Sequences and series

In the first-year calculus, we have discussed sequences and series with values in K = R or C. We have
seen different criteria to describe their convergence. In the first term of this year, we have studied the notion
of convergence of sequences in more general spaces, such as metric spaces. But if we want to discuss series,
since an addition operation is needed, to make a more general theory, we will restrict ourselves to normed
vector spaces. In this chapter, the sequences and series are considered to take their values in a normed vector

space (W, |[-[lw)-

6.1 Basic notions

6.1.1 Reminders for real sequences

s N

Definition 6.1.1: Let (ay,),>1 be a sequence of real numbers.

« We say that (a,)n>1 converges to ¢ € R, denoted a, —= ¢, if for every € > 0, there exists
n—0o0

N > 1 such that
Yn>= N, l|a,—/¥ <e.

+ (Cauchy’s condition) The above definition is equivalent to the following: for every ¢ > 0, there
exists N > 1 such that
Vm,n =N, |am —ap| <e.

Proposition 6.1.2: Let (ay)n>1 be a sequence of real numbers.

(1) If (ap)n>1 is non-decreasing and is bounded from above by some M < oo, then (ay,)n>1 converges
toalimit! < M.

(2) If (an)n>1 is non-increasing and is bounded from below by some M > —o0, then (ay,)n>1 converges
toalimitl > M.

Definition 6.1.3 : Given two sequences a = (ay)n>1 and b = (by,),>1 of real numbers. We say that
they are adjacent (F8f£FF5!)) if one is increasing, the other one is decreasing, with a,, — b, — 0.

Proposition 6.1.4 : If the sequences (ay,)n>1 and (b, )n>1 are adjacent, then they converge to the same
limit.
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Definition 6.1.5 : Given two sequences a = (a,)n>1 and b = (by,)p>1 of real numbers. We define
the following asymptotic relations.

(1) We say taht a is dominated by b, denoted a,, = O(by,), if there exists a bounded sequence
¢ = (¢p)n>1 and N € N such that a,, = ¢,,b, foralln > N.

(2) We say that a is negligible compared to b, denoted a,, = o(by,), if there exists a sequence ¢ =
(€n)n>1 that converges to 0 and N € N such that a,, = £,b,, for alln > N.

(3) We say that a is equivalent to b, denoted a,, ~ by, if there exists a sequence ¢ = (¢,,),>1 that
converges to 1 and N € N such that a,, = ¢;,b, foralln > N.

Remark 6.1.6:

(1) When we write these relations between a and b, we may add the condition n — oo to emphasize
that in the asymptotic relation, we are taking n to infinity (not some other value), or if there are other
variables that might bring confusion.

(2) It can be checked that the binary relation ~ is an equivalence relation on the space of real-valued
sequences RY. However, the asymptotic notations O and o do not satisfy symmetry.

Example 6.1.7 :

(1) Let (apn)n>1 and (by,)n>1 be defined by

Then, a,, = O(b,,) and a,, ~ by,.
(2) Let (an)n>1 = (0,1,1,...)and (b,)n>1 = (1,1,1,...). Then, a,, = O(b,) and a,, ~ by,.
(3) Let (an)n>1 and (by,)n>1 be defined by
Vn>1, a,=n?> and b, =2"

Then, a,, = o(b,) and a,, = O(by,).

6.1.2 Definitions

Let (up)n>1 be a sequence with values in a normed vector space (W, ||-||).

Definition 6.1.8:

« The series (f%2X) with general term u,, is given by the sequence (.S, ),>0, defined by

n
So =0, Sn=u1+---+un:Zuk, Vn > 1.
k=1
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We may also denote this series by >, - u, or 3 uy.

« For each n > 1, uy, is called the n-th term of the series > u,, Sy, is called the n-th partial sum of
the series > uy.

« If the sequence (S),)n>0 converges in (W, ||-||), then we say that the series > u,, converges. In
this case, its limit is called the sum of the series, and is denoted by Y >° ; u,,; for eachn > 1, we
denote by R,, the n-th remainder, defined by

o0 n o0
Rn:Zukuuk: Z U,
k=1 k=1

k=n+1

Remark 6.1.9 : We note that by definition, the convergence of a sequence (S, ),>0 is equivalent to the
convergence of the series Y (S,+1 — Sp), which are related by the relation

N-1
> (Snt+1 — Sn) = Sy — So = Sw.

n=0

Such a summation is called a telescoping summation.

Proposition 6.1.10 : We have the following two properties.
(1) If the series Y u,, converges, then (Sy)n>0 is a Cauchy sequence.

(2) Additionally, if (W, ||-||) is a Banach space, then the series Y u,, converges if and only if (Sy,)n>0
is a Cauchy sequence.

Proof : This proposition follows directly from the definition.

(1) The series Y u, converges means that the sequence (.S,),>1 converges. And it follows from
Proposition 2.4.6 that a convergent sequence is a Cauchy sequence.

(2) It remains to show the converse. Suppose that (.S, ),,>0 is a Cauchy sequence, since it takes value
in a Banach space, it converges, so the series > u,, is convergent.

0

Corollary 6.1.11 (Cauchy’s condition) : Suppose that (W, ||||) is a Banach space. The series Y u,
converges if and only if for every e > 0, there exists N > 1 such that

Vn > N, Vk =21, |upt1+ -+ unskl <e. (6.1)

This condition is called Cauchy’s condition (FIFIEFF) .
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Proof : It is a direct consequence of Proposition 6.1.10 (2). (]

Corollary 6.1.12: If > u,, is a convergent series, then lim,,_, oo u, = 0.

Proof : It is a direct consequence of Cauchy’s condition by taking the special case £ = 1 in Eq. (6.1). O

Remark 6.1.13 : We note that the convergence to zero of the general term is necessary but not sufficient for
a series to converge. For example, the harmonic series > % diverges, but its general term tends to 0.

Definition 6.1.14 : Suppose that (W, ||-||) is a Banach space, and let > u,, be a series with general
terms in W.

« If the series 3 ||uy|| converges, we say that the series 3_ u,, converges absolutely (‘Z¥FUREN) .

« If the series ) u, converges but does not converge absolutely, then we say that > u,, converges

conditionally ({&H4FUREN) .

(_1)n+1

Example 6.1.15 : The series >, = In 2 is convergent but not absolutely convergent. We

will have a more thorough study of such series, called alternating series, in Section 6.4.1.

Theorem 6.1.16 : Suppose that (W, ||-||) is a Banach space. A series > uy, that converges absolutely in
W also converges.

Proof : For every n, k > 1, we have
Junt1 + -+ Untrell < |l + -+ [kl -

Thus, Cauchy’s condition for _ ||u,|| implies Cauchy’s condition for 3~ w,. O

Remark 6.1.17 : From the above theorem, to show that a series converges in a Banach space, we may show
that it converges absolutely, which reduces to the convergence of a series with non-negative terms. This is
the reason why understanding the behavior of a series with non-negative terms is important. In the next
subsection, we are going to study sufficient conditions for such series to converge.

6.2 Series with non-negative terms
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6.2.1 Comparison between series

Proposition 6.2.1: Let ) u,, be a series wtih non-negative terms. It converges if and only if the sequence
(Sn)n>0 of partial sums is bounded from above.

Proof : It is a direct consequence of Proposition 6.1.2. 0

Proposition 6.2.2 (Comparison test) : We consider two non-negative series y , u,, and Y, v,, satisfying

(1) If> vy, converges, then > u, converges.

(2) If > uy, diverges, then Y v, diverges.

Proof : Let (S),)n>0 be the partial sums of Y u,, and (7},),>0 be the partial sums of > v,. Then, for
every n > 0, we have S,, < T},. We conclude by Proposition 6.1.2. 0

Theorem 6.2.3 : Let > u,, and > v, be two series with non-negative terms.
(1) Ifv, = O(uy) and Y u, converges, then Y v, converges.

(2) Ifuy ~ vy, then the series Y u, and ) v, are of the same behavior (i.e. both divergent or conver-
gent).

Proof :

(1) Suppose that v, = O(uy). Let M > 0 and N > 1 such that v,, < Mu, for alln > N. This
means that for n > N, we have

n N—-1 n N—-1 n
ka:ZUk+ka§ZUk+MZuk.
k=1 k=1 k=N k=1 k=N

Since Y u,, converges, the sequence (>} s . )n>N is bounded from above. Therefore, the series
> vy, converges.

(2) If uy, ~ vy, it means that u,, = O(vy,) and v, = O(uy). So (1) implies that ) u,, converges if
and only if > v, converges.

0

Remark 6.2.4 : We note that to apply Theorem 6.2.3, the assumption on non-negative terms is essential.

(1) Forn > 1, let u, = (—71)” and v, = % It is clear that v,, = O(uy). However, > u,, converges by

Theorem 6.4.2, but ) v, diverges from Proposition 6.2.6.

(2) Forn > 1, letu, = % + % and v, = (7\/1%71. It is clear that u,, ~ v,. However, > v, converges by
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Theorem 6.4.2, but > u,, diverges because % diverges.

Example 6.2.5 : Let us study the behavior of the series ) # First, we note that

VAT S S NS S N .
7k k+1 k(k+1) k2 T RE-1) k-1 Kk

Since the telescoping series Z(ﬁ — %) converges, it follows from Proposition 6.2.2 (1) that the series
> # also converges. Moreover, for n > 2, the following relation holds for the n-th remainder,

1 > 1 1
an = Z ) g —.
n+1 k:n—i—lk n

By Cauchy’s condition, the series Z converges, and 1ts n-th remalnder is equivalent to
Another way to show the convergence is to note that ~ ﬁ — E and apply Theorem 6.2.3 (2).
But to find an asymptotic formula for the n-th remamder we need to apply Theorem 6.2.8 that we

will see at a later stage.

Proposition 6.2.6 (Riemann series) : Let « be a real number. The Riemann series Y n% converges if
and only if o > 1.

Proof : For real numbers o« > 3, we have nl —3 for all n > 1. By Proposition 6.2.2, it is sufficient

to show that ) % diverges, and for any o > 1, the series 3 ~ converges.

o Let @ = 1. For every k > 1, we have

1 k—i—ldt k+1dt
= — > k Ink.
2 /k 2 /k 3 = n(k+1)—In

This implies that

Vn > 1, Z Zlnk+1 —Ink) =In(n+1).

?r‘ \

Since In(n + 1) —— 7 Too, we deduce from Proposition 6.2.2 (2) that the series ) % diverges.
n—0oo

« Let o > 1. Similarly, For every k > 2, we have

e e 1 o
ke i1 ke T it 1 —a | ket (k — 1)1 ' '

This gives that

LS| 1 " 1 1 1 1 1
Vn > 2, — < . - 1- < .
" ];21430‘ 1—aka::2 [ko‘_l (k—l)“*] a—ll no‘_ll a—1
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So the series ) n% converges when o > 1.

Remark 6.2.7 : For a fixed o > 1, the Riemann series ) | n% is convergent by Proposition 6.2.6. We may
find an asymptotic expression for its remainder. For £ > 1, we have

1 /’fﬂ dt 1
— > =
ke k o 11—«

1 1
(k+1)o—t  fge-l}

This gives that
<01 1 & 1 1 1 1
v > ]-a 7~ 2 — =
n kz ko 1 a Z (k+ 1)0171 kal] « 1 nafl
=n k=n
Similarly, from Eq. (6.2), we find,
<1 1 > 1 1 1 1 1
Vn > 1, — < — — = —.
" Z: ke 1 -« kZ [kz“l (k — 1)0‘1] a—1ne-1  po
= =n+1

The above two relations imply that

=1 1 1 ) 1 h
T = o 1npo-1 + (nioz)’ when n — oo. (6.3)
k=n

6.2.2 Partial sums and remainders

Theorem 6.2.8 : Let > u,, and ) v, are two series with non-negative terms such that u,, ~ v,. Then,

the following properties hold.

(1) If > uy, converges, then Y v, converges and their remainders satisfy
0 (o0}
Z Up ~ Z Vg, N —> Q. (6.4)
k=n k=n

(2) If > uy, diverges, > vy, diverges and their partial sums satisfy

n n
Z Up ~ Z Vg, N — 00. (6.5)
k=1 k=1

Proof : By Theorem 6.2.3, we already know that > u,, and > v,, have the same behavior.

(1) Lete > 0. It follows from the equivalence u,, ~ v,, that we may find N > 1 such that

V>N, (1—¢e)up <vp < (14 e)ug. (6.6)
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By taking a summation over k£ > n withn > N, we find

o0

oo
Vn > N, (1—5)Zuk ka (1+¢) Zuk
k=n

This is exactly what Eq. (6.4) means.

(2) Let e > 0. As above, we may find NV > 1 such that Eq. (6.6) holds. Then, for any n > N, we

have
n

N-1 n N-1 n
ka—f—(l—e)Zungvkg ka+(1+5)zuk- (6.7)
k=1 k=1 k=1 k=N

We use the fact that the general terms v,, are non-negative and the series ) uy, diverges, we may
find N’ > N such that the two following inequalities hold,

N-1 n
v < € Z ug, Vn =N/, (6.8)
k=1 k=N
N-1 N-1 n
(1 —2¢) U — v < € Z up, Vn >N’ (6.9)
k=1 k=1 k=N

If we use Eq. (6.8) to the right side of Eq. (6.7), we find

n

n n
Z (1+2) > wp < (1+28) ) wg,
k=N

k=1

where the last inequality follows because the general terms u,, are non-negative. Similarly, if we
use Eq. (6.9) to the left side of Eq. (6.7), we find

n N— n n n
Z 1—252 EZuk—i—(l—EZ (1—2¢) Zu
k=1 k=1 k=N k=N k=1
This is exactly what we need to show for Eq. (6.5).

O

The above result has useful applications when it comes to asymptotic expansion of sequences or series.
We are going to look at an important example below.

Example 6.2.9 : The sequence (H,,),>1 of harmonic numbers is defined by
1 1
Vn>1l, H,=1+_-+ -4+ —.
2 n
(1) We first note that when n — oo, we have the following equivalence,

%Nlﬂ(l—l—%).

Since both series Z% and Y In(1 + %) are with non-negative terms, it follows from
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Theorem 6.2.3 (2) that they are of the same behavior. It is not hard to see that
n 1 n
In(l1+-)= In(k+1)—In(k)] =In(n+1
’;(k);:jlu)()]()

diverges when n — o0, so we deduce that Z% also diverges. Moreover, it follows from
Theorem 6.2.8 (2) that their partial sums are equivalent. In other words, for n — oo, we have

n
H, ~ Zln (1—!—%) =In(n+1) ~Inn.
k=1

This gives the first term in the asymptotic expansion of the harmonic numbers.

(2) To get the following terms in the asymptotic expansion of (H,,),,>1, let us consider the sequence
(Ay)n>1 defined by A,, = H,, — Inn for n > 1. Then, for n > 2, we may write

1 1 1 1
An—An_l:E—lnn—i—ln(n—l):ﬁ—kln(l—ﬁ)N—W. (6.10)
By the result on the Riemann series in Proposition 6.2.6, we know that the series ) # converges,
and again by Theorem 6.2.3 (2), we know that the series > (A, — A,,_1) converges. Additionally,

since
n

Vn =2, Y (Ap— A1) = A, — Ay,
k=2

we deduce that the sequence (4,,),>1 converges. Let us define v := lim,,_,o, 4, called Euler’s
constant, and we have

H,=In+A,=Inn+~v+0(l), whenn — oo.

(3) Following the computations in (2), due to the equivalence in Eq. (6.10) and Theorem 6.2.8 (1),
we know that the following equivalence holds,

> 1 &1 1
Y=Ap= D (Ap—Apo1)~—= Y, S~
k=n+1 2 k=n-+1 k 2n

where the last equivalence comes from Example 6.2.5. This gives the asymptotic expansion of
H,, below
1 1
H, :lnn—i—'y—kf—i-o(—), when n — oo.
2n n
(4) We may go further in the above asymptotic expansion. Let us consider the sequence (D, )n>1

defined by :

1 1
Dn:Hn—lnn—v—%:An—q/—%, Vn > 1.
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Then, when n — oo, we have

1 1 1 1
Dn—anl—;—Fln(l—E)"Fm—%

1 1 1 1 1 1 1 1 1 1
= Gramtaa ol rn (i mrolE) -5
1 1
= o o)

Since the Riemann series % converges, we know that the series Y (D,, — D,_1) also con-
verges, and when n — co, we have

> 1 &1
k=n+1 k=n+1

By applying Eq. (6.3), we deduce that >°72 ., % ~ #, and the left-hand side is equal to
11

limy 00 Dy — D, = —Dy,. This allows us to obtain that D), ~ —15 whenn — oo. The
asymptotic expansion of the harmonic numbers writes

1 11 1

H, :lnn+7+% BETIY) +0<ﬁ)’ when n — oo.

(5) You may repeat the above procedure to find the following asymptotic expansion

N
1 Boy, 1
H,=Inn+~vy+ o —I; SonZk +o<n2N), when n — o0,
where (Bsay)r>1 are Bernoulli numbers whose first terms are given by By = %, By = —%,
Bg = 4i etc.

Remark 6.2.10 : In Exercise 6.12, you may apply the same method as in Example 6.2.9 to deduce an
asymptotic formula for n!, called Stirling’s formula.

6.2.3 Comparison between series and integrals

Integrals and series are closely related: a series is a discrete summation, whereas an integral is the limit of
such discrete summations. When a series converges, it is usually not trivial to get an exact formula or value
for its limit; however, there are a lot of functions who have a nice primitive that we can compute (Appendix
1). In this subsection, we introduce a method allowing us to study the behavior of a series with the help of
integrals. The idea behind is similar to what we have done in the proof of Proposition 6.2.6, but here we give
a more general setting and a more precise result for such a method.

Proposition 6.2.11: Let f : [1,+00) — R be a non-increasing function with lim,_,~ f(z) = 0. For
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every integern > 1, let us define
Sn=>Y_flk), In= / f(t)dt, D, =S, — I,.
k=1 1

Then, the following properties hold.
(1) Forn > 1, wehave0 < f(n+ 1) < Dypy1 < D, < f(1).
(2) The sequence (D,,)n>1 converges, and denote D := lim,,_,oc D,,.

(3) Theseries Y. f(n) and the integral [ f(t) dt := lim, o [;° f(t) dt have the same behavior, that
is both are either convergent or divergent.

(4) Forn > 1, we have 0 < D,, — D < f(n).

Proof :

(1) Since f is non-increasing, we find

Let us fix n > 1. We have

n

n+1 k+1 n
L= [ =3 [T r0d <Y 1) = 5,
1 k=1"F k=1

Therefore, f(n + 1) = Sp41 — Sn < Spt1 — In+1 = D1, which shows the first part of the
inequality.

Next, we write
n+1

Dy~ Du= [ f0)dt~fn+1) >0,

n

This shows that D1 < D,,. To conclude, we note that D; = f(1), and by induction, we find
D, < Dy = f(1)foralln > 1.

(2) From (1), we know that (D,,),>1 is a non-negative sequence bounded from below by 0, so it
converges.

(3) From (2), we know that lim,,_,~,(.S,, — I,) exists. Therefore, both sequences (.Sy,),>1 and (I,)n>1
have the same behavior.

(4) Forn > 1, we write the telescoping summation

N-1
D,—D= A}iinoo(Dn — Dy) = Jim > (Dg — Dys1)-

k=n

From (1), we know that Dy, — Dy, > Oforallk > 1,s0 D,, — D > 0. For every k > 1, we also
have

k+1
Dy, — Dyt = /k F#)dt — F(k+1) < F(k) — f(k +1),
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SO Nl
Dy =D < Jim Y () = f(k+1) = lim (f(n) = F(N)) = ().
k=n

Remark 6.2.12:

(1) In Proposition 6.2.11, if f is non-increasing on [M, +00) for some M > 0, then the qualitative state-
ments such as (2) and (3) still hold, whereas the bounds in (1) and (4) need to be adjusted.

(2) From Proposition 6.2.11 (4), we also know that
0< Y S0~ [ F#)dt - D < f(n).
k=1 1
In other words, we have an asymptotic expansion
Zf(k:):/ f(t)dt+ D+ O(f(n)), whenn — oo. (6.11)
k=1 !
If we apply this to the function f(z) = 1, then we find
"1 1
= Zi zlnn—l-D-i-(’)(—), when n — 00,
= k n

which is similar to the result obtained in Example 6.2.9, stronger than (2), but weaker than (3).

Example 6.2.13 : Take s € R and f(x) = =~ in Proposition 6.2.11. Along with Proposition 6.2.6,
we know that >>n™% converges if s > 1 and diverges if s < 1. For s > 1, this series is called the
Riemann zeta function,

For s € (0,1), Eq. (6.11) gives us
= 1 1= —1 1
g]? %+C(S)+O(E)7 when n — oo,

where C/(s) is a constant depending on s. The constant term in the above summation is equal to (),
so the remainder of the series writes,

<1  nts 1
kzn;rlkszs_l—i—(’)(ns) when n — o0,

which is the result we found in Eq. (6.2).
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Proposition 6.2.14 (Bertrand’s series) : For o, € R, the corresponding Bertrand series is given by
)P
=, n(Inn)f

(1) When o > 1, the Bertrand series converges.

(2) When o = 1 and > 1, the Bertrand series converges.

(3) Otherwise, the Bertrand series diverges.

Proof : We are going to apply the comparison test (Proposition 6.2.2) and Proposition 6.2.11 to show
these properties.

(1) Let @ > 1. Note that we have the compraison

1 B 1 h
nemn)p o\ Grayz ) Whenn — 00.

We know that the Riemann series > W converges, because HTO‘ > 1. By comparison

(Proposition 6.2.2), we deduce that the series ) m is convergent.

(2) Let @ = 1 and 3 > 1, and let us apply Proposition 6.2.11 to the non-increasing function f(z) =
. The integral of f writes as below,

1 Inn 7 1 1 1
/ 1) _/2 t(Int)? O”:/ln2 = 1_5[(1%)5—1‘(1112)5—1}'

The right hand side of the above integral converges to some finite limit, so the series >
is convergent.

_ 1
z(Inz)P

n(ln n)ﬁ

(3) Let us first deal with the case « = 8 = 1. We apply Proposition 6.2.11 to the non-increasing
function f(z) = The integral of f writes as below,

1
zlnx*

Inn
/f t)dt = / 7d —/ lds:lnlnn—lnlnz
o tint In2 8

The right hand side of the above integral diverges, so the series

nlnn is divergent.

When o = 1 and 8 < 1, we note that we have
1 < 1
nlnn ~ n(lnn)f’

We conclude by comparison (Proposition 6.2.2) that the series ) (1 ok 5 diverges.

When o < 1, we have the relation

1 1 .
W—OW Wenn—)oo,
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and the result follows from the divergence of the Riemann series ) | W with HTO‘ <L

6.3 Tests of convergence

Theorem 6.3.1 (D’Alembert’s criterion, ratio test) : Let (uy, )n>1 be a sequence of real numbers. Suppose
that it is strictly positive from a certain index. Additionally, assume that the following limit exists

0= lim ™ ¢ [0, +o0].

n—00 Uy,
Then, the following statements hold.
(1) If€ < 1, then the series > uy, is convergent.

(2) If¢ > 1, then u,, —— +00 and the series ) uy, is divergent.

n—oo

(3) If¢ = 1 and the ratio UZ—:’LI stays above 1 for all large enough n, then the series > u,, is divergent.

Remark 6.3.2 : When ¢ = 1, even if the ratio uZ—:l always stays below 1 for all n, d’Alembert’s criterion

does not allow us to conclude. For example, we may consider the series % and ) n% In both cases, the
limit is £ = 1, and the ratio u”“ is smaller than 1 for all n > 1. However, the former series is divergent, and
the latter series is convergent

Proof :

(1) Suppose that ¢ < 1. Let N > 1 such that for n > N, we have u,, > 0 and “2+ < 176 =r<l

Then, for n > N, we find u,, < ™ Nuy, and

In the above summation, the first term is a constant, and the second term is a geometric series
with ratio r < 1, so converges.

(2) Suppose that £ > 1. We proceed in a similar way as above, with inequalities reversed. Let N > 1
such that for n > N, we have u,, > 0 and % > 1T+E =:r > 1. Then, for n > N, we find

Uy = 1" Ny, and
n N-1 n N-1 n
k—N
RIS SRTSED SETED SRTSE SR
k=1 k=1 k=N k=1 k=N

In the above summation, the first term is a constant, and the second term is a geometric series
with ratio r > 1, so diverges.

(3) Suppose that £ = 1 andlet N > 1 such that u,, > 0 and the ratio u”“ > 1foralln > N. Then,
foralln > N, we have u,, > uy > 0. Clearly, this implies that the series > uy, is divergent.
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Example 6.3.3 : For a given z € C*, let us look at the series ) ’;—7: The ratio of two consecutive terms
writes
2"/ (n+ D 2|
|z|™/n! n+1 n—oo

0<1.

By the d’Alembert’s criterion, the series ) %T,L converges absolutely, so it also converges. Therefore,
this series converges for all z € C. This is a direct consequence of Theorem 6.1.16 if we see C as a
two-dimensional vector space over R.

A simple generalization of Theorem 6.3.1 is stated in the following corollary. To get the absolute conver-
gence of a complex-valued series, we may look at the lim inf and lim sup of the ratio.

Corollary 6.3.4: Let Y u,, be a series with nonzero terms in a Banach space (W, ||-||). Let

il s i

n—oo |[|unl

(1) If R < 1, then the series ), u,, converges absolutely.
(2) Ifr > 1, then the series Y u,, diverges.

(3) Ifr <1 < R, then we cannot conclude.

Remark 6.3.5 : Do not forget that this corollary is useful especially when (W, ||-||) = (C, |- |).

Proof : The proof is very similar to that of Theorem 6.3.1. Let us prove it for (1) as an example.

Let > u,, be a series with nonzero terms in (W, ) such that R < 1. By the definition of lim sup,
there exists N > 1 such that

1+R

wnsn, vl :

lunll

x < 1.

Then, we may follow the same argument to conclude. 0

Theorem 6.3.6 (Cauchy’s criterion, root test) : Let (u,,)n>1 be a sequence of real numbers. Suppose
that it is non-negative from a certain index. Additionally, assume that the following limit exists,

A= lim (un)"/" € [0, +00].
Then, the following properties hold.
(1) If X\ < 1, then the series Y u,, is convergent.
(2) If X > 1, then the series ) _ uy, is divergent.

(3) IfA = 1, and (u,,)/™ stays above 1 for all large enough n, then the series 3" u,, is divergent.
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Proof :

(1) Suppose that A < 1. Let u = # € (\,1). Take N > 1 such that u,, > 0 and (u,)"/™ < u for
all n > N. This shows that for any n > IV, we have

n N

n
Zuk< Zuk<'u7<oo.
k=N k=N 1—p

Therefore, the series ) ;.\ uy converges, and so does the series >, -1 up.

(2) Suppose that A > 1. Let u = % € (1,)). Take N > 1 such that (u,)"/™ > pforalln > N.
This shows that for any n > N, we have

n n
doukz Y pt >t o oo
k=N k=N

Clearly, the series > u,, is divergent.

(3) Suppose that A = 1 and there exists N > 1 such that (u,)"/™ > 1 for alln > N. Let us fix such

an N > 1. Then, for all n > N, we also have u,, > 1, so the series ) u,, is divergent. .

Remark 6.3.7 : Similar to Remark 6.3.2, when A = 1 and (un)l/” always stays below 1 for all n, Cauchy’s
criterion does not allow us to conclude. We may again take the same series ) % and ) # as examples.

Corollary 6.3.8 : Let (uy,)n>1 be a sequence in a Banach space (W, ||-||) and
A = lim sup [|u. ||Y/" € [0, +o00].
n—o0

Then, the following properties hold.
(1) If X < 1, then the series ) uy, is absolutely convergent.
(2) If X > 1, then the series Y u,, is divergent.

(3) If A = 1, then we cannot conclude.

Proof : The proof is similar to that of Theorem 6.3.6, which is left as an exercise, see Exercise 6.16. [J

Remark 6.3.9 : In Exercise 2.31, we saw the following inequality for a sequence (a,)n>1 with general
strictly positive terms,
Qn+41

< limsup(a,)Y™ < limsup .
n—o00 n—o00 (47%%

lim inf 27+ < liminf(a,)"/"

n—oo  a, n—00

This means that the root test is stronger than the ratio test. For example, we may look at the sequence (a,)n>1
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defined by
2n+1 1 'f .
V=1, an=(1+(-1)")2"+1= +1 ifniseven,
1 if n is odd.
Then, we have
0 = lim inf An+1 < lim inf(an)l/n =1 < lim Sup(an)l/n — 92 < lim sup Ap41 — too.
nTee an oo n—00 n—00 ap

If we want to apply the ratio test (Corollary 6.3.4), we see that we are in the third scenario; whereas if
we apply the root test (Corollary 6.3.8), we are in the second scenario, that is the series ) a,, is divergent.
However, we may note that by applying the ratio test to > as,, we find the divergence of the series Y aay,
leading to the divergence of > a,.

6.4 Conditionally convergent series

In this section, we still consider series with terms in a Banach space (W, ||-||), which converge condition-
ally. We recall that if a series converges but does not converge absolutely, then we say that it converges
conditionally, see Definition 6.1.14. We note that the special cases W = R or C are useful in practice.

6.4.1 Alternating series

Definition 6.4.1:Let Y u, be a series with terms in R. We say that it is an alternating series (3X%5
B if (—1)"u, has the same sign for all n > 1. Up to a global sign change, we may rewrite the
series > uy, as y_(—1)"ay,, where a,, > 0 foralln > 1.

Theorem 6.4.2: Let (a,)n>1 be a non-negative sequence. Suppose that it is non-increasing and tends to
0. Then, the alternating series > (—1)"a,, converges, and its remainder satisfies

o
Vn>1, |R,|<apnt1, whereR, = Z (—1)*ay.
k=n+1

Remark 6.4.3 : In Exercise 6.22, you can see that under some additional mild assumptions, we get a finer

estimation on the remainder of an alternating series. In particular, you may apply this result to the alternating
n+1

series > (Gt i

n

Proof : Since (a,,) is non-increasing, we find, for all n > 1,

Sont2 — Sop = G2p42 — G2p41 <0 and  Sopq1 — Sop—1 = a2, — azny1 = 0.

In other words, the sequence (S2;,),>1 is non-increasing, and the sequence (S2;,—1)n>1 is non-

decreasing. Since Sy, — So,—1 = a9y — 0, the sequences (Sa2y,)n>1 and (S2;,—1)n>1 are adjacent.
n o0

Then, it follows from Proposition 6.1.4 that they converge to the same limit, denoted S. Therefore,
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Sn TL—>—OO> S and
Vn>1, Sop—1 < Sopg1 <5< Sop

This implies that
Vn =1, |Rop| =S — Son| < Son — Sont1 = aont1.

Similarly,
Vn>1, |Rop—1| =S — Son—1] < S2n — Son—1 = azn.

+1

Example 6.4.4 : By Theorem 6.4.2, the series 3 % is convergent. Let us compute its sum. By
Example 6.2.9, we know that the harmonic numbers have the following asymptotic behavior,

n
1
H, = ZE:lnn#—W—i-o(l), when n — co.
k=1

Let us denote the partial sums of the alternating series as below,

n 1)k+1
Vn > 1, Z
k=1
Then, for every n > 1, we find
nL2
Hop — S2n = kX_:l ﬂ = H,.

In other words, we have the following asymptotic behavior for Sy,

Son = Hopy — Hp, = (In(2n) +v+0(1)) — (Inn+v+o0(1)) =In2 + o(1), whenn — oo.

)n+1

This means that the series Z converges to In 2.

6.4.2 Dirichlet’s test

Let us consider a series > u, whose general term can be rewritten as u,, = a,b, for n > 1. We write
Sp=>p_1bgforn > 1and Sy = 0.

Proposition 6.4.5 (Abel’s transform) : For everyn > 0, we have

n—1

> Z ag — g41)Sk + anSh. (6.12)
k=1
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Proof : For every n > 0, we have

||
M:

el
Il
—

be =Y ar(Sk — Sk—1)
k=1
-1

n n—1
= apSk — Z aps15k = Y _(ar — ps1)Sk + anSn.
k=1 k=0 k=1

Remark 6.4.6 : This is exactly the integration by parts for the Riemann-Stieltjes integral when the integrator
is given by the Gauss function |- |, see Corollary 5.2.24, and try to compare the two formulas.

Theorem 6.4.7 (Dirichlet’s test) : Let >~ u,, be a series with general terms in a Banach space (W, ||-||).
Suppose that its general term u,, writes u,, = apby, with a, € R andb, € W foralln > 1, and satisfies

(i) the sequence (an)n>1 is non-negative, non-increasing, and tends to 0;
(ii) the series > by, is bounded.

Then, the series > uy, is convergent.

Remark 6.4.8 : We can make the same observation as in Remark 6.4.6. We have already seen an application
of Corollary 5.2.24 to show the convergence of series in Exercise 5.21. This theorem is based on the Abel’s
transform (Proposition 6.4.5), and the result is exactly the same as in Exercise 5.21.

Proof : Let us apply Abel transform Eq. (6.12) to the series Y u,,. For every n > 0, we have

n n—1
Z U = Z(ak — ak+1)5k + anSn,
k=1 k=1

where S, is the n-th partial sum of the series ) b,,. Let M > 0 such that |S,,| = | >_7_; bx| < M for

all n > 1. Then, we have |a,,S,| < |a,|M — 0, so the series Y~ u,, and > (a, — an+1)Sy, have the
n [o.¢]

same behavior. Moreover, for every k > 0, we have

|(ar — ag+1)Sk| < (ak — ag41)M,

since (ay)x>1 is non-increasing. Thus, for every n > 0, we have

n

n
Z ar — ag1) Skl < Y (ar — agp1))M = (a1 — an1)M < a1 M.
k=1 k=1

This shows that the series > (a, — an+1)Sy is absolutely convergent, so convergent. O
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Example 6.4.9 : Applying Theorem 6.4.7, we obtain the convergence of the following series.

(1) Let (apn)n>0 be a non-increasing sequence that tends to 0. The alternating series > (—1)"a,, is
convergent because the following partial sum is bounded,

Vn>1, |(-D) 4+ (D% +---+(-1)" <1

This is exactly the result in the first part of Theorem 6.4.2 for alternating series. However, the
Dirichlet’s test does not give us any estimate on the remainders of the series.

(2) Let (an)n=0 be a non-increasing sequence that tends to 0. Let § € R\27Z. Consider the series
S ape! "0 For all n > 0, we have

) ] 1— i(n+1)0 sin (n+1)0 1
Vn = 0, ‘1+€19+"'+€1n9‘:‘ 16_619 = ( ; ) N0y
sin (3) |sin (3)]

Therefore, the series 3" a,el™ converges if § € R\277Z.

6.5 Rearrangement of series
Let (W, ||-]|) be a Banach space and > u,, be a series with general terms in .

Definition 6.5.1: We say that the series Y vy, is a rearrangement (BE#1HE5!) of > u,, if there exists

a bijection ¢ : N — N such that
Un = Up(n), vn € N.

Theorem 6.5.2: Suppose that the series Y u,, is absolutely convergent with sum s. Then, any rearrange-
ment of >, uy, is also absolutely convergent with sum s.

Proof : Let ) vy, be a rearrangement of ) u,, defined by vy, = uy(y,) foralln € N, where ¢ : N — N
is a bijection. We note that for every n > 1, we have

n n (o]
Sl =3 (o | < D sl -
k=1 k=1 k=1

The series Y ||vg|| has non-negative terms and bounded from above, so it converges, that is >~ vy con-

verges absolutely.
Let € > 0. Since > u,, converges absolutely, we may find N > 1 such that

[e.9]

> lwl <e

k=N+1

We write (S, )n>0 for the partial sums of Y u,, and (7},),>0 for the partial sums of > v,,. Let M > 1
be such that
{L.... N} C{e(1),..., (M)}, (6.13)
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then for any n > M + 1, we have ¢(n) > N + 1. Taken > M + 1, we have

n N n N 00
1T = Snll = | 2ok = D) = || 2 oy = 2| < 3 lwll <,
k=1 k=1 k=1 k=1 k=N-+1

where in the last equality, we use the inclusion from Eq. (6.13). To conclude, we write
[T — sl < [|Tn — SNl + [|Sy —s]| <e+e=2e.
Thus, the series ) v, also converges to s. 0

Remark 6.5.3 :In Theorem 6.5.2, it is important to assume that the series converges absolutely. Below, we
provide a counterexample in Example 6.5.4 and give a general result in Theorem 6.5.5.

Example 6.5.4 : We already know that the following series converges (Example 6.4.4)

(—1)n+t 1 1 1
= 1l——-4 - ——+---=In2
2, 3 a" "

n>1

If we rearrange the terms in the following way, we get a different sum,

1 1 1 1 1 1 1 1
(1_2)_4+<?_61)_81+(5_10)_12+"'

+ 112
- = o= —In 2.
2

1 1+1 N
2 4 6 8 10 12

Theorem 6.5.5 (Riemann series theorem) : Let Y u,, be a real-valued series. Suppose that it converges
conditionally. Let —oo < < y < +00. Then, there exists a rearrangement ) , vy, of Y U, such that

liminf7, =x and limsupT, = v,
n=e2 n— 0o

where for everyn > 1, T,, = v1 + - - - + vy, is the n-th partial sum of Y vy,.

Remark 6.5.6 : In particular, if we take = y in Theorem 6.5.5, then the theorem says that we can find a
rearrangement whose sum is equal to z = y.

Proof : This statement can be shown by construction. We do not give the details here. O

6.6 Cauchy series
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Definition 6.6.1:Let K = R or C and (A, ||-||) be a normed vector space over K. Consider a binary
operator - : A x A — A.
(1) We say that (A, -) is an algebra if - is bilinear, that is, the following are satisfied.
(a) (Right distributivity) For z,y,z € A, wehave (t+vy) - z=z-2+7y- 2.
(b) (Left distributivity) For z,y,2 € A,wehavez- (r +y) =z -z + z-y.
(c) (Scalar multiplication) For z,y € A and a, b € K, we have (az) - (by) = (ab)(x - y).
(2) We say that (A, -, ||-||) is a normed algebra (FREEVEY) if (A, ) is an algebra, and the norm |-||

is submultiplicative, i.e.,
Ve,y e A, lzyl < llzfl [yl -

Example 6.6.2:
(1) The simplest examples of normed algebras are (R, x, | -|) and (C, x,| - |).

(2) We have seen in Remark 3.2.15 that £.(U) equipped with the oprator norm ||-|| is a normed
algebra for any normed vector space U. In particular, if U is a finite-dimensional normed vector
space, then £(U) equipped with the oprator norm ||| is a normed algebra.

(3) Equivalently, for an integer n > 1, the space of n x n matrices M, x,(K) equipped with the
matrix norm |||-||| is also a normed algebra.

Theorem 6.6.3 (Cauchy product) : Let >, - an and ), ~q by be two absolutely convergent series with
terms in a complete normed algebra (A, ;||-||). We define their Cauchy product to be the series ), - ¢
given by

n
Vn € Ng, ¢, = Z apby,_k.
k=0

The series Y ¢y, is absolutely convergent, and its sum equals

D @ (Zap> (Z%). (6.14)

n=0 p=0 q=0

Proof : Let us denote the following sums,

A=Y lapl and Bi=Y" bl
p=0 q=0

22 Last modified: 09:32 on Friday 18" April, 2025



Chapter 6 Sequences and series

Let n > 0. The n-th partial sum of ) ¢,, writes

n n
D el < Z( > llapll - Hbqll> < D lapll - bl
k=0 k=0 \ p+q=k 0<p,g<n

p,g=0

(St ) (Sl ) < am

Thus, the series ) ¢, is absolutely convergent.
To compute the sum of the series ) ¢, let us define the following quantities,

2n n n
Vn > 0, An:ch— (Zap><2bq>.
k=0 p=0 q=0

Then, for any n > 0, we have

An= > apbg— D apbg= > apbgt+ Y. apbg

p+q<2n 0<p,gsn p=>n+1,q>0 g=n+1,p>0
p,q=0 p+q<2n p+q<2n

Therefore, for any n > 0, the triangle inequality gives,

1Al < >0 llapllllbgll + D2 lapll libgl

p=n+1,g>0 g=n+1,p=0
p+q<2n p+a<2n
< > llapllogll + D= llapll 5]
p=n+1,q20 q=n+1,p=0
o0 (0.)
=B- Z lapl| + A - Z [0 P 0.
p=n+1 g=n+1

This proves Eq. (6.14).

6.7 Double sequences, double series
6.7.1 Double sequences and double limits

Let (W, ||-]|) be a Banach space. A sequence (w, n)m,n>1, taking values in W with two indices, is called a
double sequence (2 TIEFF).

Definition 6.7.1: Let (4, n)m n>1 be a double sequence. Let £ € TV. We say that the double sequence

(Um,n)m.n>1 converges to £, denoted
m Uy, =4,

m,n— 00
if for every € > 0, there exists N > 1 such that
Vm,n = N, |umn—/{| <e. (6.15)

We call ¢ the limit or the double limit of the double sequence (U, n)m.n>1-
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Example 6.7.2: Let (U, )m,n>1 be a real-valued double sequence defined by
Vm,n =21, Unn=Lnzn.

Then, we have,

Vn>1, lim %p, =1 and lim lim wu,, =1, (6.16)
m—0o0 n—o0 m—0oo
and
VYm>1, lim %y, =0 and lim lim wu,,, =0. (6.17)
n—00 M—00 N—00

However, this double sequence does not converge in the sense of Definition 6.7.1, where the uniformity
in both indices m and n is required. We call the limits in Eq. (6.16) and Eq. (6.17) iterated limits of the
double sequence (U, r,)m n>1. This shows that when taking an iterated limit in a double sequence, the
order in which the limits are taken is important.

Theorem 6.7.3 : Let (U, n)mn>1 be a double sequence. Suppose that
(i) the limit limy,, y,—s00 Um,n exists and equals ¢ € W ;
(ii) for everym > 1, the limit lim,, o0 U,y exists.

Then, the following iterated limit exists and satisfies

lim lim wu,,, =%
m—00 Nn—00 ’

Proof : From the assumption (ii), we may define /,,, := lim, oo U, n for every m > 1. Let e > 0.
From the assumption (i), we may find N > 0 such that

|lumn — || <e, ¥Ym,n=>N.

Fix m > N, by the definition of /,,, just above, we may find N’ = N’(m) > 1 such that
m — umanl <e, Vn =N’

Then, for any n > max(N, N'), we have

1€ =l < 1€ = vmn

| + ||um,n_£m|| Le+e=2¢.

This shows that lim,,,— o0 £ = ¥. O

6.7.2 Double series

Due to the Riemann series theorem (Theorem 6.5.5), when we want to discuss the order of summations
in double series, we are only interested in absolutely convergent ones.
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Theorem 6.7.4 : Let (U, 1) m,n>1 be a double sequence with general terms in a Banach space. Then, the
two following properties are equivalent.

(1) For every n > 1, the series Y, Um, n is absolutely convergent, and the series >, (3", || umn|)
converges.

(2) For every m > 1, the series y_,, Uy, p is absolutely convergent, and the series 3 ., (3", |umnl|)
converges.

Moreover, when one of the above properties holds, we have

m=1 1 =1l

n= n=1 \m=

Proof : By symmetry, it is enough to show that (1) = (2). Assume that (1) holds. For every n > 1,
let A, = 32,51 [[Um,n||. Then, the preoperty (1) states that ) A,, converges. Let us fix m > 1, then
[t < Ay foreveryn > 1,503, 51 tmn converges absolutely. Let By, := >_,,51 ||tm,n|| for every
m 2= 1. Then, for any M > 1, we have

M M M
m=1 1

m=1n>1 n=>1l \m= n>1

where in the second equality, we use the linearity on convergent series. On the left-hand side, we
have a series with non-negative terms, and on the right-hand side, we have an upper bound that is
independent of M, so the series Y B,, converges. This allows us to conclude that (2) holds.

We note that when (1) is satisfied, the right-hand side of Eq. (6.18) is well defined, because for every
n > 1, the absolute convergence of ), U, , implies that >, u, , converges and satisfies

> | < 3l
m m

Then, the convergence of >, >, ||tm || implies that of }°, ||>°,, wm nl||, which implies the conver-
gence of 3 (3, Um.n). Since we have shown that (1) and (2) are equivalent, the left-hand side of
Eq. (6.18) is also well defined.

Now, we are going to show Eq. (6.18). Define

n n
Yn>1, S,= ZZUWI’

p=1g=1

and let us show that S,, converges to the right-hand side of Eq. (6.18), then we conclude by symmetry.
Let

m
Vm,q 21, amq= Z“p,q and Vg=1, ag= Zul’vq'
p=1 p=1
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Lete > 0and @ > 1 suchthat }° -5 Ay < €. Then, for n > @, we have

Q n s
Zaq_sn_ Zaq Zan, = Z(aq_any)_F Z (ag = an,g) + Z -
e g=1 q=Q+1 g=n+1
We note that for g > 1, we have [la,]| < Ay and for g > Q, we have ay — | = [Syons 1 ]| <

A,. Thus, the above inequality gives

Q 00 Q
Sh Z( —ang)|| + Z Ay Z —anyg)|| T €.
g=1 q=Q+1 q=1
Since ay, 4 — for every q > 1, by taking lim sup when n — oo, we find
lim sup Z ag — Sp|| <e.
The choice of € > 0 is arbitrary, so we find
oo
hglj;;p Zaq Sl =0 = T}Lm Zaq—Sn =0,
q=1 q=1
: o0
that is, S, — > g=10q- O

6.8 Infinite products
6.8.1 Convergence and divergence

Let (uy)n>1 be a sequence with values in K = R or C. We may define the sequence (P, ),>0 as below
n
Py=1, Pn:Huk, Vn > 1

For each n > 1, we call u,, the n-th factor of the infinite product [] u,, and P, the n-th partial product of
the infinite product [] wy,.

Definition 6.8.1 : The notion of convergence and divergence of an infinite product [] u, is given
below.

(1) Ifthere are infinitely many factors u,, that are zero, we say that the infinite product [ | u,, diverges
to zero.

(2) Ifu, # O foralln > 1, we say that
(a) the infinite product converges to P # 0 if P, — P, and we write P = [[>2 | uy;
(b) the infinite product diverges to 0 if P, —= 0;
n—oo

(c) the infinite series diverge otherwise.
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(3) If there exists N > 1 such that u,, # 0 for all n > N, let us define

Vn > 17 Un = Un+N—1,

and its corresponding partial products (P},),>0 given by

n N+n—1
Po=1, Pi=TJve= ][] w, Vn>1
k=1 k=N

(a) If the infinite product [] v,, converges to P # 0, then we say that the infinite product [] u,,

converges to u; ...uyn—_1P and write its limit as

n>1 n=>N

to 0;

Hun =UuUl...UN-1 H un:ul...uN,lnvn;

(b) If the infinite product [] v, diverges to 0, we say that the infinite product [] u,, diverges

(c) Otherwise, we say that the infinite product [] u,, diverges.

n>1

Remark 6.8.2 : From Definition 6.8.1, we know that by adding or removing finitely many zeros to an infinite

product, we do not change its convergent or divergent behavior.

Proposition 6.8.3 (Cauchy’s condition) : The infinite product || u,, converges if and only if for every

€ > 0, there exists N > 1 such that

Vn > N, VE>1, |upt1.. . uptk — 1] <e. (6.19)

Proof : Since the notion of convergence of [] u,, and the condition Eq. (6.19) are not changed if we
remove finitely zero terms from (u;,),>1, we may assume that u,, # 0 for alln > 1.

« Suppose that [] u,, converges. Let

P = lim P, = nli_>ngokl:[1uk £ 0.

This means that the partial products (P,,),>0 of ] u,, are bounded from below by some constant
M > 0. Let € > 0, by the Cauchy’s condition for sequences from Corollary 6.1.11, we may find

N > 1 such that

V= N, Vk =1, |Puk— P <eM,
which, by dividing by | P,|, implies
P,
V>N, Vk>1, |—2F* _q|<e,
P,

which is exactly Eq. (6.19).
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« Suppose that for every € > 0, there exists N > 1 such that the condition Eq. (6.19) holds. Let
€ = % and take N > 1 such that Eq. (6.19) holds. This shows that for every n > N, we have
un # 0. Forn > N, let Q, = []};—n.1 uk. From Eq. (6.19), we also deduce that % < |Qn| < %
for all n > N. Additionally, for every n > N and k > 1, we also have

|Qn+kz 1

3
<eg = |Qn+k’_Qn| <€|Qn‘ < ;€.
Qn 2

This means that the sequence (Q,),>n satisfies Cauchy’s condition, so converges. This also
means that the product [] u,, converges.

O

Theorem 6.8.4: Let (ay,)n>1 be a sequence with strictly positive general terms. Then, the infinite product
[1(1 4 ay) converges if and only if the series Y a,, converges.

Proof : The convergence of the infinite product [](1 + a,,) is equivalent to the convergence of the
series Y In(1 + ay,).

« If " In(1 + ay,) converges, it means that In(1 + a,,) —— 0, so a,, —— 0. Thus, we have the
n—o0 n—oo

equivalence relation In(1 + a,) ~ a, when n — co. We apply Theorem 6.2.8 and we find that
the series )  a,, converges.

« If the series ) a, converges, then a,, —— 0. Then, we conclude in a similar way.
n—oo ‘:’

Remark 6.8.5:

(1) If some of the terms in (ay),>1 are zero, both the values of " a,, and [[(1 + a,) are not changed.
Therefore, it is reasonable to assume that the sequence (a,,),>1 does not contain any zero.

(2) In the case that (ay),>1 is a sequence with strictly negative general terms, the same statement also
holds.
(3) Itis important to assume that the sequence (a,,),>1 has a constant sign. We may consider the example
—1)"
an:(\/ﬁ) forn > 1.

« The series > a,, is an alternating series, and by Theorem 6.4.2, it converges.

« For every n > 1, we have

(1+ agn)(1 4+ agpt1) = (1 + \/1271) (1 - \/QTiﬁ) =1- % —i—o(%), when n — oo.

Since 3 1 diverges, the infinite product [T(1 + as,)(1 + agn+1) also diverges.
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Definition 6.8.6: Let (ay,),>1 be a complex-valued nonzero sequence. We say that the infinite prod-
uct [](1 4 a;,) converges absolutely if [T(1 + |a,,|) converges.

Theorem 6.8.7 : Let (ay)n>1 be a complex-valued nonzero sequence. If the infinite product [1(1 + ay,)

converges absolutely, then it converges.

Proof : Let us check Cauchy’s condition provided in Proposition 6.8.3. For every n,k > 1, by the
triangle inequality, we have

k
H (1 + |ang,]) — 1.

k
H ( + an+]
j=1

Therefore, if the infinite product [(1 + |a,|) satisfies the Cauchy’s condition, so does [](1 + a,,). O

6.8.2 Application to the Riemann zeta function

Let the sequence (pg)x>1 be given by ordered prime numbers, that is p; = 2, p» = 3, p3 = 5, etc.

Theorem 6.8.8 (Euler’s product) : For s > 1, we have

Moreover, the above infinite product converges absolutely.

Proof : For n > 1, let us write the n-th partial product to be

(6.20)

Our goal is to show that P, — ¢(s).
n—oo
Let us fix an integer n > 1. We may expand each factor in the right-hand side of Eq. (6.20) into a

series, that is

o0
1
VE > 1, - — 14 (6.21)
e mz e
and
n (oo} 1 oo

Py = H Z ms Z Z R

k=1 m—=0 Pk mi=0  mn—0P1 -Pn

For every n > 1, let

A, ={N € N: N has all its prime factors among pi,...,pn}.
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30

Due to the uniqueness of prime factorization, we know that

1
P, = —_—.
NeA, Ne
Therefore, 1
1Pn—C(s)l < Y L (6.22)
N;anrl

because all the terms defining the series ((s) are all positive. Since ]\}S converges, its remainder goes

to zero, so the right-hand side of Eq. (6.22) goes to zero, that is P, — ¢(s).
n—oo

For every k > 1, we may rewrite the series in Eq. (6.21) as 1 + aj. The series ) aj converges
absolutely because all its terms are positive, and is bounded from above by ((s). Then, it follows from
Theorem 6.8.4 that the infinite product [[(1 + ay) converges absolutely. (]
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