Complements on Riemann Integrals
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7.1 Riemann integrability on an interval

7.1.1 Setting

In the theory of Riemann-Stieltjes integrals that we saw in Section 5.2, both the integrand and the inte-
grator needed to be defined and bounded on a segment. However, it is not always the case that the integrand
is bounded, or the domain of integration is a compact subset of R. In this chapter, we take the Riemann in-
tegrals as example, to see how to make sense of Riemann integrals, in the case that the domain of definition

is a general interval, or the integrand is not a bounded function.

For the integrand, we are going to take them to be piecewise continuous functions; and for the domain of

definition, we only consider the intervals of the following forms,

[a,b) for —oo <a<b< +oo,
(a,b] for —oco < a<b<+oo,

(a,b) for —oo < a<b< +oo.

We note that we allow @ = —oo if the interval is open on the left side; b = 400 if the interval is open on the
right side. From the theory for the intervals of [a, b) type, we deduce easily the theory for the intervals of
(a, b] type by symmetry; then, for the intervals of (a,b) type, we decompose them into (a, c] U [¢, b), where
¢ € (a,b). Therefore, in what follows, to study general intervals, it is actually sufficient to study only the

intervals of [a, b) type.

We also recall that we are only interested in real-valued functions here, since for functions taking values
in a finite-dimensional vector space, we follow the decomposition as in Remark 5.2.2 (6), and define the

corresponding integral on a general interval by linearity.
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[a,b) ¥R — o0 <a<b< +oo,
(a,b] BN —coc<a<b< +oo,

(a,b) M —oo<a<b< +oo.
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Chapter 7 Complements on Riemann Integrals

Definition 7.1.1:

A function f : [a,b] — R is said to be piecewise continuous on the segment [a, b] if there exists a

partition P = (zx)o<k<n € P([a,b]) such that for every 1 < k < n, the restriction of f on the

open subinterval (z_1,z)) can be extended to a continuous function on [zj_1, T

« Let I C R be a subset. A function f : I — R is said to be piecewise continuous on I if for any

segment J C I, the restricted function f|; is piecewise continuous on .J.

« For any subset I C R, we write PC(I,R) for the set of functions that are piecewise continuous

onl.

« For any normed vector space (W, ||-||), we may define the space PC(I, V) of piecewise contin-

uous functions with values in W in a similar way.

Example 7.1.2:
(1) The function z — 1 is piecewise continuous on R* = R\{0}.

(2) The function x — In x is piecewise continuous on R~y = (0, +00).

Proposition 7.1.3: Let I = [a, b] be a segment of R. Any piecewise continuous function f : I — R on

I is bounded and Riemann-integrable on I.

FtE RER/IHMETT

EE7.11 :

cHETERE f o [ab] > ReHMREEDE P = (w)ock<n € Plla, b)) ERENEE
1<k<n R fIRETERERB (zi_1, 2p) LATUBEERABTE (241, z)] ERVERBRE -
AIFRFIER f RIELESRER [a,b] bR BRAARIRE

- BICRABTFER MBERH f: ] — R IRBNEERR J C 1> REIREK f, 26
£ J LR BEERIRE - BIFMPIRR f RELE 1 bR BESIRRE -

- HRESFES I C R HFHE PC(1,R) EEAHE I EREREBNRBAIBHRNES -

- B WRESEEDEZRE (W, |||) - ZFIRTLES PC(1, V) BEETE W R R BREE
FFEMRES -

gl 712 :
(1) R# 2z — 1 ER* =R\{0} LRAESEE -

(2) KBz — Inz 7E R = (0, +00) ERBFEGEIER -

SI1=1[a,b 5 RPIRER - FEE I LFREENRE f: I - RE2ERN B
I EREARF-

Proof: Let f € PC(I,R) with I = [a, b] which is a segment. By definition, for every 1 < k < n, there
is a continuous function g : [xx_1,2x] — R such that N@r_1,20) = 9l(zy_1,0x)- Since g is integrable
on [z_1,xk], so is f, see Corollary 5.3.22. And we apply Proposition 5.2.10 to conclude that f is
integrable on [a, b]. O

7.1.2 Integrability on an interval
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Chapter 7 Complements on Riemann Integrals

We saw in Theorem 6.1.16 that for a series with values in a Banach space (W, ||-||), if it converges abso-
lutely, then it converges. And if it does not converge absolutely, by rearranging the terms, we are able to
get any value as limit, see Theorem 6.5.5. When it comes to the Riemann integration on a general interval,
we encounter similar phenomena. Actually, for a piecewise continuous function on a general interval I,
its integral on any subsegment can be defined thanks to Proposition 7.1.3, then by taking larger and larger
subsegments to cover the whole interval, we have a chance to get a meaningful limit, that we want to define
as the integral on /. This limit may not be defined uniquely if we do not have absolute convergence. To make
things simpler, we start with absolutely convergent integrals, which bring us back to study non-negative

integrands. Later in Section 7.2.2, we will discuss the situation without the absolute convergence.

Let I be an interval, and denote by PC,.(I) = PC(I,R) := PC(I, R ) the set of non-negative piecewise

continuous functions on 1.

Definition 7.1.4 :Let f € PC(I) be a non-negative piecewise continuous function on I. We say

that f is integrable on I if there exists M > 0 such that [, f < M for any segment J C I, and we

fi= g [ &

J is a segment

write

Remark 7.1.5:If ¢ = inf [ and b = sup I, we may also rewrite the integral in Eq. (7.1) as follows,

[rhy

Note that in the case that the interval is a segment I = [a, b], and the function f is a non-negative piecewise
continuous, the definition of integrability in Eq. (7.1) coincides with the notion of integrability in Definition

5.2.1, in the sense that (RS) condition is satisfied with o(z) = .

Proposition 7.1.6 : Let f € PC.(I) be a non-negative integrable function on I. Then, for any sequence

(Jn = [an, bn])n>1 of segments with

Vn>1, JyCJuy1 C--CI and |JJn=1, (7.2)

n=1
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Chapter 7 Complements on Riemann Integrals

we have

fir=sm o= s =i [ s

Proof : Let us consider a sequence (J,,),>1 of segments satisfying Eq. (7.2). We want to show that the

limit of [; f isequalto [; f defined in Eq. (7.1).

« For every n > 1, we have J,, C I, since f is non-negative, we have [ T </ ; f. By taking

limsup/ fé/f
n—o00 n I

« Given ¢ > 0. By the characterization of supremum, Eq. (7.1) tells us there exists a segment
J =[a,b] € I'suchthat [, f+e > [} f. Since a,b € I = J,, Jn, there exists N > 1 such
that a,b € J, for all n > N. Therefore, for n > N, we have

/;f>Lf>zf—a
1%15.@/ f}/lf—a.

Since € > 0 can be made arbitrarily small, we find

liminf/ 2/ .
/ hmmf/ f < limsup f </f»
n—00 n—oo In 1

that is lim,,— e fJn f=/r O

lim sup on n, we find

In other words,

In conclusion, we have
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Example 7.1.7 : Below we give examples of non-negative continuous integrable / non-integrable

functions.

(1) For A > 0, the function ¢ +— e~* is integrable on R, = [0, +00). To see this, let us fix A > 0

and take J,, = [0,n] for all n > 1. For every n > 1, we have

n 1" —An
vt 0t e 1—e 1
— = | = = < = .
/n e Mdt = /0 e dt [ \ ]0 3 <3 < 00

The condition in Definition 7.1.4 is indeed satisfied.

(2) The function  — | sin z| is not integrable. In fact, for every k € Ny, we have

(k+1)7 T
/ |sinw|dx:/ sinzdr = 2.
0

km

Therefore,

nm
VYn > 0, / | sin x| dx = 2n,
0

which cannot be bounded uniformly in n.

$f 7.1.7 : TERMAGHIFGEETRERNTRRBBIOF -
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(k+1)m s
/ |sinx|dx:/ sinzdz = 2.
0

km

it -

nm
Vn >0, / |sinz| dz = 2n,
0

&AL n 95K -

Example 7.1.8 (Riemann’s integrals) : We study the integrability of functions f : ¢t — ¢=* for a € R.
(1) For any a > 0, the function ¢ — ¢~ is integrable on [a, +00) if and only if o > 1.
(2) For any a > 0, the function ¢ — ¢~ is integrable on (0, a] if and only if o < 1.
(3) For a < b, the function ¢t — (b — t)~ is integrable on [a, b) if and only if & < 1.

(4) For a < b, the function ¢t — (t — a)~? is integrable on (a, b] if and only if @ < 1.

il 7.1.8 [REFN] iR ac R BRMFHRE [t — > BRITEMY -
(1) HREE a >0 KBt — t > TE [0, +oo) LAITR EEMEE o> 10
2) WIMEE 0> 0 KBt ¢ 7E (0,0) LR » EEME o <10
G) BiRa<b: KBt — (b—1t)" T [a,b) LAIFE > BEEME <10

(@) HRa<b KBt~ (t—a) TE (a,b] LAITE > EEMR <10

Example 7.1.9 (Bertrand’s integrals) : We study the integrability of functions ¢ ~ ¢t~%|Int|~? for
a, B eR.

(1) For any a > 1, it is integrable on [a, +00) if and only if (i) & > 1 or (ii) « = 1 and 3 > 1.
(2) For any a € (0,1), it is integrable on (0, a] if and only if (i) « < 1 or (ii) « = 1 and 8 > 1.

See Exercise 7.2 for more details.

g 7.1.9 [Bertrand 7] : B o, 8 c R HFFIFRERE t — ¢ Int|~° BTN -
(1) HREE o > 1 7E [0, +oo) LAIFRERME la>1H ([Ha=1H>1-°
2) B ac(0,1)  f17E (0,a) LAIFEEEME (la< 1K ([Ha=1HB>1-°
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Chapter 7 Complements on Riemann Integrals

Definition 7.1.10 : Let I C R be an interval and (W, ||||) be a finite-dimensional Banach space'. A
piecewise continuous function f : I — W is said to be integrable on I if || f|| is integrable on I in
the sense of Definition 7.1.4. Given a sequence (.J,,),>1 of segments in [ satisfying Eq. (7.2), we may

define
/f:: lim/ few. (7.3)
I Jn

n—oo

We denote by L!(I, W) the set of piecewise continuous functions from I to W that are integrable in

the sense defined here, that is

LMI,W) = {f:I—>W:/IHfH <+oo}.

Remark 7.1.11 : In Definition 7.1.10, if we take (W, ||-||) = (R, ] -

), we find the corresponding notion of

integrability for real-valued functions.

Proposition 7.1.12: In Definition 7.1.10, the limit of the sequence ([; f)n>1 exists, and does not depend

on the choice of (Jy,)n>1, as long as (Jy,)n>1 is chosen to satisfy Eq. (7.2).

Remark 7.1.13 : As a direct consequence of Proposition 7.1.12,
« for an interval of type [a, b) with —0o < a < b < 400, we may consider J,, = [a,b— 1] forall n > 1;

« for an interval of type [a, +00) with —0o < a < +00, we may consider J,, = [a,n] for all n > 1.

Proof : We need to check that the limit in Eq. (7.3) is well defined, and does not depend on the choice
Of (Jn)n21-

« Let (Jp,)n>1 be a sequence of segments satisfying Eq. (7.2). For every n > 1, write J,, = [ayp, by),

letu, = [; fandU, = [; |f||. We want to show that (uy),>1 is a Cauchy sequence. Since

'Note that we have explained in Remark 5.2.2 how to construct the integral of f , f inthe case that J is a segment and f isa W-
valued function. It is also possible to make sense of this integral if W is a general Banach space (without the finite-dimensional

assumption). For example, f is continuous, we use the uniform continuity of f to appriximate it by a step function.
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Chapter 7 Complements on Riemann Integrals

(W, ||]]) is a Banach space, (uy,),> converges.

Lete > 0. Since || f|| is integrable on I, the sequence (U,,),,>1 converges so is a Cauchy sequence.
Therefore, we may find N > 1 such that |U, — Uy| < ¢ for all p,q > N. This means that for

p > q > N, we have

‘“p_“q”:H/ f+/ f </
lap,aq] [bq,bp) [a

This shows that (uy,),>1 is a Cauchy sequence, so converges.

11+ [ IS =Ty =T, <.
[bL17bP]

pilq]

Let (J,)n>1 and (K, ),>1 be seugneces of segments satisfying Eq. (7.2). From the first part of the
proof, we know that the following limits exist,

un::/f—>u and v, := f—— .
In n—oo Kn n—oo

For every n > 1, let L,, := J, U K,,, which is a union of two segments. We note that for small
values of n, L, might not be a segment, but for large enough n, L,, will always be a segment
(non-empty intersection between J,, and K,,). Therefore, we may find N > 1 such that L, is a
segment for all n > N. Then, (L,+n)n>1 is also a sequence of segments satisfying Eq. (7.2). We
may write

Wy, 1= f—— w.
Ln n—oo

As in the first part, let

Vi1 U= [ and W= [ 1]
JTL L n

/ f
Ln\Jn

where the last convergence comes from Proposition 7.1.6. This implies that w = w. Similarly,

We have

lwn — unll =

<[ M= Wm0
Ln\Jn n—oo

we also have w = v, so u = v. O

7.1.3 Properties
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Chapter 7 Complements on Riemann Integrals

The integral on a general interval I defined in Definition 7.1.10 satisfies many properties that are also
satisfied for integrals defined on segments. It can be understood by the fact that the procedure of taking the
limit in Definition 7.1.10 preserves linearity. We can use the following identities safely if f is a integrable

W -valued piecewise continuous function,

« Union relation: [, f + [, f = [;,; [ provided that I N J = @& and two among the three integrals are
well defined.

« Triangle inequality: [[f; £ < J; 1]l

- Integration by parts for C! functions.

- Change of variables with respect to a C' function. See Exercise A1.5 for an example where problems

may arise if the change of variables is not C.

Now, we are going to give a few criteria for the integrability on an interval. We start with an interval of the
form I = [a,b) and consider f € PC(I, W), where W is a finite-dimensional Banach space. The following
properties can be proven almost immediately without any technicalities, so we only state the properties,

without giving any proofs.

Proposition 7.1.14: Let f € PC(I, W) be a piecewise continuous function on I. The following proper-

ties are equivalent.
(1) f is integrable on [a,b).
(2) (Partial integral) x — [."|| f(t)|| dt is bounded on [a,b).
(3) (Partial integral) x — [7" || f(t)|| dt has a limit when x — b—.
(4) (Remainder integral) The limit of z — [° || f(t)|| dt when z — b— isO.

(5) (Cauchy’s criterion) For e > 0, there exists A € I such that

Yy
vayelAba<y [ If@ldt<e

Proof : It is a direction consequence of Definition 7.1.10, Proposition 7.1.12, and Remark 7.1.13. [
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Chapter 7 Complements on Riemann Integrals

Proposition 7.1.15: Let f € PC(I,W) be a piecewise continuous function on I and ¢ € I. Write

I_:=1nN(—o00,c|and Iy := 1N |[c,+00). Then, the following properties are equivalent.
(1) f isintegrable on I.
(2) f isintegrable on I_ and 1.

And in this case, we have [ f = [} f+ [, f.

FtE REW|HNET

Proof : It is a direct consequence of the union relation. (]

7115 S fePC(I,W)AET LHRBEEREE ce ] o HMIEE 1 = 1N (—00,d %
K I, :=1N][c, +oo)° FE » FHIMEREFEN -

(1) fTEI EFJFE -
@ fEIMI, EAfE-

ERNERT  BOE [ f= [, f+ ), f°

Proposition 7.1.16: Let f € PC(I, W) be a piecewise continuous function on I with values in a finite-

dimensional Banach space W, and ¢ € PCy(I) be a non-negative piecewise continuous function on

I

(1) If|| f|| < ponI and p is integrable, then f is integrable and we have || [; f|| < [; ¢.

(2) If f takes values in R and is non-integrable with f < ¢, then @ is non-integrable.

A ERMERGRINERER - O

WE7.1.16 © D fcPC(IW) BIE I L EHSHE » BRIBTEA R Banach Z2R3 TV By
B WU o € PCL(I) BTE I LIEE S EEE R -

(1) BRI T £+ BAFVE | ]| < o B o SFIFER - B SRR - BBRFE [, £ < [0 °

(2) MR f NEE R, FMERAAERN » B f < ¢ Bl ¢ FAIRE °

Proof :

(1) For x € [a,b), we have

“lrwla< [Towar< [ pwai= [ o
a a a I

The left side in the above formula is bounded, so we can conclude by Proposition 7.1.14. More-

over, by the triangle inequality, we have || [; f|| < [; || f]|-

(2) By contradiction, if ¢ were integrable, then by (1), f would also be integrable. O

. _ . . . 1 ..
Example 7.1.17 : Check that the non-negative function f : ¢ — T is integrable on (0, 1). Let

us take ¢ = %, I_=(0, %] and I, = [%’1).

« Fort € I_, we have f(t) < % The function ¢ — % is integrable on (0, 3], so is f.

Last modified: 13:30 on Thursday I** May, 2025

sHEA :

(1) B z € [a,b) » THFIE

[isonas [“ewas< [ema=[o

tHEAZERN - FRUAKMIAT AR 7.1.14 G - Lo RB=AFERX » BRME
1 FIE< S ILfI e

(2) ERAKREE - MR o BEEN - BER (1) HFASTR F LEATEDN -

&l 7.1.17 © BWEIEERB f:t— \/t(ITt) £ (0,1) L2AIFERY o EBRMIE c =4~ - = (0, 3]
MR L, = [5,1) ¢

BNl EMBE )< L Rt

NG 7Z (0, 5] E2EIFERY » FRLL f B2 o
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Chapter 7 Complements on Riemann Integrals

« Fort € I, we have f(t) < 2_ . The function ¢t — \/117_15 is integrable on [%, 1),s0is f. ‘

3

7.1.4 Comparison of integrals

We consider a finite-dimensional Banach space (W, ||-||). We are going to give some comparison results
for non-negative integrable and non-integrable functions. These results are analogous to those for series, see

Section 6.2.1. Note that the function that we compare to needs to be non-negative.

Definition 7.1.18 : Let f : [a,b) — W and g : [a,b) — R be two piecewise continuous functions.

« We write f = O(g) or f(z) = O(g(x)) when z — b if there exists M > 0 and § > 0 such that

Vo € [a,b) N B(b,8), /()] < Mlg()].

« We write f = o(g) or f(z) = g(x) when x — b if for every £ > 0 there exists § > 0 such that

vz € [a,b) N B(b,6), [ f(@)] <elg()]-

. IfW:]R,wewritefmegorf(x)Ng(x)whenx%biff—gfo(g).

We recall that for convergent series with asymptotic relations for their non-negative general terms, we
may compare their remainders, see Theorem 6.2.8. When it comes to non-negative integrable functions, we

may compare their remainder integrals, as stated in the following proposition.

Proposition 7.1.19 (Comparison for integrable functions) : Let f : [a,b) — W be a piecewise contin-
uous function, and g : [a,b) — R be a non-negative integrable function. Then, the following properties

hold.

(1) If f = O(g), then f is integrable on [a,b) and ff f =, (’)(fgf qg).

Last modified: 13:30 on Thursday I** May, 2025

FtE REW|HNET

[ cHRtel EMB )< A RBlt— = TE (L 1) LRARN > i f B2 o

1-t

a

SBME RO LR

FfFIE BB RMEERY Banach Zf (W, ||-]|) - HfIHZZ G HIFQ A REFAIRRE » #6H LLEAVHS
R BEERERHBIERBL > BE 621 /0\H - FEE  BFIZLBEHHRRAFTEZIEAL -

EHE7118 D f:[ab) o WMR g [a,b) —» R BTENEEERY -

« WNRFE M > 0 LUK 6 > 0 fE1F
Vo € [a,b) N B(b,0), |If(z)]| < M|g(x)],

AIFRAMIEE £ = O(g) TR f(z) =O(g(z) Ex —be

- RER e >0 FEI > 0FE
vz € [a,0) N B(b,6), |[If(x)] <elg()]-

9 f = 0(g) K f(z)=glx) Ex —bo

. ﬁD%W:Rﬂf—gfo(g)’E\Uﬁﬁ'ﬁaf?gﬁzf(:n)wg(w)§?$—>b°

HFICIERTEEIE 6.2.8 BF - HNGWH - —RIBIEG » BEFERRIRBERER » HFIATULER
ftbFIRVERIE - EFFIBIEE AITERERET - FFIsesa b M FIBVERIERD - Q1R T EanRERTHEmRAY o

wmE 7119 [AIRRBHLE] : B[ (0,b) - W RREEBEREURK g : [0,0) — Ry BIE
BRITRERE - RIS BT -

(1) R f = O(g) * BBEE f 1F [a,b) EATRE - TR [V f = O([7g)

BABIBM : 20254 5 H 1 H 13:30



Chapter 7 Complements on Riemann Integrals

@) Iff = 0(g), then f is integrable on [a, b) and fff =, o(ff qg).

(3) IfW =Rand f > 9 then f is integrable on [a, b) and f:ff ~, fg? g.
z—

Remark 7.1.20:

(1) We insist again that these comparison results are only valid for a non-negative function g. It is possible
to have f ~j g but the integrals | ; fand [ ;’ g have different behaviors. The same phenomenon also
occurs for series, we recall the result from Remark 6.2.4. For the integrals, we will give a corresponding

counterexample later, see Example 7.2.16.

(2) We note that these comparison relations are “preserved” by taking a primitive. However, we do not

have a similar result for derivatives. For example, ¢ — t3/2sin (1) is integrable on (0, 1] and is o(t)

when t — 0+. From Proposition 7.1.19 (2), we know that

z 1
/ t3/2 sin (> dt = o(z?).
0 t z—0+

But the following derivative is clearly not o(1), because is not convergent when ¢t — 0+,

d( 3/2 gin (1>) = §t1/2 sin <1) — Y208 (1)
dt t 2 t t

Proof :

(1) By assumption, there exists M > 0 and § > 0 such that
vte[b—36,0), [l < Mg(t).
Therefore, for any x € [b — d,b), we have

[

b b
<< [ g
x x

which is what we want to show.

Last modified: 13:30 on Thursday I** May, 2025
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(2) TR f = o(g) > BBEE f 1F [a,b) LFIFE - A f:f b o(jfg) °

(3) R W =RTGE [ ~ g+ BBEE 7 [a,b) EFTRE - TOE [/ ~ [lg°

53R 7.1.20 :

(1) HFPBEIGRFEELEEERAEHIFERY g KREBGMUIM - BRFIAUE f ~, ¢ BED [ f
M L9 BR—BNTA - ERENERT > HARKLERE > ROFERGCERR 624 F
FRERIBIRER - BNIRD KR - RFITERSEREG 7.2.16 5 HHFERIRA] -

) EfFRIELERREFR  ERMANEREE > BSH [MREI B - AT EMOREMARE
BIELEMIER o B0 - KBt — t3/2sin (1) 7E (0,1] LRAIREW - BE t — 0+ BER o(t) ° #
R 7.1.19 (2) » HMFE

z 1
/ 3/2 sin (> dt = o(z?).
Jo t z—0+

EBTEMPEARARRE o(l) ' ABTE L — 0+ FARAFUR :
g (t3/2 sin <1>> = §t1/2 sin (1) —+ Y2 cos (1>
dt t 2 t t

£8HA :
(1) WBIRERE  FEM > 0 UK § > 0 F15F
vie[b—06,b), [If(®)I < Mg(t).
Fitt - HREE 2 c [b—6,0) » BB

[

b b
<< [ g
x x

B I ERERRY -

BABIBM : 20254 5 H 1 H 13:30



Chapter 7 Complements on Riemann Integrals

BtE REBEHINMER
(2) Lete > 0. By assumption, there exists § > 0 such that

() B e> 00 IBIEEBE - TS > 0 548
velb—ob), F0 <eg).

vte[b—6,0), |f@®) <eg(?).
Therefore, for any € [b — §,b), we have

Fitt - HREE 2 € [b—6,0) » BB
b b
< fl<e] g, b b
fuse o <[<e/g
which is what we want to show. -
ERRMEEFERE -
(3) Suppose f ~ g. This means that f — g = 0(g). Then we apply the result from (2) to conclude
o () BE S ~ g o EREE [ g = o(g) - HERMAUER @ HBRIAHE
b b b b
/z(f—g)wjb()(/xg)é/zfngfxg. 0

Example 7.1.21 : The Gamma function I is defined by

/:(f—g)zjbO/ /f /g 0
gl 7.1.21 :

21 : Gamma KRBT EFWMNTF :
“+o0
/ t*le7tdt.
0

Ve >0, I'(x)=

The function f : ¢ — t*“le~t

Ve >0, I'(x)
is continuous on R* = (0, 4-00).

—+o00
/ T~ let dt.
0

BREL f:t s t* e P FERY = (0, +oo) LR2FED o
« Around 0. When t — 0, we have f(t) ~ t*~!. Since # — 1 > —1, by Riemann’s integral

(Example 7.1.8) and the comparison for integrable functions (Proposition 7.1.19), we deduce

cTHEOMBE Bt -0 HBME fO) ~t* Lo AR 21> —1 - RIERERS (&H7.18)
dhat f i integrable around 0. ’ MR ATEEMAILE: (S 7.110) « RIHER 77 0 FEER AT o
« Around +o00. We have . £ +oo M3 - FTME
trlemt = (9(%2) when t — oo.

Since the function ¢ — t% is integrable around 400, by the comparison for integrable functions

1
t7 et = (9(—
(Proposition 7.1.19), we deduce that f is integrable around +o0o

t2) Bt— 0.
R t — 5 7E +oo AR FAITERY @ IRIFAIFARBAILLE (hRE 7.1.19) - RIS
[T +oc MBAZ R R ©

In conclusion, the Gamma function I'(z) is well defined for all z > 0. We may check some values
taken by the Gamma function: I'(1) = 1 (direct computation), I'(5)

/7 (Gaussian integral up to a

FHFIPTLUHEHAE Gamma KB I (z) WA 2 > 0 KRB E R RIFRY - HRFIETLURE
change of variables, see Exercise A1.6). Additionally, by an integration by parts, we may show that

Gamma BK|
BE—LHNRE:T(Q) =1 (BEFAE) T3 = /r (BESLEEESHES  RE
I'(z+1)=al(z), Ya>0. (7.4) R AL6) o LtbS BB ERTES  HAIRIIAGERA
You may find more properties and a characterization of the Gamma function in Exercise 7.9 Mz +1)=2'(z), Vz>0. (7.4)
Last modified: 13:30 on Thursday I** May, 2025 12
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Chapter 7 Complements on Riemann Integrals

Example 7.1.22: Our goal is to find an asymptotic expression of arccos x around x = 1. First, note

that
dt

1—¢2

— arccos x.

1
vV € [0,1], /

Then, we note that the following equivalent relation,

1 1 1
= ~ , whent — 1.
VI—2 JVI+tJT—t V21—t
Since t ++ —2— is integrable on [0, 1), by Proposition 7.1.19 (3), when 2 — 1, we find that

it

2(1—-=z), whenz — 1.

arccosx—/l dt /1 dt =
e V12 Je V2V -t

Example 7.1.23: The following is the Gaussian integral, whose value was computed in Exercise A1.6,

1 o0 t2
— e 2 dt=1.
vV 2w V/—oo
Let us estimate the tail of the above integral
1 o042
F(z):= —/ e 2 dt, whenzx — oo.
( ) vV 21 Jz
(1) First, we have the following asymptotic comparison,
2 2
ez =o(te”z), whent— .
It follows from Proposition 7.1.19 (2) that, when © — oo, we have

Py = of [T1e % ) =of[ - %)) =ofc%).

(2) To get a more precise asymptotic formula for F'(z) when £ — 0o, we may start with an inte-

[V

Last modified: 13:30 on Thursday I** May, 2025
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TEBE79H  HFIEGEIES Gamma REHIEEUR M —EZIZ] -

g6 7.1.22 1 ERMPVBIZERED) arccosz £ = = 1 FHEIMERERTR - 8% » BFSEEE

dt
12

— arccos x.

1
vV € [0,1], /

72 > HME TEEESFERR

1 1 1
V-2 Vti/i-t Vayi-t

gt— 1

R s L 1E [0, 1) ERERES  HRE 7110 (3)  RFEIEE 2 - 15 RAIRE

1
V1-t

21—z), Bz—1

arccosxr =

/1 dt /1 .
Jo V182 Jo V2VT—1

g8l 7.1.23 : TEARSHRES » HMAEEE Alc PEFTEBME :

EBHMIRMEET LEEERSNER :
F(z):= V%/xmet;dt, E x — o00.

(1) Bk FME TEEEFELBER

HmE71.19 QBEMEM Br—ocor ' BF

P = o [Tt % at) = o[~ F]7) = ofe%).

xT
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gration by parts. We write
2 t2

o0 t t
* —te” 2 ez ez ez ez
t=x

z —t

Moreover, we have

+2

‘00 oy 9) 42
/ dtzo(/ e 2 dt) =o(F(x)), whenz — oo,

z 12

we deduce that

M)

Flay— "
T) = —
Vor X

By induction, you may show that for any n > 0,

(14+0(1)), whenz — oo.

2

21 - 2k — 1! n © ez
V2rF(z) =e 2 (x + Z(_l)k(x%ﬂ)> + (-1) +1<2n + 1)!!/ ani2 dt,
k=1 ’

which implies that

Fla) = e~ T (1 + Z(_l)kw> (1+0(1)), whenx — oc.

We recall that for divergent series with asymptotic relations for their non-negative general terms, we may
compare their partial sums, see Theorem 6.2.8. When it comes to non-negative non-integrable functions, we

may compare their partial integrals, as stated in the following proposition.

Proposition 7.1.24 (Comparison for non-integrable functions) : Let f : [a,b) — W and g : [a,b) —

R be a non-negative non-integrable function. Then, the following properties hold.
() I = Olg), then [ f = O(f7 ).

@) Iff = og), then [ f = o( [Z )

(3) IfW =R and f ~ 9 then f is non-integrable on [a,b) and [ f ~, [y
T—r

Last modified: 13:30 on Thursday 1° May, 2025

FtE RER/IHMETT

(2) WIRTE = — oo K » ABFRIEFM () BUHER - AT D EED R - B

N e e e
—
s - &ME
/;o etf dt — 0(/;0 e dt) — o(F(z)), - o0,
ELLFAPIHETR
P(z) = ;ref (1+40(1), Ez— o0

BEEIEE - RATLGERRHIRER n > 00 B

221 & (2k — 1)!! n o e~
V2rF(z) = e 2 (m + Z(_l)kz%ﬂ> + (=1)"*(2n + 1)!!/ TEs dt,
k=1 v

HFIRIEREEIE 6.2.8 B - HNGHE - —RIBIEG - BEFERMMRBIRBORER » HFIRTULE
thFIBVERAH - ERFIBIFEFAIIRR BT - FFIRESYLL B FIRIR RSy - 20E T Ean R P
By o

e 7.1.24 [RAIRRBEALEE] @ B f:[a,b) > W AR g: [a,b) - Ry BIEERAITEX
2 BTSSRI -

(1) 3R f = Olg) * BE [, f = O(J39)°

(2) 0% [ = olg)  BEE [T ] = o(JZ ) °

(3) WRW =RTE f ~ g FME f 7 [o,b) EFARE TR [ f ~ [ig°
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Proof : Since g is non-negative and not integrable on [a, b), we have

FtE REW|HNET

&R BN g BIFE > BTE [0, 0) LARAITE - B
1) B tion, th ists M dé h that < /8
(1) By assumption, there exists M > 0 and > 0 such tha (1) ARBBR - B M > 0 R 6 > 0 {578
vt e [b_(svb)7 ”f(t)H gMg(t).
vte[b—06,b), [fOI <Mg(?).
Therefore, for any x € [b — §,b), we have
Fitt - HREE 2 € b—6,b) » TFE
T x b—o x b—o x
Lol < s [ [ a< [Tusien [ o y o )
Lol < s [ [T o< [ [
Additionally, from Eq. (7.5), we deduce that there exists ¢’ € (0, ) such that ¢ ¢ ‘ ‘ ¢
bos . S > R (7.5) FFIRTLUESFEE o € (0,0) fES
veelb-80). [ If<M [ g
a a b—o x
veep-5), [ i< [ g
Putting the two above relations together, we get a a
x x EA S —_ E y > ’I\EIK|
which is what we want to show. Va € [b—d',0), /{Z fH S QM/a 9
(2) Let e > 0. By assumption, there exists § > 0 such that SEE PAEEBE o
vie[b—4,b), [If()] <eg(t) (2) T e >0 RIFBKRFK - B0 > 01T
Therefore, for any € [b — §,b), we have
vie[b—24,b), [If()] <eg(t).
T b—o x b—o x
Lol < [ umee o< [ [ N \
a a b—4 a a Fit - HREE 2 € [b—6,0) » KA
Additionally, from Eq. (7.5), we deduce that there exists ¢’ € (0, ) such that - b—s - bes -
Lol < e [o< [ o
b—o T a a b—o a a
veep-5), [ lfl<e[ g
5 30 (7.5) FPIRTLUESFTE 0/ € (0,9) 17
Putting the two above relations together, we get
b—o T
. . veelb-d.0. [ Ifl<e[ s
Vo e [b—4,b), / nggg/ 7 . .

Last modified: 13:30 on Thursday I** May, 2025 15
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which is what we want to show.

(3) Suppose f o This means that f — ¢ = 0(g). Then we apply the result from (2) to conclude
that

/;(f—g)HbO(/jg)ﬁ/axfxf;b/;g-

0

Example 7.1.25 : The following integral diverges when x — oo (Example 7.1.9),

/x dt
9 Int’
We want to find an equivalent expression of it when x — oc. By an integration by parts, we find

[ | Iy
o Int  |Int 2 (Int)2’

We also have the following asymptotic comparison,

1 1
=o|l — |, whent— oo,
(Int)? <lnt>

which leads to

T dt T d¢
/7:0 /— ,  whenx — cc.
2 (Int)? 9 Int

Putting all the above relations together, we deduce

T dt x
/2 mf\’m, when ©z — oco.

7.2 Improper integrals

Last modified: 13:30 on Thursday 1° May, 2025
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1B L EmERRIURE—I’E - FFIEE

BRI ERERRY -

3) fR&& o ERARE f—¢ —o(g) ° BZRILMIFER (2) AUKERIRHERS

Vo e[b—¢&,b),

/ij <2€/:g,

DAY | =

/:(f—g);bO(/;g)@/jfx:b/amg O

& 7.1.25 -

EEERIFE

B — oo B TEHNESSHE & 7.1.9)

BPIBERHE 2 — oo B - —AFENRRFRI - BB EES - M5

r

FHFIthE TEHEEFELR

/; (lfiﬁ :O</;1(Iiltt>,

B EERIBRIVKE—IE - BfIHER

r

1 1 e,
= —_ =1
(Int)? 0<lnt>’ = oo

“a
9 Int’

a [ ] Iy
Int |Int 2 (Int)2”

i3

e =

ALs
— &= T — O0.
Int Ilnz’

B8 BES
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Chapter 7 Complements on Riemann Integrals

As we mentioned in Section 7.1.1, to study the integrals of functions on general intervals, it is enough to
consider the case I = [a,b) where —00 < a < b < 400. The integrands that we are going to consider below
are not necessarily non-negative. If the interval of integration writes I = (a, b), where —o0o < a < b < 400,
then as in Proposition 7.1.15, we need to take any ¢ € (a,b) and divide the interval into /_ = (a,c| and

I, = [ec,b), and deal with them independently, see Definition 7.2.9.

7.2.1 Definition and properties

Definition 7.2.1:Let f : [a,b) — R be a piecewise continuous function.

(1) We say that the integral [, ;) f = [, ;) f(t) dt converges if the function

e [ fe)dt= /x F(b)dt

[a,x]

is well defined and has a finite limit when  — b—. In this case, the limit is denoted by [ [a,b) f

or f[ a.b) f(t) dt. Such an integral is called an improper integral (&%)

(2) If the above limit does not exist, then we say that the integral f[ ab) f diverges.

Remark 7.2.2:In the case that f is non-negative, then the convergence defined in Definition 7.2.1 coincides

with the notion of integrability defined in Definition 7.1.4.

Proposition 7.2.3 (Cauchy’s criterion) : Let f : [a,b) — R be a piecewise continuous function. The

following properties are equivalent.
(1) The integral f[a’b) f converges.

(2) Foranye > 0, there exists ¢ € [a, b) such that for any x,y € [c,b) withx < y, we have

/y £(t) dt’ <e.

Last modified: 13:30 on Thursday 1° May, 2025
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MERMESE 711 NHEFFIRIN ENHE-—RENLRBNES  RARBEZE
[=[a.b) BER > HF —co < a < b< +oo ° RFETREZENEDRBEF—EE2IFEN - R
BABRIBM L = (a.b) » HF 0o < a < b < +oo » REMFEERE 7.1.15 FHEIN > RANE
BAEEH ¢ € (a,b) LIBBRIGIZIRL I — (a,c F1 1. — [o,b) » 145 EIGRIBENAT - BEdk 720 o

F—hE ERRtE

EE7.21 1 D f:[a,0) - RAFEREERE
(1) WMRKEL
e [ f@)dt = /xf(t) dt

[a,x]

SEERITN - B o — v— BEERNER - BRMBRED [, f = [, /() d K
B o AEEEERT - ROUSEEERRIE [, f 5 [, f(1) dt < EEOEABEBERS

(improper integral) ©

() NP LEMBRTAE « BIRMRAD |, f B -

iR 722 F f BIFENER  €E 721 PEENKRMETER 7.1.4 PEZNCIBMEEME R -

fhRd 7.23 [(FFEZER] : S f:(0,b) - RAFEEERE - TEHERSFEN -
1) &2 Jiap) f WK o

2 HRfEE >0 FEce [0, b) BEHENRER 2,y € [c,b) WE z <y » B

/y £(t) dt’ <e.
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Proof : Since (R, | - |) is complete, the convergence and the Cauchy’s property are equivalent. 0

Proposition 7.2.4 :Let f : [a,b) — R be a piecewise continuous function. Let ¢ € [a,b). Then, the

following properties hold.
(1) Both integrals f[&b) f and f[qb) f have the same behavior.

(2) If they both converge, we have

[ oo=] 1+] &
[a,b) la,] [c,b)

FtE RER/IHMETT

HEA R (R, |- |) 25Ty - Wt EAREEEFER O

724 ¢ Df:[a,0) > RAFBREBRE - D ccla,b) o BBETEMEEMIL
(1) D [y f 0 [y [ BHEEITS ©

(2) WNRMBFIMEERWKERRTEE - FFIB

[os=[ s+ s
[a,b) la,] [c,b)

Proof : Both properties are direct consequences of the cyclic relation on segments (Proposition 5.2.10),

Ve € [a,b),Vx € [¢,b), /:f—/acf—i-/cmf. .

Corollary 7.2.5: Let f : [a,b) — R be a piecewise continuous function. If the integralf[a’b) f converges,
then when x — b—, we have

f—0.
[,b)

In such a case, the integral f[ a2] [ is called partial integral, and the integral || [2,) f is called the remainder

integral of the integral [, f-

s9EA : WA EEERER LRIPTHEME (M s5.2.10) HERNEEER

Ve € [a,b), Yz € [c,b), /:f:/achr/;f. O

Proof : Suppose that the limit when  — b— of f[a’r] f is finite, and is denoted by f[a’b) f. This means
that f[mjb) f= f[a,b) f- f[a,w] f tends to 0 when x — b—. O

RE 725 B [f:]ab) » RABFEEGARH - ARRD [, f B BEE « — o FF > &K
(REE]

f—0.
[,b)

FEERIERT » RIVEED [, [ B [, [ OWOES 8D [, AR -

Proposition 7.2.6 : Let f : [a,b] — R be a bounded function. Assume that f € R(x;a,b), then the

improper integral f[mb) f converges and we have

/[a,b) = /ab I

BEA:BR f,, fEEr - - BNERIERN - B [, ERERE [, f =
Jay F = Jjau fEx — b— FFERELE O ° 0

Ml 7.26 : D f:la,b] > REABRRH B f € R(z;a,b) » AERED f[a,b) f Wk B M

=]
/[a,b) = /ab I
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Chapter 7 Complements on Riemann Integrals

Remark 7.2.7 : This proposition shows that, if a function f :

integral and the improper integral on [a, b) coincide. In other words, the definition of the improper integral

in Definition 7.2.1 generalizes the notion we saw previously on segments in Chapter 5. Therefore, we may

also denote the improper integral using the classical notation,

Lff:[wﬁ7

whenever f : [a,b) — R is a function that is piecewise continuous on [a, b) and such that the integral [}, ;) f

converges.

[a,b] — R is Riemann-integrable, then its

Proposition 7.2.8: Let f : [a,b) — R be bounded and F' be a primitive of f. The following properties

are equivalent,
(1) The integral fff converges,
(2) F has a finite limit at b—.

In this case, we have

/f—hmF x) — F(a),

r—b—

xr—>/:f

is well defined on [a, b), differentiable on (a,b), with derivative — f.

and the function

Proof : The proof follows directly from what has been said above and is left as an exercise. g

Definition 7.2.9:Let —0o < a < b < oo and f : (a,b) — R be a piecewise continuous function.

Fix ¢ € (a,b). We say that the improper integral

(‘a,b) = /:) f

is well defined, if both f( f and f[c,b) f are well defined.

a,c]
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FtE RER/IHMETT

RBERE - WRE [ : [0, 0] — R BREFRN » EMBIRD BT [o,0) LAY

RS BHEFH - RAER  TER 721 PAAEENERRYD » #ETRAEELETREDNRER

L8RS - AL - H
It AT LAR Z BT BYEC AR 2R ECIRAE D -

[r=1

1B [ [0,0) — R BB [0,0) LA BSEENRY - BES [, [ #EH R

fhel 7.2.8 :
(1) &S [0 f4esk
(2) F 1% b— BIEERAMER -
EERNERT - &HFIE
[ 1= 1w P~ F@),
T EL &R 2
7 /x "

£ [a,b) EERBYF » £ (a,b) LRI > BSOS —f °

T f:]a,b) > REFRE F 2E f NERRE - TEHERFERN :

s2EA 1 SRR MR E A R BIAS EEES - JUEFE

=2%
%nﬂ

BH o

EE729 ! D -oco<a<b<+oo UK f:(a,b) - RBFESEERE © BIFE c € (a,0) ° IR
Jioe £ 0 [y, f BB » AIRRERD
b
(a,b) f = /a f
EERRIFR -

‘Iz
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Chapter 7 Complements on Riemann Integrals

FtE RERINER
Remark 7.2.10 : In Definition 7.2.9, we note that the choice of ¢ € (a,b) is irrelevant. In fact, for any

c1,c¢2 € (a,b) with ¢; < cg, we have

R 7210 HAFER  EEE729EPR ' c € (0,h) HEBUAEE - FE L HRNEE

C1,C2 € (a, b) iﬁ% cp<cy’ ﬁ'ﬂaﬁﬁ
* [ia.c1 f converges if and only if [, . . f converges; A ar N
( ; 1] ( ’ 2] . f((hcl] f WE&EEE’EE f(a,C2] f ”&Rﬂ& ;
. f[cl,b) f converges if and only if f[C2,b) f converges.

M f[cl,b) f ”&ﬁ%ﬂuﬁg f[027b) f l‘l&ﬁ °

Example 7.2.11: Let us consider the function f : (0,1) — R, defined by

G 7211 @ MRMEREB S (0.1) o R BB :
Vee(0,1), flo)=2- >

vre(0,1), flo)=+——

x 11—z
(1) If we consider I,, = [%, 1-— %] then we have, for any n > 1,

(1) MBRMEE L, = (1,1 1] BEHREE > 1 RIS

/1 f=[lnz+In(1 —x)]i;i

- 0 1_l
f=[lnz+In(l-2)] 1 =0.
In T=n
(2) If we consider J,, = [%, 1-— %] then we have, for any n > 1,
(2) MREMER J, = [1,1- 2] BEHNRERn > 1> BME
_2 2 1
/ f=[mzth(-2)] 1 =h1->)-n(1-)+he, 2 , ,
=5 n _2
o / f:[lnac—i—ln(l—ac)]l_?:ln(l—f)—ln(l—f)—i—ln27
n x_; n n
which implies that
f —— In2. E@:‘f‘mg
In n—oo
(3) However, the integral of f on (0, %] does not converge. For n > 1, consider K, = (%, %], then /Jn f oo, n2.

1 1 1 1
_ ~)?2 . —9In- —In- — _Z
. f=[lnz+In(l-=2)]> , =2 5 In In (1 )

1 e +OO
n n n

— = (3) PAT » B [ 7E (0, 3] LMD BAEWHM - B n> 1 FR K, = (1, 5] BREHK
(WE=)

The existence of the improper integral of f on (0, 1) needs to be checked as in (3), see Definition 7.2.9.

In conclusion, (1) and (2) give different finite limits because f is not integrable in the sense of

Definition 7.1.10.

/ f_[lnl‘—i—ln(l—x)]% —21n1—lnl—ln(1—l>—>+oo
Kn B $:1_ 2 n n ’

" n—00

£ (0,1) BEANBEM LA (3) 075 ARRE - RES 720 < BERR > () 7 0 BR
FRRNAERIER - SEREA fEES 7110 EH T2 RUHN -
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Chapter 7 Complements on Riemann Integrals

7.2.2 Conditional convergence

We saw that there are series that converge conditionally, i.e. they converge but do not converge abso-
lutely, see Section 6.4. The way we define the integral on a general interval in Definition 7.2.1 is similar
to the definition of a series, so we also have integrals that converge, but do not converge absolutely, and
we say that such integrals covnerge conditionally. For such integrals, we also have Abel’s transform, and the

corresponding Dirichlet’s test for convergent integrals, see Theorem 7.2.14.

Definition 7.2.12 : Given a piecewise continuous function f : I — R, we say that its integral
J; f is conditionally convergent if its integral converges (in the sense of an improper integral, see

Definition 7.2.1 and Definition 7.2.9) but does not converge absolutely (or f is not integrable on

1, see Definition 7.1.10).

Example 7.2.13 : The following integral is conditionally convergent,

/ ST g (7.6)
T X

+ Let us show that this integral does not converge absolutely. For every k € N, we have

(k+1)7 | gin (DT gin x| 2
/ ‘ ’dx > / dx = .
km x km (k' + 1)7T (k‘ + 1)7’1’

Since the series ), L diverges, we deduce that

n
oo s
sin x
/ ‘ ’ dz
i :L'

also diverges. Therefore, Eq. (7.6) does not converge absolutely.

o Lett > m. We write

t
't sin x cos T L cosx 1 cost L cosx
de = | — — 5 de = — — — 5 dzx.
r X x Jr ™ t P
T=Tr

When t — oo, we have €t — (. Additionally, since the function x —

t
t
Ccos T
5 dx
x X

Ccos T
x2

is integrable on

[, 00), we know that the integral

converges when t — oo.
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SBIED 1EFIER

BPEBELRESBRERR > BRERGWR - BFRERHKH  REc4H - EEZR 7219 >
BHERT—MREMLRINAR  BRENERZHEUN > FAIURMELTUET SR - EFERE
HWHmES - RMIBERNBRD BB - HRERNERS » RFILES Abel 8% » LURAYH
FEBY Dirichlet #AIK - ZRETFRIEDBIBRIE - REE 7.2.14 ©

EE7212 I RERBREBRE f: 1 - R IRMMNBIWH (EBRBEINERT  BE
F721 UREHR729)  BATRERE (HZBR/E1 LFIR BE&R7.110) - B
PIRAEITRS [, f BIEAEPORE -

§5 7.2.13 : TEED SIEEKRE :

/ Sl ) (7.6)
T X

- RIS ERS T EREKE - BNEE L c N HME

/(k“)” ‘sinx ‘ dr > /Ugﬂ)ﬂ | sin z| dr — 2
- x ~ Jkr (k+D)m "~ (k+ 17’

BRIRE S, B8 RIS

/"0 ‘sinx’dx
- T
WEEEL o At - X (7.6) FEBEUER ©

- mt>7me B

t
tsinz Cos T tcosx 1 cost tcosx
de = | — — — de = — — — 5 dzx.
r X x r I s t r I
T=Tr

Bt — oo HFIE L — 00 S > HREB 2 — °%° 7E 1, 00) LEFIER - FFIRE

2
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Chapter 7 Complements on Riemann Integrals

Theorem 7.2.14 (Abel’s rule) : Let f : [a,b) — R be of class C! and g : [a,b) — R be continuous.
Suppose that

(i) f is decreasing with lim,_,; f(z) = 0;
(ii) There exists M > 0 such that for any x € [a,b), we have | [ g(t) dt| < M.

Then, the integral f(f f(t)g(t) dt is convergent.

Proof : Let £ > 0. Due to the assumption (i), we may find A € [a, b) such that
Ve € [A,b), 0< f(x)<e.

We may also define
Vo elab), Gla)= [ g(t)d

and it follows from (ii) that |G(z)| < M for all x € [a, b).
Z

For any x,y € [a,b) with y > = > A, an integration by parts gives us
Yy Yy ) ,
[ rwgwat=[rocw]’ - ["rocma.
Let us control each of the terms on the right side of the above formula. We have

|f(W)G(y) — f(2)G(x)| < 2eM,

and

[ rwemal < [Trenra= (1@ - swiv <.

This means that

[ #gte)at| < s,

so the Cauchy’s criterion (Proposition 7.2.3) is satisfied, which implies the convergence of
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TEt — oo RFEINEN o

FEIE 7214 [AbeliER]] @ B f:[a,0) > RABC HEHRHEB g: [a,b) —» R BEIERE R
() fERE lim,_,, f(z)=0;
(i) FE M > 0 FEHRER z € [0,0) > BB | [Tg(t)dt| < M °

BURED [ F(t)g(t) dt BURER ©

$8EA 1 B e > 0 HRER (i) » FFIREIRE] A € [0, d) F1R

Vr e [A,b), 0< f(zx)<e.

HFItREE &

&
filt

Ve € [a,b), G(x):/;g(t) dt,

EEE (i) MPOFEHERAE » € [0,0)  HFIE |Gx)| < M o
HRER v,y cla,b) MBy > 2> A BEBHEESEMER -

[ rwawa=[rocw] - ["rucma
R LR TR REE BB

|f(W)G(y) — f(2)G(x)| < 2eM,

fulf
at

Y )
| el < [Croma= (1@ - rwm <
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Chapter 7 Complements on Riemann Integrals

J2 F(Dg(t) dt.

Example 7.2.15: When a > 0, the following integrals converge,

00 &f 00 00 LT
sinx cos T e
/ — duz, / dz, and / — dx.
1z 1 1

x T

This is a direct consequence of Theorem 7.2.14, or by an integration by parts as in Example 7.2.13

Example 7.2.16 : Let us consider the two following functions defined on [1, +00),

Vo € [1,400), f(x)= j; and g(z) = f;; + %

These two functions are equivalent when x — +oo0.
« It follows from Example 7.2.15 that [{° f(z) dz converges.

« J{° g(x) dz cannot converge, because otherwise, [°(g(z) — f(z))dz = [° L dz would con-
verge, which is false.

7.3 Laplace’s method

To conclude the chapter, we introduce the Laplace’s method, which is very useful when it comes to finding
an asymptotic expression.

Last modified: 13:30 on Thursday I** May, 2025
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{ail
>
St
ok

/yf@M@)&’<3dw,
PRt PR ZER) (a3

AR E=

7.23) BRI FRABTEE [° f(t)g(t) dt BISKEK -

&l 7215 1 B o> 08 FHBEIWE :

00 oo 0o T
S xr COS T e
/ — du, / —dz, MUK /
1 X 1 1

—dux.
x x®

o

BEE 7214 NEEER  WAILGEBREERLG 7213 F—1 RS HRO SRS

A8 foil

8l 7.2.16 : BRFAEB TEMEERE (1, +oo) LIRS :

Ve € [1, +oo), f<x>=‘j; BB g(x) ﬁ ~

EMEREIE 2 — +oo BHEHEEMW -
. FEEEH) 7.2.15 FPIEIE [2° f(x) do BURR -

o [ g(r) de FEEIRRE - EAMBYRIE » [ (g(x) - f(2)de = [ L dr BUKHE - (B

B =H Laplace Fi&

FfFIER Laplace HEKIBIEEEEE - EREERFFTERRHIEER - IFEFHIGE -
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Chapter 7 Complements on Riemann Integrals

Theorem 7.3.1 (Laplace’s method) : Let —oco < a < b < 400, and two functions g, h : (a,b) — R be
of class C%. Suppose that

(i) The function x — g(x)e™®) is integrable on (a,b);

(ii) There exists c € (a,b) such that
(a) h is increasing on (a, c) and decreasing on (c,b), with h"(c) < 0;

(b) g(c) # 0.

Then, when A\ — 400, we have

¢ 2m
/ag(x)eAh(“””)dx"’ T’/(C)'Q(C)GM(C)- (7.7)

Proof : The rigorous proof of this theorem is more involved, and only give a sketch below to illustrate
the ideas. Additionally, let us take the function g be a constant function g = 1. We write the Taylor

expansion of i around c,
72
h(c+x) =h(c) +h(c)x+h'(c) = +o(x?) whenz — 0.

~—— 2
=0

We have the following approximations, which need to be justified carefully,

b € € AR (¢)
/ @) qp o [ D) qp o [ POFEF DR g
a

—& —&
0 An(e) 2 2
. AR(C) / ART(e) _ A (@)
~e e 2 dz = e ,
oo — A" (c)
where the last equality follows from the Gaussian integral, see Exercise A1.6. ]

Example 7.3.2: Let us consider the Gamma function defined in Example 7.1.21,
+oo
Ve >0, I'(x)= / t" et dt.
0

We recall the recurrence relation I'(z + 1) = zI'(x) satisfied by all x > 0. In particular, for any integer

n > 1, we have I'(n + 1) = n!. We may apply Laplace’s method to the Gamma function to find an
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I 7.3.1 [Laplace AE] @ B —o0 < a < b < oo UKMIE C? EBRE g, h : (a,b) = Re
554
() R z — g(x)e"® £ (a,b) L2ETRER o
(i) F1E c € (a,b) WE
(a) hTE (a,c) BIEER » BTE (c,b) L2IERBY - WA 1"(c) <0
(b) g(c) #0°
BE > BN — +oo K BB

C 2m
M) Qg ~o | — Ah(c)
/a g(z)e dz () g(c)e . (7.7)

2 | EEEIEMRESE AL BEM —RL - RFIERRGTRAIRE « UKRB{LBRIEE - It
5 FFIHBIBRER g BV BEEERE g = 1 o FfHE 1 7E c AR Taylor BRATNE TR :

2
h(c+ x) = h(c) + h'(c) z + h"(c)x— +o(z?) Bz —0.
~—— 2
=0

HMIFEF R TSR

b € e AR ()
/ M) qp A M) 1 M)+ D2
a

—e —e

~ Ah(c o MIQ _ 2m Ah(x

e ()/_Ooe P dx_’li—)\h”(c).e (=),
HbER—EFASEESHEORFEN » REE AL ° O

#ifl 7.3.2 1 EEMERESG 7.1.21 PEAERM Gamma K °
Ve >0, T'(x)= /+Oo t* et dt.
0

FHFIEREMBSEERIRI - D(x + 1) = oD (x) BRFAE « > 0 #PERIL © FFAIKER - HRER
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asymptotic expression for n!, called Stirling’s formula, also see Exercise 6.12.
We have
+o0 00
nl=T(n+1)= / thetdt = / entnt=tqy,
0 0

To make the integrand in the above formula in the form as in Eq. (7.7), we make the change of variables

t = nz, and we have

400 400
n! = / nenln(nz)fn:v dr = nnJrl/ en(ln:pfz) da.
0 0

Let us consider the function & : [0, 400) = R, 2 + Inz — 2. We have

1 1
Vo >0, M(@)=_—1 and '(z)=-—<0.

Therefore, we may take ¢ = 1 and check that A is increasing on (0, 1) and decreasing on (1, +00). By

applying Laplace’s method, we find

nl ~ 2—7re_ = \/%(ﬁ)n
e

n
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BEn>1BAGETI(+1) =n! o FFATUE Gamma REFE A Laplace /574 * K n!
BOETHE R » FBIE Stirling AT > BEAIUBEBE 6.12 ©
A INEE]

— _ oo n_ —t _ oo nlnt—t
n!-I‘(n—i—l)—/O t"e dt—/o e dt.
INREBL EXNFBIRIE D REE T (7.7) PRI - FIEREREIL ¢ = na > EMISE
+o00 +oo
| — nln(nz)—nz _ nt+l n(lnz—x)
n! /0 ne dex =n /0 e dx.

EERMERRE A :[0,+00) >R,z Inz —z > HME

1 1

Ve >0, h'(x)= - 1 UK B'(z)= — 3 < 0.

Htt > FFIRTUEN ¢ = 1 MARE h 7E (0,1) EEE - BTE (1, +o00) LIEIR © £/ Laplace /574 °
M5 -
nl ~ 216_ = \/27m(ﬁ)n.
e

n
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