anSp,
k=1 1

3
|

Hh 5, BRE > b, BB n BEMBF o S5 M > 02 1S, = | 0 k| S MERFIBn>10
BBEE > BB |a,Sn| < |an|M ——= 0 FRLUUREL S upn T3 (an — any1)S, BHEEIRITA © JJ:|.'.
S HWRE@E k> 0 BB

|(ar, — ap41)Sk| < (ar — ary1)M,

R (ar)r>1 =ERIERY o FItt - BRE@E» >0 HME

n

n
Z ar — aks1) Skl <Y (ar — ape1)M = (a1 — ang1)M < a1 M.
=1 k=1

EEEPA T RE D (an — ant1)S, SREBUIEL > FTATIRER o O

& 6.4.9 : FERATIE 6.4.7 » HRFITUBRITIIREHIUE
(1) B (an)nso BIBEE BEER 0 UFET) o THEHRE S (—1)"a, U - BB TEEED
PMEE RN -
=1, [(-1)'+ (=1 +-+ (D) < 1.

BREE 6.4.2 PE—AMM RN KEMRBAEVER o JAM » Dirichlet IRAAEEGTFILLIR
BERIARY(EET -

2) B (an)ns0 BIEEIE BESER 0 BIFF o 5 0 € R\21Z © EEKE X a6l - HIRFAAE
n>0- HME

1— ei(n—l—l)@

1—elf

n+1)60

~ [sin (9]

sin (

sin (3)

Vn;g, ‘1+619+_..+€in9_‘

Ek - R 6 € R\2nZ > BIREL S ane'™? YREK
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Chapter 6 Sequences and series

6.5 Rearrangement of series ShEN MEBVEHE

Let (W, ||]|) be a Banach space and >_ u,, be a series with general terms in W. 4 (W, |-||) & Banach ZERE 3" u,, 2—HRIBIE W PAIREL
Definition 6.5.1: We say that the series 3 v,, is a rearrangement (BEF1HE5!) of 3 u,, if there exists ' EE6.5.1 @ HBERE Y v, NBEEFELHRE o : N - NFE5
a bijection ¢ : N — N such that o " .
Un = Ugp(n), vn € N. Un = Ugp(n), Vn € N,
AIFRMIRMZ > u, BIEHHES (rearrangement) ©
Theorem 6.5.2 : Suppose that the series Y, u,, is absolutely convergent with sum s. Then, any rearrange- EIE6.52 @ REBE S v, TREWE > BMA s © B - A Y u, NEFEI B IBEIK
ment of >, uy, is also absolutely convergent with sum s. &> BFA s o
Proof : Let vy, be a rearrangement of ) u,, defined by vy, = uy(y,) foralln € N, where ¢ : N — N H S v, B S u, NEFEY  E&M v, = Ugp(n) BB ne N Hf ¢ : N - N 2@
is a bijection. We note that for every n > 1, we have R RE o BSIED  WRNEE > 1 BRPE
Sl =D (o | < 3 sl - S ol = 3 g < 3l
k=1 k=1 k=1 k=1 k=1 k=1
The seriis 21: HvlkH has non-negative terms and bounded from above, so it converges, that is ) v;, con- RELS ||vg|| ERRIEIE - BELER » FAUEIRE  BELRR X v, THEHIR -
verges absolutely. a o g SEREURER - BRFEEHRE] N > 1 #1E
Let € > 0. Since > u,, converges absolutely, we may find N > 1 such that Be> 00 B Yo WRNWEL - RFHENRE N > 16267
> Jur|| <e.
> el <e. k:%/:-i-l

k=N+1

HEUE S u,, BEBBFIZTENE (S, )nso * SBE S vy BIEBAFIEENE (T)so © D M > 1 BE

>

We write (S, )0 for the partial sums of > u,, and (T},),,>0 for the partial sums of }_ v,,. Let M > 1

be such that
{1,....N}YC {o(1),....o(M)}, (6.13) the NS dp(l),o oM}, (613)
then for any n > M + 1, we have ¢(n) > N + 1. Take n > M + 1, we have BEHREREn>M+1 BB e(n) > N+1Bn>M+1 EME
n N n N 00 n N n N o0
1T = Sl =[S ok =S | = [ S wpy = Swnf € S ]l <, 1T = Snll = | D vk = D ukl| = || D vy — 2wkl < D llull <e,
k=1 k=1 k=1 k=1 k=N+1 k=1 k=1 k=1 k=1 k=N+1

EPEMERBE—EFHP > FATH (6.13) PREIRR - &% > RFITLUEE

where in the last equality, we use the inclusion from Eq. (6.13). To conclude, we write

1T — 8|l < [T — Snll + ISy — s|| < e+e=2e. [Tn = sll <[[Tn = Sn|[ + ISn — sl Se+e=2e.
Thus, the series Y vy, also converges to s. O Rt - $RE S v, WEWEE s o U
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Chapter 6 Sequences and series

Remark 6.5.3 : In Theorem 6.5.2, it is important to assume that the series converges absolutely. Below, we
provide a counterexample in Example 6.5.4 and give a general result in Theorem 6.5.5.

Example 6.5.4 : We already know that the following series converges (Example 6.4.4)

(_1)n+1 1 1 1
S -S4 ——4...=In2
2 2 373" "

n=1

If we rearrange the terms in the following way, we get a different sum,

1 1 1 1 1 1 1 1
(1-3)-1+G-8)-5+G-w 5+

2
L S WS S S SN
176 8710 12 T

1
2

Theorem 6.5.5 (Riemann series theorem) : Let Y u,, be a real-valued series. Suppose that it converges
conditionally. Let —o0o < x < y < +00. Then, there exists a rearrangement »_ v, of y_ uy, such that

liminf7T,, =« and limsupT, =y,
B=E9 n—00

where for everyn > 1,T,, = v1 + - - - + vy, is the n-th partial sum of Y vy,.

Remark 6.5.6 : In particular, if we take z = y in Theorem 6.5.5, then the theorem says that we can find a

rearrangement whose sum is equal to z = y.

Proof : This statement can be shown by construction. We do not give the details here.

6.6 Cauchy series

Definition 6.6.1:Let K = R or C and (A, ||-||) be a normed vector space over K. Consider a binary
operator - : A x A — A.
(1) We say that (A, -) is an algebra if - is bilinear, that is, the following are satisfied.
(a) (Right distributivity) For x,y,z € A, wehave (z +vy) - z=z-2+7y- 2.
(b) (Left distributivity) For x,y,z € A,wehavez- (r+y) =z -z + z-y.
(c) (Scalar multiplication) For z,y € A and a, b € K, we have (az) - (by) = (ab)(x - y).
(2) We say that (A, -, ||-||) is a normed algebra (BRERLER) if (A, -) is an algebra, and the norm |- ||

is submultiplicative, i.e.,
Ve,y € A, lzyll < = [ly]l -

3653 1 EEE 652 RERHEEHRHEREER - B TR - HFISEELH 6.5.4 PHE—
BRG - M EEEE 6.5.5 PETER—ARMAIGER -

gl 6.5.4 : BRFIEKAETEIRE SR (856 6.4.4)

(—1)n+t 1 1 1
—l—-+4-—~"F...=In2
2 sty a" .

n=1

MREFEEFNIERTHNAREFRET - BFEISEIARRERA
1 1 1 1 1 1 1 1
(1—*)—*+(§—6)—g"‘r(g—ﬁ)—ﬁ—%...

2 4
1 1 1 1 1 1 1
4+ - —4...=Z1n2.

24+681012 2

EE 655 [RERHTEE] @ X u, REBEHFY > LIRFRMEBRGWE - B —co<ar<y <
+o00 ° BREE » FF1E Y u, FNEFHES S v, (F12
liggioréan =z MUK limsupT, =y,

n—0o0

HpHREE n > 1 BB T, = v1 + -+ + v, B1ER X v, BUEE n [EERAHD o

3% 6.5.6 1 NREEE 6.5.5 F » HMEUSH 2 = v > FEEIEEFRFATUIBI—EEFHES - &

BHHNERr=y-°

2B 1 S ARG FT AFE RS ARERER » IS E TR -

SBNET WFERE
SK=RECH (A ||) BK LHBEAERRME - ERTTEF - AxA - A

E&E6.6.1 :
(1) tNR - SEFERY > WL RE TIUEH > FRFERFIER (A, ) SEH :
() [BPERE) R,y 2c A HMB (r+y) 2=2-24+y-z°

by [EREBRE] ¥R z,y,2c A BBz (e+y)=2-2+z-y°

(c) [FiEFRZE] R 2,y c ALK a,b € K HEFIE (ax) - (by) = (ab)(z - y) °

(2) MR (A, ) 2ERE - BEH || AERAFEYE - 2R

Ve,y e A, lzyll < llz| flyll

Last modified: 09:32 on Friday 18" April, 2025 22

BiBIER : 20254 4 H 18 H 09:32



Chapter 6 Sequences and series

ABEMIER (A, -, ||-]]) SEBHCE (normed algebra) ©

Example 6.6.2:
(1) The simplest examples of normed algebras are (R, x, | - |) and (C, x, | - |).

(2) We have seen in Remark 3.2.15 that £.(U) equipped with the oprator norm ||-|| is a normed
algebra for any normed vector space U. In particular, if U is a finite-dimensional normed vector
space, then £(U) equipped with the oprator norm ||-|| is a normed algebra.

(3) Equivalently, for an integer n > 1, the space of n x n matrices M, x,(K) equipped with the
matrix norm |||-||| is also a normed algebra.

&%l 6.6.2 :
(1) BERBREGENFFIE R, x,|-]) # (C, x,|-])°

(2) EFEE 3215 B BRFIBEERHNESHERNEEZRE U > 7 L.(U) LEFEFERE |||
B - S2EREA - KRR - R U R2EBRMEERNREEEZEM - BBEE L(U)
ERFEFEE ||| 55 thESEAEAR -

(3) SERR » HRERES 0 > 1+ 8 n x n EEFHBRNZE M, (K) TR FIERTEH
1) B - 8 RIS -

Theorem 6.6.3 (Cauchy product) : Let >, - an and ), ~q b, be two absolutely convergent series with
terms in a complete normed algebra (A, ;||-||). We define their Cauchy product to be the series - cx,
given by
n
Vn € Ng, ¢, = Z apby,—k.
k=0

The series Y ¢, is absolutely convergent, and its sum equals

> en = (Zap> (qu>. (6.14)

n>0 p=0 q=0

Proof : Let us denote the following sums,

[e%e) )
A= apll and B:=3 bl
p=0 q=0

Let n > 0. The n-th partial sum of ) ¢,, writes

Do llell <> ( > llapl - ||qu> < D lapll - libg]
k=0

k=0 \ p+q=k 0<p,g<n
p,q4=0

- (pzn;)||ap| > (qf;}ann) < AB.

Thus, the series ) ¢, is absolutely convergent.
To compute the sum of the series ) ¢, let us define the following quantities,

2n n n
Vn = 0, An:ch— (Zap><2bq>.
k=0 p=0 q=0

Last modified: 09:32 on Friday 18" April, 2025

B 663 [MARE] : ©,0an &Y, b HRESESKHRE - BN —RIEE
SERRREEE (A, [|]) F - HAIEZRMPINMERSERIN TRRE Y, oocn

n
Vn € Ng, ¢, = Z apby,_k.
k=0

RE Y ¢, SHEHURRL - MEMRFFR

@ = (Zap> (Z%). (6.14)

n=0 p=0 q=0

$86EA  FMEZTEAA -
A= Z lap|l MK B:= Z l1bg]| -
p=0 q=0
Sn>0°> ¢, 5 n EERMEM

llexll < Z( > llapll - Hqu) < D lapll - lIbg]
0

k= k=0 \ p+q=k 0<p,g<n
p,q>0

:<§N%Q<§NMQ<A3

FEL > fREL Y ¢, SHBHIUREL -
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Chapter 6 Sequences and series

Then, for any n > 0, we have

Z apbg + Z apby.
p=n+1,q=0 q=n+1,p=>0
p+q<2n p+g<2n

Ap= Y apbg— Y apby=

p+q<2n
p,q=0

Therefore, for any n > 0, the triangle inequality gives,

EHERE Y ¢, I - HMIEETENE :
2n n n
Yn>0, A,= ch — <Zap> <qu>.
k=0 p=0

q=0

BREE - HWNEE n >0 B

Ap= > apbg— > apbg= Y apbg+ > apb,.

p=n+1,q>0 q=n+1,p>0

1A < D0 Hlapll lbgll + D llapll 115l
p=n+1,q20 g=>n+1,p=0
prasan prasan Tpiso" vspasn ra<2n pra<2n
< llap|l 1[bgll + [apll [1bg]] _ . .
\p>n+zl,q>o m m;l,p;o m Eilt  {REE n > 0 ZARSXSHRRM
o0 o0
=B- Y lapll +4- Y lbgll —=0. 1A < D0 Hlapll Ibgll + D llapll 1ol
p=n+1 g=n+1 p=n+1,q=0 q=n+1,p=0
p+q<2n p+q<2n
This proves Eq. (6.14). [
proves Eq. (6.14) < Y el + S lapl [k
p=>n+1,q20 g=>n+1,p=>0
(e @] o0
=B- Y lapll +4- Y lbgll —=0.
p=n+1 g=n+1

EFHBATI (6.14) °

BEE ETIREFY - ETIRERE

S ETIEFTIRE TIRMER

6.7 Double sequences, double series
S (W, |-Il) % Banach Z2fd - BME TR - BEREE W FEFT (wnn)mn=1 * RFBHEIE

6.7.1 Double sequences and double limits
HREFA (double sequence) ©

Let (W, ]|-||) be a Banach space. A sequence (U, n)m,n>1, taking values in W with two indices, is called a
25 (U)ot BETREET < S 0 c W o MIBHREM e > 0+ BEEEN > 1

double sequence (%5 T1ZFF).

Definition 6.7.1: Let (Um,n)m,n>1 be a double sequence. Let ¢ € . We say that the double sequence T 671
(Um,n)m,n=>1 converges to ¢, denoted - o
Im =4, =13
m,n— 00
Vm,n =N, |umn—{| <e, (6.15)
5C1E

if for every € > 0, there exists N > 1 such that
AIEMRETIERS (wmn)mn>1 SWEE] ¢

Vm,n = N, |umn—{| <e. (6.15)
We call ¢ the limit or the double limit of the double sequence (U, n)m n>1- m171lr_r>100 U, = L.
IR ¢ RETERFT (wmn)mn=1 BIMBEREEEE PEEMRER -
24 BRABIEN © 20254F 4 A 18 H 09:32
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Chapter 6 Sequences and series

Example 6.7.2: Let (U, )m,n>1 be a real-valued double sequence defined by
Vm,n > 1, Ummn = ]1m>n-

Then, we have,

Vn>1, lim %p, =1 and lim lim wu,, =1, (6.16)
m—0o0 n—o0 m—0oo
and
VYm>1, lim %y, =0 and lim lim wu,,, =0. (6.17)
n—oo m—00 N—00

However, this double sequence does not converge in the sense of Definition 6.7.1, where the uniformity
in both indices m and n is required. We call the limits in Eq. (6.16) and Eq. (6.17) iterated limits of the
double sequence (U, r,)m n>1. This shows that when taking an iterated limit in a double sequence, the
order in which the limits are taken is important.

Theorem 6.7.3 : Let (U, n)mn>1 be a double sequence. Suppose that
(i) the limit lim,, p o0 U, exists and equals £ € W ;
(ii) for everym > 1, the limit lim,, o0 U,z exists.

Then, the following iterated limit exists and satisfies

lim lim w = /.
m—o0 N—00 m,n

Proof : From the assumption (ii), we may define ¢,,, := lim,_,oc U, for every m > 1. Let ¢ > 0.

From the assumption (i), we may find N > 0 such that
|lumn — || <e, VYm,n>N.

Fix m > N, by the definition of ¢,, just above, we may find N’ = N’(m) > 1 such that
m — umnl <e, Vn =N’

Then, for any n > max(N, N'), we have

16 = bl < W€ = vwmnll + l[tmn = |l < &+e=2e

This shows that lim,,, oo £ = £. O
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BARE HYIERH

gl 6.7.2 I B (umn)mn>1 HIEABBHNETIERS - &M
Vm,n =21, Unn = Lnzn.

ABIE - FFIE

Vn>1, lim up,=1 K lim lm up, =1, (6.16)
m—00 n—00 M—r00
V9,53
Vm>1, lim up,=0 MUK lim hm Um,n = 0. (6.17)

AT - EEETREFINLEREEER 6.7.1 HER ME - ASHMAFEHERWETEm %EI n
B551E - JHFTER (6.16) MR (6.17) ERRRALE TIEFET (wnmn)mn>1 BIETCHEIR
T EHETRFHEAUERE - ARIBFERERM -

FE6.73 I T (wmn)mn>1 HETIERT o RE&
(i) BER 1im,y, 00 Umn TFIEBFR e W 3
(i) WRASE m > 1 R lim, o0 U, FIE ©

ARE T EAGERBIRET - BWE

lim lim w = /.
m—o0 N— 00 m,n

B BB () RPVATMEFE m > 1 EH b = limyoo tny © B e > 00 BREH
OR ?*zﬁﬂlﬁjz@]]v 0 518

|umm — 2| <e, ¥Ym,n > N.

EE m > N > R LEE 0, NER » BIBELEI N = N'(m) > 1 1§
m — umanl <e, Vn=N'.

ARE - WHIRAER n > max(N, N') » HME

1€ = €ml| <[|€

—lp|| Se4e=2e.

BT limy oo by =L © O
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Chapter 6 Sequences and series

6.7.2 Double series

Due to the Riemann series theorem (Theorem 6.5.5), when we want to discuss the order of summations

in double series, we are only interested in absolutely convergent ones.

Theorem 6.7.4 : Let (U n)m,n>1 be a double sequence with general terms in a Banach space. Then, the
two following properties are equivalent.

(1) For everyn > 1, the series )_,, U, n is absolutely convergent, and the series >, (3>, |[tm.n)
converges.

(2) For every m > 1, the series ), U, n, is absolutely convergent, and the series >, (3>, ||umn|l)
converges.

Moreover, when one of the above properties holds, we have

Proof : By symmetry, it is enough to show that (1) = (2). Assume that (1) holds. For every n > 1,
let Ap = 2,51 [[Um,n|. Then, the preoperty (1) states that ) A, converges. Let us fix m > 1, then
[l < Ay foreveryn > 1,503, <1 um,, converges absolutely. Let By, := 3_, 51 ||tm,n|| for every
m > 1. Then, for any M > 1, we have

POTAED S IR Z(

m=1n>1 n>1

)ege

n=>1

where in the second equality, we use the linearity on convergent series. On the left-hand side, we
have a series with non-negative terms, and on the right-hand side, we have an upper bound that is
independent of M, so the series Y B,, converges. This allows us to conclude that (2) holds.

We note that when (1) is satisfied, the right-hand side of Eq. (6.18) is well defined, because for every
n > 1, the absolute convergence of ), u, , implies that ), u,, , converges and satisfies

§ Um,n
m

Then, the convergence of >, >, ||um n|| implies that of 3, ||>°,, wm »||, which implies the conver-
gence of 3> (3, Um,n). Since we have shown that (1) and (2) are equivalent, the left-hand side of
Eq. (6.18) is also well defined.

Now, we are going to show Eq. (6.18). Define

n n
Vn>1, S,= ZZUWZ,

p=1lg=1

and let us show that .S,, converges to the right-hand side of Eq. (6.18), then we conclude by symmetry:.
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BIE ETIRRE

RERERMTEE (B os55) @ BERMBEFRE TRREIMAMNIEFE - RARBEEHK

oo GRESEET S

B 6.74 B (Umn)mn>1 #9—RARIETE Banach ZZEFPHNE TERS - BE - TEAMELHER
FHER -

(1) BREBEn > 1 BRE Y, un, GEEBE - BIRE Y, (O, umal) B
2) BREEm > 1 REY, um,, SEEE - BRE Y, (O, lumn|) 48K
s - B EEmEP—EEERIIE - HKfIEE

S B s (D) o

m=1 \n=1 n=1 \m=1

S BEEHBEYE REEEHO)=Q - BRQOHRIZI -EREE > 105 An =
St [tmn|l © BREE » HH (1) RHOZE 3 A, GKR - BHMEE m > 1 FBE HumnH
REE > 1 FIAY, o wn, SREBE - BREEm > 1 BBy =301 [tmal ° %BJLT ’
HWNMEE M > 1 BRE

RS PITESS ( 3 el ) < X 4,

n>1 n>1

FELEAME_ESFAF > RAERKRERERENE - #4575 - HFIBE—RIBEFENR
g BEAR  ZRFIBERBURIR M LR - FRURE Y B, 08 - SERFITTURBE 2 &
YL °

HBFAEER B ) MIE X ) NAARERRFHN  AAHREE» > 1 BHK
> Um,n BIRBEIEERIERES Y, wm, R - TIERE

> tma| <D0
m m

BBEE 3, 0 [l R ERBS X, 15, tma| BEE - BES Y, (5, tmns) B © B
MREMTET 1) ) BFEH » X (6.18) WEAHERERRIFH -
BK » HMEFBER 6.18) c &

n n
Yn>1, S,= ZZunq,

p=1g¢=1
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Chapter 6 Sequences and series

Let

m
Vm,q =21, amq= Zup,q and Vg=>1, ag= ZUP7Q'
p=1

p=1
Lete > 0and Q) > 1 such that }° -, Ay < €. Then, for n > @, we have

Q n

oo o oo
D g = Sn=3 ag— Zanq D (ag—ang)+ D (ag—ang)+ 3 g
q=1 q=1 q=1 =Q+1 g=n+1
We note that for ¢ > 1, we have |la,|| < A, and for ¢ > Q, we have ||ag — an 4| = HZP?TLH up7q” <
A,. Thus, the above inequality gives
o0 Q Q
Y] €[Sl ana)| + 3 Ay |3 g ang)| +e
g=1 g=1 q=Q+1 q=1
Since ay, 4 — % for every ¢ > 1, by taking lim sup when n — oo, we find
lim su ag — S
The choice of € > 0 is arbitrary, so we find
o0
hiﬂ_}solép Zaq Sell=0 = nh_)rgo Zaq—Sn =0,
q=1 q=1
. 00
that is, S, — > g=10q- |

6.8 Infinite products
6.8.1 Convergence and divergence

Let (uy)n>1 be a sequence with values in K = R or C. We may define the sequence (P,,),>0 as below

Po=1, Py=][w, Vn>1

For each n > 1, we call u,, the n-th factor of the infinite product [] u,, and P,, the n-th partial product of

the infinite product [] uy,.

Definition 6.8.1 : The notion of convergence and divergence of an infinite product []u, is given
below.

(1) Ifthere are infinitely many factors u,, that are zero, we say that the infinite product [ | u,, diverges
to zero.
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BRE HYIERH

WEERA S, BWEEIT (6.18) BVA 7 » BFIBERAHEMERERE
Vm, q > ]-, am,q == i /UJp,q J‘X& Vq > 1, Clq = Zup,q.
p=1 p>1

> 0MRQ>1RE Y, 0, <o BB W0 > Q R

[e’e) 0 Q " =
BTTRRCA S zanq D (ag = ang) + 3 (ag—ang)+ 3 ap
q=1 q=1 q=1

=Q+1 g=n+1

RGERD 8¢ > 1 BAEG o] < A, TEHR ¢ > @ HFE lla, - ang
|yt n]| < Ay © Bl - EEBTE B

Q

00 Q
Sh Z(aq —angq)|| + Z Ay Z —ngq)|| T €.
= q=Q+1 q=1

BREEE > 1 HFIE an, ——rag’ » FEEY n — oo B lim sup » FFI1EE]

Zaq—Sn

qg=1

lim sup
n—oo

R e > 0 BSEZFERUER/) » ISR

o0
hrrLrLsolép Z ag—Spl| =0 = nh_)ngo Z_: ag — Sp
qg=1 q=1
HIER S, — doge1Gq ° O

SBN\H EER
SB—/ED ki S EE
5 (un)n>1 BIETE K = R 3 C FOIFF « BFRTMEBRFS] (P)nso T -

Po=1, Py=]lw, Vn=>1

HREEn > 1 HFIE u, HEERE [[u, B n BERF » UK P, B [ u, B n @BERHIE -

T 6.8.1 & HER [[u, WHERIHNELZH TEMGLATERE
(1) MRBEEZERTF u, /T » BRERPIREERE [[u, BHEF -
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(2) Ifu, # Oforalln > 1, we say that
(a) the infinite product converges to P # 0 if P, m P, and we write P = [[72 | up;

(b) the infinite product diverges to 0 if P,, —— 0;
n—oo

(c) the infinite series diverge otherwise.

(3) If there exists N > 1 such that u,, # 0 for alln > N, let us define
Vn =1, vnp=upiN-1,

and its corresponding partial products (P}, ),>0 given by

N+n—1

Pi=1, Hka H up, Vn =

(a) If the infinite product [ ] v,, converges to P # 0, then we say that the infinite product [] u,,
converges to u; ... un—_1 P and write its limit as

Hun =Ul...UN-1 H un:ul...uN_lnvn;

n>1 n=>N n>1

(b) If the infinite product [] v, diverges to 0, we say that the infinite product [ u,, diverges
to 0;

(c) Otherwise, we say that the infinite product [] u,, diverges.

Remark 6.8.2 : From Definition 6.8.1, we know that by adding or removing finitely many zeros to an infinite
product, we do not change its convergent or divergent behavior.

Proposition 6.8.3 (Cauchy’s condition) : The infinite product [ | u,, converges if and only if for every
e > 0, there exists N > 1 such that

Yn> N, VE>1, |upt1...upqk— 1] <e. (6.19)

Proof : Since the notion of convergence of [] u,, and the condition Eq. (6.19) are not changed if we
remove finitely zero terms from (u,, ),>1, we may assume that u,, # 0 for alln > 1.

« Suppose that [ [ u,, converges. Let

= lim P, = hm Huk#o

n—oo

This means that the partial products (P,), >0 of [| u,, are bounded from below by some constant
M > 0. Let € > 0, by the Cauchy’s condition for sequences from Corollary 6.1.11, we may find
N > 1 such that

Vn> N,Vk>1, |Pyyr— Py <eM,
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) MNRHERAE n > 1 BB v, # 0 BFIETERER :
() 3R P, —— P # 0 RIFFIRMEBBHE P W5 P =102 un ;
(b) MR P, —— 0 AIRFIR\EREHE 0
() HEtART » HMERIMEBREHE -

(3) MIREE N > | FRERFAE n > N » BB u, # 0 ERAEE

Yn>1 v, =uUpyrN-1,

MR R FERIBYERADTE (P))nso 10T

N+n—1

P 1, Hvk— H ug, VYn =

(a) ANSREEEETR [[v, WREB) P # 0 - RIFMIEREEESE [T w, BB w1 ...y P W34
HUMRFRECE

Hun =UuUr...UN-1 H un:ul...uN_lnvn;

n>1 n>N n=1

(b) SNSREEEEFE [[ v, HEE 0 > BIFBPIREEETE [[u, BHEO ;
(c) AR » FPIREEEE [Tun, HHL o

#6822 1 WER 081 » HABFINMRRFEEETPNMANBRERSEE - RS EM
WA BB BRATTT 4%

ol 6.8.3 [MFAMRM] : EEWE [[u, WREBHEHRAE:: >0 FEN > 1 £

Vn > N, VkE>21, |upt1.. uptg — 1| <e. (6.19)

2 ANRILFINE (un)ns1 PRBFBERZESE > LA S RE [[u, WL AREH
L (6.19) » R BFIFTURERERFE n> 1 ZfIB u, #0°

o RER [T, 8K -5
P= Jim P = Jim [Tue #0
k=1
SEREE [[un BB (Po)so B TR - R M > 0 BEF—ETR - $c >0 1R
PERIR 6111 R - SR SIBORTE SR » RAFTHEREI N > 1 68

Vn = N,Vk>1, |Poix— Pl <eM,
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Chapter 6 Sequences and series

which, by dividing by | P,

, implies

which is exactly Eq. (6.19).

Suppose that for every € > 0, there exists N > 1 such that the condition Eq. (6.19) holds. Let
e = % and take N > 1 such that Eq. (6.19) holds. This shows that for every n > N, we have
up # 0. Forn > N, let Q, = [[p—n, 1 ux. From Eq. (6.19), we also deduce that % < |Qn| < %
for all n > N. Additionally, for every n > N and k > 1, we also have

|Qn+k 1

@n

3
<e = |Qn+k_Qn| <5‘Qn‘ < 55-

This means that the sequence (Q,),>n satisfies Cauchy’s condition, so converges. This also
means that the product [] u,, converges.

O

Theorem 6.8.4: Let (ay,)n>1 be a sequence with strictly positive general terms. Then, the infinite product
[1(1 + ay,) converges if and only if the series Y a,, converges.

Proof : The convergence of the infinite product [[(1 + a,,) is equivalent to the convergence of the
series Y In(1 + ay,).

« If " In(1 + ay,) converges, it means that In(1 + a,,) —— 0, so a,, —— 0. Thus, we have the
n—oo n—oo

equivalence relation In(1 + a,) ~ a, when n — co. We apply Theorem 6.2.8 and we find that
the series > a,, converges.

« If the series > a, converges, then a,, —— 0. Then, we conclude in a similar way.
n—o0o

Remark 6.8.5:

(1) If some of the terms in (ay),>1 are zero, both the values of " a,, and [[(1 + a,) are not changed.
Therefore, it is reasonable to assume that the sequence (a,,),>1 does not contain any zero.

(2) In the case that (ay),>1 is a sequence with strictly negative general terms, the same statement also
holds.
(3) Itis important to assume that the sequence (ay,),>1 has a constant sign. We may consider the example
—1)"
an:(\/ﬁ) forn > 1.

« The series > a,, is an alternating series, and by Theorem 6.4.2, it converges.

« For every n > 1, we have

(1+ agn)(1 4+ agpt1) = (1 + \/127) (1 - \/QTiﬁ) =1- % —i—o(%), when n — oo.
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R LRI | P| - HFIGTFEH

ERFRMET (6.19) °

- BREEREE:: > 0 FEN > 1 FEEERX 19 RIL - Be =1 LWMN > 1
FEER 619 BRI - EFRTHREBr > N BB uw, Z0°-HRn >N &
Qn = TTie s ur © B2 (6.19) » RPIBEHES L < |Qu| < 2 BIRFTE n > N o 1S - HR
BEn>NME>1 BMALE

‘ Qn-‘rk
@n

BAREFT (Qn)n>n WM » FRUAMEN o EHARE [Tu, WK -

3
<e = |Qnir — Qnl <e|Qnl| < 55.

-1

EE 684 1 T (an)n>1 m— RIEBRAENFT] o BRE - EER [[(1 + a,) WHEBHER
B> a, WREK -

sHBA 1 B [[(1 4 a,) BIRERERE > In(1 + a,) BIMEEHFE -

« IR S In(1+a,) W - ERARE In(1+a,) —— 0 P a,, —— 0 Ft - En — oo
B » HMBEFERR In(1 + an) ~ a, ° BFIFIBEIE 6.2.8 R1FRRE > 0, FWEL -

C BB Y a, W+ FRE 0, —— 0 - BBAE + BFATLLUARI AR - o

iR 6.85 :

(1) MR (ap)n>1 EFELERE > BE Y o, M1 + a,) EEBBAGEE - AL » HFARTUSIE
REF3 (an)n>1 FEEMTIE -

2) B (an)ns1 SE—RIEBEEBNFESIE - RN &R -
3) BB (a,)n>1 WEBRFEBLEBEEM o HI0 » ROTUER 0, = "L R >10

Jn
e S a, BERERE - FLRREE 642 » MEUWEL -
- HREE > 1 BB
1 1 1 1\ o
(14 az0)(1 + azny1) = (1+ E)(l— JTT) =1- %4—0(;), %1 — oo

BiBIER : 20254 4 A 18 H 09:32



Chapter 6 Sequences and series

Since 3 1 diverges, the infinite product [T(1 + az,)(1 + azn+1) also diverges.

R Y L B0 SREERE [1(1 + a2n) (1 + a2 ) R R o

Definition 6.8.6 : Let (ay,),>1 be a complex-valued nonzero sequence. We say that the infinite prod-
uct [[(1 + a,) converges absolutely if [[(1 + |a,|) converges.

EFE6.8.6 : T (an)n>1 BEHBIESFES o IR [1(1 + |an|) W8 > BIFKMIEREERE [1(1 + an)

Theorem 6.8.7 : Let (a,)n>1 be a complex-valued nonzero sequence. If the infinite product [[(1 + ay,)
converges absolutely, then it converges.

EIE6.8.7 1 T (an)n>1 WEBIEEFT - (NREEF [[(1 + a,) BEWE > FREME U

Proof : Let us check Cauchy’s condition provided in Proposition 6.8.3. For every n,k > 1, by the
triangle inequality, we have

k
H + |ant)) — 1.

k
H 1+an+j _1

Therefore, if the infinite product [](1 + |ay,|) satisfies the Cauchy’s condition, so does [[(1 + ay,). O

6.8.2 Application to the Riemann zeta function

Let the sequence (pg)x>1 be given by ordered prime numbers, that is p; = 2, py = 3, p3 = 5, etc.

Theorem 6.8.8 (Euler’s product) : For s > 1, we have

> 1 > 1
C(s) = —_ —s
ngln kl;[ll_pk

Moreover, the above infinite product converges absolutely.

Proof : For n > 1, let us write the n-th partial product to be

(6.20)

Our goal is to show that P, — ¢(s).
n—oo
Let us fix an integer n > 1. We may expand each factor in the right-hand side of Eq. (6.20) into a

series, that is

1 > <1
Vk > 1, __ — 1+ (6.21)
1- Py ’ mz::o p?S mz::1 P?s
and
IR
=11 > & il
e 2/ e o 2 RS 21
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2R EERFIRIGE SRR 0.8.3 FHRMRMREENS - WREE n, k> 1> RIBE=ZAFFN - &M

k
[[O+ansy) -1
j=1

Ik - ANREBEERR [1(1 + |an|) WRAEES @ [1(1+a,) BE - O

k
H + lanjl) — 1.
7j=1

BTE ERE (RELNER
T (pe)k>1 HEBFFFNEBRERERNFY  BHMR2Rp =2 2 =3 "p3=5FF°

Eif6.8.8 [LHFE] : HRs> 1 HME

=1 i 1
“hw Ui

s - EXNRREEREEHI

5GHA 1 B 0 > 10 FPHESE n EEMATERCIE

P11 — (6.20)

HAWEWERIE P, — (s) ©
ARPEEER 0 > 1 BFALUBR (6.20) BRPHNES—EEREARE - 20 :

Vk =1, —s = Z ms L+ Z ms (6.21)
m= Opk m= 1pk
L]
P”:HZ ms_Z"‘Z mis Mns
k=1 m=0 Pk m1=0 M =0 by p
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Chapter 6 Sequences and series

For every n > 1, let
A, ={N € N: N has all its prime factors among pi,...,pn}.

Due to the uniqueness of prime factorization, we know that

1
P, = —.
NeA, Ne
Therefore, .
[P = C(s)] < Z N (6.22)
N2Pn+1

because all the terms defining the series ((s) are all positive. Since ]\}S converges, its remainder goes

to zero, so the right-hand side of Eq. (6.22) goes to zero, that is P, — ¢(s).
n—0oo

For every k > 1, we may rewrite the series in Eq. (6.21) as 1 4 ag. The series ) aj converges
absolutely because all its terms are positive, and is bounded from above by ((s). Then, it follows from
Theorem 6.8.4 that the infinite product [[(1 + ay) converges absolutely. |
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BARE HYIERH

WREE L > 14
A, = {NeN: N FEMERBHE pr.....p, BF).
RIS EY D REIRAE— B

1
Po= Y —.
NeA, N
ES]lid
1
1Pn—C(s)l < Y e (6.22)
N>ppni1

ERARBERRE ((s) EFMNE—EERERN - HR Y - W > tERIEEBANE » BT
R (6.22) WEHHBERT - UEE P —— ((s) °

HWREE L > 1 HFRTLUEIC (6.21) PRIRBEER 1 +a; © RS o, SBEIE - A5t
FRENIEERLE » MH ((s) Btt—ELR - &% » BIUERATEIE 6.8.4 REFHEER [1(1 + ar)
SHEHME - O
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