Fourier series

(CRVEES

9.1 Definitions

The goal of this section is to introduce the notion of Fourier series, whose partial sums correspond to

trigonometric polynomials.

9.1.1 Trigonometric polynomials

Definition 9.1.1:Let N € Nj. A function f : R — C is said to be a trigonometric polynomial (=8
%I87\) if it satisfies one of the following equivalent identities.

« There exists a finite sequence (¢, ) n<n<n Of complex numbers such that
VeeC, f(x Z Cnél
« There exists finite sequences (a,)o<n<n and (by)1<n<n of complex numbers such that

VeeC, f(x)= + Z an, cos(nx) + by sin(nx)).

n=1

Remark 9.1.2:

(1) In Definition 9.1.1, the coefficients (ay)o<n<n, (bn)1<n<n, and (c,)—n<n<n are related by the fol-

lowing relations,
Ym=0,...,.N, am=c¢m+c_m, and Vm=1,...,N, by =ilcm—c_m). (9.1)

This is due to the relation ¢!? = cos# + isin 6 for € R.

(2) It is not hard to see that a trigonometric polynomial P(z) = >\ ¢,€l™® is continuous and 27-
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=B =M Z I (trigonometric polynomial) :

- BIEBEREZFS (c))_Nnen ME
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VeeC, f(z)= Z cnei™,

n=—N

- FEBREZEFT (an)ocnen BB (bn)1<n<n ME

N
VeeC, f(z)= ?0 Z an, cos(nz) + by sin(nz)).

n=1

i o2
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Chapter 9  Fourier series

periodic. Moreover, its coefficients can be recovered by

1 2w .
Vn e Ng, ¢, / P(z)e” """ dux.
0

T or

Definition 9.1.3:

« A trigonometric series (= f#REN) is a series of functions in the variable € R of one of the
following forms,
> €™, or % + ) (an cos(nz) + by sin(nz)).

nez n=1

« A trigonometric series is said to be convergent at = € R if one of the following partial sums (so

both) converges,

N a N
( Z cneim> , or (0 + Z (ay, cos(nz) + by, sin(nm))) : 9.2)
n=—N N2>0 2

n=1 N2=0

Remark 9.1.4:

(1) From the relations in Eq. (9.1), it is not hard to see that if one of the partial sums in Eq. (9.2) converges,

then the other one converges.

(2) For afixed z € R, the way the convergence of trigonometric series at x is defined is weaker than the
existence of the double limit

q
lim Z cpet ™.
qg—-+o00o

p——o0 =P

Proposition 9.1.5 : The following properties holds.

e If Y p>1¢Cn and ), -1 ¢y converge absolutely, then the trigonometric series ), 7 cnel ™ con-

verges normally on R.

e If Y,s1an and 3°,-1b, converge absolutely, then the trigonometric series @ +

BNE BUREKH

ALGEB FFIATKE ¢

1 27

Vn e Ny, ¢, = o Iy P(z)e” " dz.

E&FO.13 :

- NR—ERES 2 c R RBRBAIURTH FIEF—ER

> cnel™, B % + Y (an cos(nz) + by, sin(nz)),

nez n>1

AUFRPITBM A =ML (trigonometric series) ©

- IRTEEP—E (FWE) BHMEUHE

5 (D 3 by i 9.2
, B (2 + Y (ancos(nz) + nsm(naz))) , 9.2)

N>0 n=1 N2>0

N
( Z Cneln.z)
n=—N

AIFFIR=BREE + c R G -

3B o.1.4 :
(1) X (9.1) BEPHIRMRE - HPIFHEBL - B (9.2) PEA—ESGAE - BBS—EHUEL -
) BIE = € R » PEE=ABREEL « WE S L TEEEE T ERENEEIEREE :

q
lim Z cpe' .
q——+00

p——oo =P

foRA 9.1.5 © TEMEMIL -
c BIR Yoy 0 TS0 oo BEIRES - FBE=ARE Y, oy cne'™® BIE R LIERRIKEA

MR Y i a, MY, by, RBEIRE BREZARE L + >,51 (an cos(nz) + by, sin(nz))
B7E R EIEARWEL

>ons1 (@n cos(nz) + b, sin(nx)) converges normally on R.
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Chapter 9  Fourier series

The corresponding trigonometric series defines a continuous and 27-periodic function.

Proof : For any x € R, we have
Vn €N, |cne'™| = |cpl, |an cos(nz) + by sin(nx)| < |an| + |bnl.

Therefore, the normal convergence follows directly. Since each of the function in the series is contin-

uous and 27-periodic, the same properties also hold for the series of functions. (]

Proposition 9.1.6 : If the sequences (¢y)n>1 and (¢_p)n>1 are real and decrease to 0, then

« the trigonometric series ), 7 cpne' ™" converges pointwise on R\2nZ; and

« uniformly on all the intervals [2km + o, 2(k + 1)m — o] withk € Z and o € (0, 7).

Proof : This is a direct consequence of the Abel’s transform and the Dirichlet’s test, see

Proposition 6.4.5 and Theorem 6.4.7. (]

9.1.2 Fourier series

In what follows, we are interested in 2m-periodic functions. In particular, let us introduce the following

two vector spaces,
* Cper(R, C) the space of 2m-periodic continuous functions from R to C; and

+ PCper(R, C) the space of 27-periodic piecewise continuous functions from R to C.

Definition 9.1.7: Let f € PCper(R, C) be a 27-periodic and piecewise continuous function on R. Its

Last modified: 10:48 on Saturday 7" June, 2025
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Chapter 9  Fourier series

Fourier coefficients are defined as below,

VneZ, c(f)= % u f(t)e intde,
0
Wn € No, an(f) = 71T 1 (t) cos(nt) dt,
0
WneN, bu(f)= jr () sin(nt) dt.
0

The Fourier series corresponding to f is the trigonometric series given by

ch(f)eim, or +Z an(f

) cos(nx) + by (f) sin(nx)).
neZ

n>1

In particular, we denote the n-th partial sum of the Fourier series of f by

n

Su()(@) = alf)eF, or Su(f)(z + Y (ar(f) cos(kx) + bi(f) sin(kx)).
k=—n k=1

Remark 9.1.8:

(1) We note that the Fourier series of f and f do not necessarily define the same function. Indeed, we

have not yet discussed the convergence of the Fourier series

(2) The coefficients (¢, (f))nez, (an(f))n=0, and (b, (f))n>1 are related in the same way as in Eq. (9.1).

(3) Since f is 2m-periodic, we may change the domain of integration to any interval of length 27

(4) If f is an even function, then the coefficients b, ( f) are zero; if f is an odd function, then the coefficients
an(f) are zero.

In what follows, we will write the trigonometric series and Fourier series using the exponential functions

instead of trigonometric functions. The two writings are equivalent, but the former one is more compact and
easier to write.

Proposition 9.1.9:If f(z) =
cn = cp(f) foralln € Z.

> cne' ™ is a trigonometric series that converges uniformly on R, then

Last modified: 10:48 on Saturday 7" June, 2025
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1 2 .
e, elf)=g [ fhe™at,

1 2

Vn € No, an(f) ey f(t) cos(nt) dt,
Vn N, ba(f) =~ [ £(¢)sin(nt) dt.
™ Jo
[ ETHERMME ERREE TEN=AKE
Z ca(f)e ™, ao;f) + Z (an(f) cos(nz) + by (f) sin(nz)).
nez

n=1
FFITLUE f PREFERIRE LI EEREAVE n [EERDFECHE

n

Sn(f)(@)= > c(f)eF 8 S, (f)(x) + ) (an(f) cos(kx) + by (f) sin(kz)).
k=—n k=1

53R 9.1.8 :

(1) HFEERR) [ NELEREMN [ AOERLERRE - B L - RFEREFREILER

aiERtE
@) BREL (cn(f))nez ™ (an(f))nz0 B (bp(f))ns1 mEET (9.1) EFRHEEMFAGR
3) R f BSBEERR 27 > BRI UBR D RERHEERES 2r &M -
(4) IR f ZEBRE > BERE b, (f) BT R [ BETRE > BERH 0, (f) BT °

BTR RIS EREHREMA

RZARFBRLEZARBURBLERY - MEREESFE
B EERmERERLIBFHERS -

A 9.1.9 : WIR f(z) =

Sepe™ BE=ARBETE R FEHIKE - BBEHRABE e Z
FIE ¢ = calf) ©
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Chapter 9  Fourier series

Proof : If a series of functions converges uniformly, then its integral on any segment also converges,

and can be computed term by term, see Proposition 8.2.5. Additionally, we know that

1 2r
%/0 R dr =1y, Vke€eZ

This allows us to conclude that

1 o i(k—n)z 1 o i(k—n)x
Cn(f):%/o chel(k )dx:ch%/o k=T qp = ¢, -

keZ keZ

9.1.3 Kernels and convolution

The partial sums of a Fourier series can be rewritten using a convolution between the function itself and

the Dirichlet’s kernel.

Definition 9.1.10 (Dirichlet’s kernel) : For n € Ny, we define
(2n+1)t

Vt € R\2nZ, D,(t)= ikt — 22 2 )

k=—n

The sequence of functions (D,,),>0 is called Dirichlet’s kernel.

- sin (75 ). (9.3)

Remark 9.1.11 : The last equality in Eq. (9.3) can be obtained by a geometric summation,

. s 2n+1 _ i 2n41 2 +1)t
n i(2n+1)t i=5—=t i t (2n
ikt _ i€ )—1_6 2 et sin ()
e =€ it = Y = !
e -1 12—6 135 Sln(§)

k=—n

Below are some properties of the Dirichlet’s kernel. They can be checked by direct computations

Proposition 9.1.12: The Dirichlet’s kernel (Dy,),>0 satisfies the following properties.
(1) For eachn > 0, the function D,, is even.
(2) Foreachn > 0, the function D,, is 2m-periodic.

(3) For eachn > 0, we have % f027r D, (t)dt = 1.
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/ R Ay =149, VkeEZ.
0
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BRI RT AR

1 27 . 1 2T,
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E=E ZERR
B ERBAEVER A AT A FE AR B E S £ Dirichlet #ZRVHEH
£ 9.1.10 [Dirichlet #%] : ¥R n e N, » EFIER
e Sin ((2n;1)t)

k=—n

@%&rggu (Dn)n}O *ﬁf’ﬁDmchlet*ﬁ °

R 9.1.11 1 3 (93) FIREB—EFER - TLUEBRAKECKER -

n i(2na+1)t j2ntly _j2ntly . (2n+1)t
Y et DN e Tt sin ()
e =€ i = T i = ——
eit — 1 el e i3 sin (5)

TEE#(E Dirichlet #RIEE - IR LEERERKERRRE -

fhiEd 9.1.12 : Dirichlet % (D,,),>0 W& ISR o

(1) HREEn > 0 K D, SEBRE -

2) BREME n >0 K D, BB 27 HY ©
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Chapter 9  Fourier series

BAE BIURKH

3) HREE >0 BB L " Da(t)dt =1

Definition 9.1.13 : For two 27-periodic and piecewise continuous functions f, g : R — C, we define

their convolution (¥%8), denoted f x g, as below,

1

27
Ve €R, (f*g)(x)= %/O Flz — t)g(t) dt. (9.4)

Below are some properties of the convolution that can be checked easily.

E&o1.13 I R MEBEHA 2r BRFEREBHNRE f,¢g - R - C> EFIEEMMN
F&_*ﬁ (convolution) » 524F fx¢g W0F :

1

27
VEER, (fg)(@)= 5 /0 Fla—tg(t) dt. (9.4)

Proposition 9.1.14 : For 2m-periodic and piecewise continuous functions f, g, h : R — C, the following

properties hold.
(1) (Linearity) For A € C, we have f x (g + Ah) = fx g+ A(f * h).
(2) (Commutativity) (f xg) xh = fx (g h).

(3) (Symmetry) f xg=g* f.

TEHRABRNBRENMNE » THERE -

iR 9.1.14 1 HWCBEEAR 2n BRESEBRE f,9,h: R — C THIMEMIL -
1) [RE] ERAeC BB fx(g+Ah) =fxg+ A(fxh)°
(2) [FIRHME] (fxg)xh=fx(gxh)e°

3) (] frg=g*f-

We may rewrite the partial sums of a Fourier series using convolution.

Proposition 9.1.15: Let f : R — C be a 2w-periodic and piecewise continuous function on R. Then,

Sn(f) = Dy, * f for everyn € Ny.

FFIRT LUBE I SR ZRAVE D A E BB IR -

Proof : Let n € Ny. We write the n-th partial sum of the Fourier series 3" ¢, (f)el™® as below,

n

Sulf)@) = Y el = 21”22( [ e ar)

k=—n

- f(t)<k:2n: ) dt = (Do x ) (o).
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Chapter 9  Fourier series

9.2 Quadratic properties

The most important result of this section is the Parseval’s identity (Theorem 9.2.7). Before discussing this
result, we are going to see the quadratic structure that arises naturally from the way the Fourier series is

defined, which is a pre-Hilbert space.

9.2.1 Pre-Hilbert spaces

Pre-Hilbert spaces generalize the notion of Euclidean spaces from R to C, and from finite-dimensional

spaces to infinite-dimensional spaces.

Definition 9.2.1:Let V be a K-vector space where K = R or C. A bilinear form (-,-) : V xV — K

is an inner product (RF&) if it satisfies
(i) (Positive definiteness) (z,z) > 0 with equality if and only if x = 0.
(ii) (Conjugate symmetry) (x,y) = (y, z) forall z,y € V.
(iii) (Linearity) (ax + by, z) = a{x, z) + b(y, z) forall a,b € Rand x,y,z € V.

If (-, -) is an inner product, then it induces a norm (so a distance) given by
|z||ly ==/ (z,z), VzeV.

Then, the normed space (V, (-, -)) is called a pre-Hilbert space. Additionally, if this normed space is
complete, it is called a Hilbert space. This generalizes the notion of inner product and Euclidean spaces

defined in Definition 2.1.10.

Definition 9.2.2: Let us denote by D the vector space consisting of functions in PCper (R, C) satis-
fying
1
Ve eR, f(z)= i[f(:c—) + f(z+)]. (9.5)
We define the following inner product on D,
1 27 -
(f.9) = (1.9) = o= [ FOaD ©06)

Last modified: 10:48 on Saturday 7" June, 2025
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R () 2ERIE - AEFSHEH T EEEH) » EHM:

|zlly == y/(z,z), VxeV.

FHFIHBAEEZER (V, (-, -)) WBIERE Hilberr 22 o b5 - ANREEKE TR Z 2 ERY - FFIEM
T1F Hilbert ZER < SESHETEER 2.1.10 EFEZRNABUR R ZFRIBLR -

EEo.22 ¢ HMIE PC..(R,C) BF > BiRE

[f(z=) + f(z+)] (9.5)

| =

Ve e R, f(x)=
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Chapter 9  Fourier series

Then, D is a pre-Hilbert space equipped with the norm || f||, := /(f, f) for f € D. We note that
(én : @+ €))7 is a family of orthonormal functions in D with respect to the inner product (-, -)

defined above.

Remark 9.2.3:

(1) We note that D contains 27-periodic continuous functions from R to C, that is Cper (R, C) C D.

(2) The main reason why we require the condition Eq. (9.5) for the functions in the space D is to ensure
that Eq. (9.6) satisfies the definiteness. Actually, it is not hard to see that a function f € PCper (R, C)
that only has finitely many non-zero points satisfies (f, f) = 0. In order to talk about a normed vector
space, we refer to the space D; but in Section 9.2.2, we will see that the Parseval’s identity holds for

more general functions.

Proposition 9.2.4: Forn € Ny, let P,, = Span(ey)_n<k<n be the linear span of (ex) —n<k<n, and write

D, for the orthogonal projection on P,,. For any fixed n € Ny, the following properties are satisfied.

(1) We have P, & P;- = D, and the orthogonal projection p,, gives the n-th partial sum of the Fourier

series,

VfeD, palf):= Z ck(f)ex = Sn(f).

(2) We have

1 27 w
Jnf |1 = glls = IIf = Sa(£)ll5 = %/O [F@OFdE= > le(£I” 9.7)

k=—n

Proof :

(1) Letus fix f € D and n € Ny. We note that for any —n < k < n, we have cx(f) = (e, f) =
(ers Sn(f)), so {ex, f — Sn(f)) = 0. Since (ex)_n<k<n Spans Pp, it means that f — S, (f) €
P-. We may write f = S,,(f) + (f — Sn(f)) with S, (f) € Pn, so we conclude that f €

Last modified: 10:48 on Saturday 7" June, 2025
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ARE > DEELEBE | f|, = V) B f e DE > 2{8Z Hilbert Zf - HFIEEF
(en: x> ™), cp 2EE DA - HIXWAE () BIIERRR SR ©

i3f# 9.2.3 :

(1) ZfPEZE - D EESTHRBHFE C  5BHA 2r BEBERE - #RBO5ER Cu(R,C) C D °

@ HRDHPHNRE  HMAFEERGHERX 05 WEERER  AMFTEERN 0.0 EWE
Eft - HE > HAFAHELR  SRIABGEREFEZTHMBRE f € PCu(R,C) » BEWME
(f,f) =0 IRBEFHBMLMEZER » ZRFIEGERZEM D ; BEF 022 /)EF - HMEE
3| Parseval (EF TV E —AXBYR BN B RLILAT

M 924 I HRneNy P, = Span(e) —n<k<n % (er)—n<k<n KR MEE R ZER - WIBTE
P ERIERRFZ M p, - BREREER n € Ny » FTEMEMIL ©

(1) BME P, o P =D > MAERKRTE p, RRPHEILEREE n BEHH :
VfeD, palf):= Z ci(flex = Sn(f)-

(2) &ME

1 27 ®
Jnf |1 = glls = IIf = Sa(£)lI5 = f/o [F@FdE= > le(£I” 9.7)

2 A

B

(1) BEMEE f e DUKRn e Noe HFIEER HREE —n <k <n> BMAE
c(f) = (ens £) = {ers Su(f)) * BB (eg, f — Su(f)) = 0 ° BBFR (ex)—n<hn SRIEERL Pn
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Chapter 9  Fourier series

P + P;-. Therefore, we have D = P,, + P;-. It remains to check that P, N P;- = {0}. Let
g=71__, grex € P, then we find g = (ex,g) = 0 for all —n < k < n. This means that
gr = 0for —n < k < n, thatis g = 0.

(2) From above, we know that S,,(f) = p,(f). Since S,(f) L (f — Sn(f)), we have ||S,(f)3 +
I|f — Sn(f)Hg = Hf”g, which shows the second equality in Eq. (9.7). Moreover, for any g € P,

we have

1f = gll5 = 1(f = Su(f) + (SalF) = DIz = If = Sa(HI5+15a(f) = gll3 = If = S5

which shows the first equality in Eq. (9.7). O

Remark 9.2.5:
(1) The first equality in Eq. (9.7) shows that the partial sum S,,( f) is the best approximation of f in terms
of quadratic variation among the trigonometric polynomials of degree less than or equal to n.
(2) Eq. (9.7) shows that for f € D, we have
“ 1
meNy, Y lelfI <

k=—n

27
()] dt.

2 Jo

This implies the convergence of the series 3°,,c7 [cx(f)|? and the following relation, called Bessel’s

inequality,
1 27
(AP < — t)|? dt.
> lealPP < 5= [ 1)

nel

Corollary 9.2.6 : Let P = Span(ey, )ncz be the vector space of trigonometric polynomials. For f € D,

we have

inf 2= L porar 2
welf—glf =5 [ 1fORd = T lea)P.

neL
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(2) HELEAVFERE » FPIEDE S, (f) = pa(f) © BIRR Sn(f) L (f—Sn(f)) * BAIER(|Sa(f)]5+
1f = Su(HIZ = If]12 > ERFRER 0.7) PHBE @SR - ko> WREERge P, R
5

I1f = gll3 = I(f = Su(£)) + (Su(£) = D)3 = IIf = Su(H3+1Sa(f) = gll3 = I1f = Su()I3,

SEBIIT L (0.7) DB —(EE - -

53R 9.25 :
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BERE - GHF S, (f) BE [ REFRIEEL -

2 X ©7)FHRAT - HR feD BME

1

n 27
WneNo, Y le(HF <o [ 1@
k=—n TJo

SERERE Y,y cn(f)[2 BORER » BUR TFHIRMET, - FBIEBessel A% :

2w
SleaP < 5 [ 5P,

neL

R 92,6 : 4 P = Span(en)nez BEHSERBRAEBIR  WR £ c D BB

inf 2= L pprar 2
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nez
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Chapter 9  Fourier series

9.2.2 Parseval’s identity

Parseval’s identity is a result about L?-isometry, see Remark 9.2.8 for a more detailed discussion.

Theorem 9.2.7 (Parseval’s identity) : Let f € PCper(R, C) be a 2m-periodic and piecewise continuous

2’ ZnGZ ’a'ﬂ(f) 2

function. Then, the series ", 7 |cn(f)

,and Y, e |bn(f)|? converge and we have

a 2m
S leap = LD LS 4 L b = o [ 1sOPa 09

ne” n>1 n>1

Proof: Let f € PCper(R, C). We may modify the value of f at finitely many points to make it become
a function in D, without changing its Fourier coefficients (¢, (f))nez and the integral 5- 02 T1f()]? dt.
Let us denote this modification by f.

From Corollary 9.2.6, it is sufficient to show that infyep || f — g3 = 0. Lete > 0. A similar construc-
tion as in the proof of Lemma 8.5.2 gives us a 27-periodic continuous function g such that || f — g||, < ¢
Then, the Stone-Weierstraf3 theorem (Example 8.4.7 (3)) gives us a trigonometric polynomial h € P

such that ||g — hl|, < €. As a consequence, we find || f — g||, < 42, Since

2¢, so infyep || f — 9”2

€ > 0 can be taken to be arbitrarily small, we can conclude. O

Remark 9.2.8:

(1) Let us define the space £2(Z, C) as below,

£(2.0) = {a=(an)nez: |2 lanf? < +oo},
nez

equipped with the inner product (-, -),

Ya,b € (*(Z,C), (a,b)

= anb.

neL

It is not hard to check that (¢2(Z, C), (-,-)) is a pre-Hilbert space. A similar approach as in Exercise

3.30 shows that this space is complete, so is a Hilbert space.
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FEZIED Parseval THER

Parseval (R ETUE(E L? FEMERER - HPIEEME 0.2.8 PEIMEMBIHIEIR ©

EIE 9.2.7 [Parseval EZT]
2 donez ’Cn(f)|2 *

I B f € PCor(R,C) 7BHEAZ 21 B BERBRIRBY - ARFE - #R
> onez ‘an(f)|2 il Y onez |bn(f)‘2 Kk - BEME
S len D = LD L L5 o (P + £ S et

ne” n>1 n>1

1 2 9
- /0 FOPA (98)

#B I N f € PCor(R,C) » FFITTLUKE f EERZERBE - IEMEN D FHRE > B
AEBEETERE (co(f))nez ARBED L 57 |F(1) dt BIE - BFIBELZCREFR
o

HRE o206 » BPIREE
BRI FE - RIBE

Weierstral TEIE (£ 8.4.7 (3))

FBE infyep ||f —gl5=0°F e >0 BMATUERLES|E 852 55
SRS 2r BUEBRE g BHWRE ||f — g, < e ° B » &8 Stone-
 HFIBERBI=AZIER 1 c P FR g — b, < c° KW

R BRFIE | — gll, < 26 Fillinf,ep || f — gl < 4¢% > BB & > 0 AT LUER/) - BRFIE
5 o O
5if#9.2.8 :

(1) HMEERZEM (Z,C) T :

P(2.0) = {a=(anhnez: |3 lanf? < +oo},
nez

§ann

neL
BRIIREERE (*(Z,C), (-, ) ZETE Hilbert ZEfE  EAEERE 3.30 HLRIAT - FHFIREFRERE
EIZ=EEE5ER » FTAZ(E Hilbert ZER] o

WA TR () -

Ya,b € (*(Z,C), (a,b)
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Chapter 9  Fourier series

(2) The above Parseval’s identity states that the Fourier mapping

F: PCpr(R,C) — (2(Z,C)
f = (enlf))nez

is an isometry (Definition 2.5.16) when restricted on the image. More precisely, the space PCper(R, C)
is isometric to a subspace of ¢(Z, C), which is given by the image of PCpe(R, C) under F. This is the

reason why we sometimes refer to this result as “L?-isometry” property for the Fourier series.
(3) If we look at Eq. (9.8), its right side is well defined for any square-integrable functions, that is functions

f :[0,27] — C such that the following integral exists in the sense of Lebesgue (not discussed in our

lecture),

/2ﬂ|f(t)2dt < +oo.
0

The collection of such functions is denoted by L?([0, 27]). In fact, the Parseval’s identity holds for all

such functions.

(4) Additionally, the Riesz-Fischer theorem shows that L?([0, 27]) is complete, so is a Hilbert space. As a

direct consequence, the Fourier mapping F defined on L?([0, 27]) is a bijection, which implies that 7
is an isometry betwteen L?([0, 27]) and ¢*(Z, C).

Corollary 9.2.9: Let f € PCper(R, C) be a 27-periodic and piecewise continuous function. The Parse-

val’s identity (Theorem 9.2.7) gives readily following consequences.

(1) We have limy,,| o cn(f) = 0.

(2) Ifen(f) =0 foralln € Z, then f = 0.

Remark 9.2.10 : The Riemann-Lebesgue lemma states that,

2 .
/ f)e™dt —— 0,
0

|n]—o0

where the variable n is a real number. However, the result in Corollary 9.2.9 (1) needs n to be restricted on

integers.
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FH)E ™ dt —— 0,

0 In|]—o0
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Chapter 9  Fourier series

9.3 Convergence results

We remind that for a given function f € Cper(R, C), its Fourier series is just a formal definition, and is
not necessarily equal to the function f itself, see Remark 9.1.8. In this section, we are going to discuss two

convergence results, the Jordan-Dirichlet theorem in Section 9.3.1 and the Fejér’s theorem in Section 9.3.2.

9.3.1 Jordan-Dirichlet theorem

The Jordan-Dirichlet theorem gives a sufficient condition for the Fourier series to converge pointwise. In
particular, it leads to a result for periodic piecewise C! functions, see Corollary 9.3.2; and a stronger result

for periodic, continuous, and piecewise C! functions, see Theorem 9.3.4.

Theorem 9.3.1 (Jordan-Dirichlet theorem) : Let f € PCpe(R,C) be a 2m-periodic and piecewise

continuous function on R. Let ty € R be such that

o 2 [Flto + ) + fto — h) — f(tort) — f(tot)] ©9)

is bounded around 0. Then the following series converges and satisfies

3 en(f)ei™ =

neL

[f(to+) + f(to—)]-

| =

Proof : Up to the translation ¢ — t+to, we may assume that tg = 0. Forn € Ny, lets, = > }__, cx(f)
and u, = s, — 3[f(0+) + f(0—)]. We need to show that u, —= 0.

For n € N, we have

dms, — i:/:fwé“dh:/:ﬂﬂDAﬂ&,

k=—n"

where D,, is the Dirichlet’s kernel defined in Definition 9.1.10. Use the parity of D, from

Proposition 9.1.12 (1), we deduce that

278y, = /7r [f(t) + f(—t)] Dn(t)dt,
0
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HPIFETE » HRERHE [ € Cour(R,C) B » IBEIERFAIAZEL A LHNERME @ LA—
EEERNRH fBCS  RiEff o138 o IEE@E/NEF - IS HMERRER - 5 9.3.1 NEIHRY

Jordan-Dirichlet EIEMU R 5 9.3.2 /& HHH) Fejér FIE o

ZBE—IEl Jordan-Dirichlet FEIE

Jordan-Dirichlet FE X2 T FIE I ERBOZ BB TTMEM o RFRUKRER - ERBM—ERNE IR
HMBREC RBIER » RRIE 932 ) UKRE—EH  ANAEBEEY « 2 - BRE C' REW
HR REE 034 o

I 9.3.1 [Jordan-Dirichlet £¥] @ 4 f € PCoer(R,C) B7E R L » SBEAR 27 B R EHERER

BRIEY o '%to c R 18
i 2 [Flto + ) + fto — h) — f(tort) — f(tot)] ©9)

£ 0 MBERR - BBEFIRB G W B mE

[f (to+) + f(to—)]-

| =

Z Cn(f)einto =

nEL

5B ERTERERt o 4ty BFITMUBRR =0 H MR ne Ny S s, = 7, ar(f) MK
By = s — 3 [f(0+) + £(0-)] ° BFIBEEA v, ——0°
HMne N HME

orse= S [T fwettdi= [T f)Da() dt,
k;n /_W /_ﬂ

Hrih D, BF % 9.1.10 BFAE &M Dirichlet #% o A 9.1.12 (1) PIREIWEEN D, HFB
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Chapter 9  Fourier series

Moreover, Proposition 9.1.12 (3) allows us to write

R1(04)+ 10-)] = [ 1104) + F0-)Da(0) dt.

By defining
Ve 0.20), 9lt)= s S0+ (-0 - S04 - S0
2
we find
2mu, = /0 g(t) sin (W) dt. (9.10)

We note that g is piecewise continuous on (0, 277) and bounded around 0 by the assumption in Eq. (9.9),
so g is integrable on (0, 27). Then, it is not hard to see'from Corollary 9.2.9 (1) that the right side of
Eq. (9.10) goes to 0 when n — oo. O

Corollary 9.3.2:Let f : R — C be a 2m-periodic and piecewise C* function on R”. Then for every
z € R,

[f(z4) + f(z—)].

N | =

Z Cn(f)einw —

nEL

In particular, if f is continuous at x, then

> calf)e™ = f(x).

neL

BAE BIURKH

1%+ BSHAS
2ms, = [ (70 + £(-]Da(t) at,
0

It > faRE 9.1.12 (3) EBMEMAUE

R[1(04) + £0-)] = [ [F0+) + £(0-)]Due) dt.

mEEE
Ve 0.27), ()= s )+ F() — (04) ~ 0],
5 5795)
iy, = /0 " () sin (W) dt. (9.10)

HFIERER] > g BMETE (0,27) EREERBRIRER ; BARIRI (9.9) FHIRER » fthiE 0 HHERE R
BY » FiLL g 7£ (0,27) EFJAR © B2 » BFIFREHBL' - RE 029 (1) FHFHMN 0.10) WARE
£ n — oo FREAM 0 © O

"We need the Riemann-Lebesgue lemma for half-integers. We can either apply a more general result from Remark 9.2.10 that we

did not prove, or adapt the result from Corollary 9.2.9 (1) by writing sin (%t) = sint cos(%) + costsin(%).

*The definition is similar to that of piecewise continuous functions in Definition 7.1.1. We say that f : [a,b] — R is a piecewise
C? function if there exista = o < z1 < --- < Tm = b such that for everyl < k< m, fis C! on (zk-1, k), and can be

extended by continuity to [x)_1, )] into a C' function.
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Chapter 9  Fourier series

Proof : Let 0 = zp < z1 < --- < xy, = 27 such that for every 1 < k£ < m, f can be extended by
continuity into a C! function on [x}_1, 7], this means that f is continuous on [z;_1, 7). Therefore,
the function defined in Eq. (9.9) is bounded for every tg € R. So the result follows directly from
Theorem 9.3.1. U

Lemma 9.3.3: Let f : R — C be a 27-periodic, continuous, and piecewise C' function on R. Define

p:R—=>Cby

fl(t if f is differentiable at t,
VieR, o(t) = () / f

%(f’(t+) + f'(t—)) otherwise.

Then, the Fourier coefficients satisfy c,,(p) = incy(f) for alln € Z.

Proof : Let 0 = 29 < 1 < --- < @, = 27 such that for every 1 < k < m, f can be extended by
continuity into a C! function on [z_1, ). Let us fix n € Z. For 1 < k < m, an integration by parts
gives
/ o(t)e "M dt = [f(t)e_mt] ' +in/ f(t)e "t de.
Tp_1 t=zk—1 Tp_1
By taking a summation over 1 < k < m, we find
27 . . 2m 2m .
p(t)e” " dt = [f(t)e ™| fin [ f(t)em " dt.
0 t=0 0

In other words,

cn(p) = incn(f). O

Theorem 9.3.4: Let f : R — C be a 2n-periodic, continuous, and piecewise C! function on R. Then the

Fourier series of f converges normally to f on R.

Proof : Let us define ¢ as in Lemma 9.3.3, then it follows that ¢, (@) = inc,(f) for all n € Z. Then,
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513933 : ¥ f:R-CAERTER L - BES 2r EEERRC HRHE - EHEe:R—-C

(TN
() = [ 1E ¢ BT,
VteR, o(t) =
L(f/(t+) + fl(t—))  EfiER.

BREE » WG n € Z » BIEREERE cu(0) = inca(f) °

A DO=20 <21 < <ap =21 EEHRAE 1 <k <m > [ AIFERERMERERRK
[wh—1, 2] £ERY CT BRER  FBRFIEE n € Z - IR 1 <k <m» DERD EHETA

/ ' o(t)e 1M dt = [f(t)e_mt} ’ +in/ f(t)e " dt.
Tp—1 t=xk—1 Th—1

FERHEMN 1 <k <m B HF1S5E

2T 2 2T

go(t)e_lnt dt = [f(t)e_lnt}tzo +in i f(t)e_lnt dt.

0

HBRA)EERR

cn(p) = inca(f).

EIE934 ! B f:R>CAERER L BEEA 2 - EBERE C ORE - BRE - f BYEF
UERHEE R EIERBEE) 7 -

SBOA : ERMINGIIR 033 PRARRES o - BENRFE n e 2 BB colp) = inea(f) ©
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Chapter 9  Fourier series

we may apply the AM-GM inequality to find

cn(g@)‘ <5 (lea@P + 25).

¥n € Z\{0}, en(f)] = | = 2

2 from which we de-

The Parseval’s identity (Theorem 9.2.7) implies the convergence of > |c,(¢)
duce that > |c,(f)| converges. Then, Proposition 9.1.5 implies that the Fourier series of f converges

normally, and Corollary 9.3.2 shows that the Fourier series is equal to f. (]

9.3.2 Fejér’s theorem

Fejér’s theorem states that a periodic continuous function can be approximate uniformly by the Cesaro

means of the partial sums of its corresponding Fourier series.

Definition 9.3.5 (Fejér’s kernel) : We define the Fejér’s kernel via the Dirichlet’s kernel introduced

in Definition 9.1.10. For n € Ny, we define

1< 1 /sin (L) 2
Vt € R\27Z, F,(t)=——> D(t)= 2 ) 9.11
Wz Fa) =y 3D = (M .11

The sequence (Fy, )0 is called Fejér’s kernel.

Proposition 9.3.6 : The Fejér’s kernel satisfies the following properties.
(1) Forn € Ng and x € R, we have F},(z) > 0.
(2) Forn € Ny, we have 3 [*_F,(z)dz = 1.
(3) For any fixed 6 > 0, we have

lim Fo(z)dz =0.

n—00 6<|:c|<7r
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Chapter 9  Fourier series

Proof : The first two properties are easy to check. Indeed, they follow directly from the properties of
the Dirichlet’s kernel, see Proposition 9.1.12. Let us check (3). For a fixed § > 0, we observe that

1 dt
/ F,(z)dx < ———~ ——0.
5<|z|<m n+1 5<|z|<r sin (§> n—00 [

Theorem 9.3.7 (Fejér’s theorem) : Let f : R — C be a 2m-periodic and continuous function on R. For
n € Ny, let

Sl iz 3 alNER, on(f) = —= > Skl
k=0

k=—n

Then, the sequence of functions (o, (f))n>0 converges uniformly to f on R.

Remark 9.3.8:

(1) We note that the sequence (0, (f))n>1 consists of Cesaro means of the sequence (S, (f))n>o0-

(2) This is a constructive proof of the Stone-Weierstrafl theorem in the case of trigonometric polynomials,

see Example 8.4.7 (3).

Proof : We are going to rewrite (o,(f))n>0 using the Fejér’s kernel, and the properties in

Proposition 9.3.6. Given n > 0 and x € R. We may write

Then,

on(F)@) — f(z) = 2‘;/7; Flo— ) Fy(t) dt — f(z) = — /7r [F(x = 1) — f(2)] Fult) dt.

:ﬂ .

Let us fix ¢ > 0. Using the continuity of f on [—m, 7], we know that it is uniformly continuous

and bounded. We choose § > 0 such that for x,y € [—7, ], the condition |z — y| < J implies
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EH 937 [Fejer TE)] : D f: R CAEEER L BB 2r EBRE - HN

nENo”%

! zn:Sk(f)

k=0

. - ikx _
5w 3 @l ol =55

AR - RBFS (00(f))nz0 BER EHGERHBE f ©

538 938 :

(1) HFEEEER B3 (00(f)nz1 REFT (Su(f))nz0 B Cesaro FIIFIEMAY
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SE9R  BVEIE (0,(/))0 538 Fejér HOREKTS » b EAERMEE 0.5.6 FEIME o 5% n > 0 bl
Kz e R HFFIUE
1 - 1 i
o) = ——= 3" Sua) = -

n+1k:0

AR

(D)~ f@) = o [ fa= 0ROt - @)= o [ 11 1) - f@] Fa)dt.

:% .

BHRMEE > 00 FA f 17 [, 7] ERFGEEY > RAEMREYDEEEE RN - EHRM
B> 0FEBER v,y [-mn B |z -y <SBE |f(2) — fly) <es MR M > 0 FF
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Chapter 9  Fourier series

|f(z) — f(y)| < e;and M > 0 such that || f|| ., < M. Then, we find

1 1
)@~ f@ < 5o [ =) = J@IER@ A g [ =) = @l

M
= [ R+ = / Fo(t) dt
s<jtl<r

Son |t|<6 0
M

<E+f/ Fo(t) dt.
T JoéLt|<m

The above inequality does not depend on x € R, so we have
M
lon) = flu <et— [ R
T Jog[t<m
By taking lim sup for n — oo, we find
limsup lon(f) — o <.
n— oo

Since this inequality holds for any arbitrary € > 0, we deduce that lim,_, ||on(f) — fllo =0. O

Remark 9.3.9 : We note that in the proof of Féjer’s theorem, we used the properties of the Fejér’s kernel
stated in Proposition 9.3.6, and did not rely on the exact form of (F},),>o. In particular, a kernel (F},),>0
satisfying the properties in Proposition 9.3.6 is called an approximate identity, and for such a kernel, we can

apply the same proof to show that F;, x f converges uniformly to f on R.
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Iflle < M » BffiE

(D)~ 1) < o [ 15— = f@IE o [ Ife =) - S@IF 0

o 2T

M
< i/ Fo(t)dt + —/ Fo(t) dt
27 Jit|<s T Js<|t<n

M

<s+7/ Fu(t) dt.
7 Jo<|t|<n

FEAFALEARBCRR 2 € R - ALHMAR
lon($) = Ml <245 [ Falt)a
B n — oo B limsup » BHAPIEE
lim sup lon(f) = fllo < &

RRAFRXBNRER ¢ > 0 #BEIL » BPHES limp—oo [0 (f) — fllo =0 a

53#% 9.3.9 1 HFIEERIE Féjer EIRRVFREAT - FFIER T 608 9.3.6 ERFTIRE] » B Fejér A
8 > WRBERE (F,)n=o NI - BEL - EfRERE 9.3.6 PEERK (Fo)nso * TG
B EEA AT - MEHNRERNE - IR UERERNER - RS2 F,« f §ER L1553
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