Fourier series

9.1 Definitions

The goal of this section is to introduce the notion of Fourier series, whose partial sums correspond to

trigonometric polynomials.

9.1.1 Trigonometric polynomials

Definition 9.1.1:Let N € Ny. A function f : R — C is said to be a trigonometric polynomial (=
%IH7\) if it satisfies one of the following equivalent identities

« There exists a finite sequence (¢, ) n<n<n of complex numbers such that
N .
VeeC, f(z)= Z cpet ™.

n=—N

« There exists finite sequences (a,, )o<n<n and (by)1<n<n of complex numbers such that

Yz eC, f(z

N
?0 > (an cos(nx) + by sin(nz)).

n=1

Remark 9.1.2:

(1) In Definition 9.1.1, the coefficients (ay)o<n<n, (bn)i<n<n, and (¢,)—n<n<n are related by the fol-
lowing relations,

Ym=0,...,N, an=¢n+c_m, and VYm=1,....N, by,

)

i(em —com). (9.1)
This is due to the relation ¢!? = cosf + isin for§ € R

(2) It is not hard to see that a trigonometric polynomial P(z)

N inx
2 n=—N Cn€
periodic. Moreover, its coefficients can be recovered by

is continuous and 27-

1 2w .
Vn € Ny, ¢, = %/0 P(z)e” '™ dux.

Definition 9.1.3:

- A trigonometric series (ZB#REX) is a series of functions in the variable x € R of one of the

(CRVEES

EEEEENZMEE ERBELR - R h =M 2 HUG HBIERMAMAER °

BE—IE =ZAZIEN

EE911 I B NeNye

TRERZ f: R — C - IR TEEF—EFERFRIL - BIFMIER f
EBE=AZ I (trigonometric polynomial) :

- BIEBEREZFS (c))_ Ny ME

N
VeeC, f(z)= Z cne™,

n=—N

- FERREEFT (an)o<nan B (bn)1<nsn W

N
VeeC, f(z)= % + Z (ay, cos(nz) + by sin(nz)).
n=1

R o912 :

(1) TERE 9117 » BRE (an)o<ns (cn)-N<n<n ZERE FFIREE -

= Cm + C—m, UK VYm=1,... N,
ERILUEBRIMRT ¢'? = cosd + isin 0 B 0 € R RK1EF -

(2) BPIF#ELR » =Z=AZIEN P(2)
AILGEBE T ARKE ¢

Ym=20,...,N,

b, = i(Cm — ). (9.1)

= Zg:—N Cneimc EEE

G EEERA 2r B9 © A o BEYIREK

1 2 .
Vn € Ny, ¢, = —/ P(z)e” '™ dx.
27 Jo

E&*O.13 :




Chapter 9  Fourier series

following forms,

. a .
> €™, or 50 + ) (an cos(nz) + by sin(nz)).

nez n>1

« A trigonometric series is said to be convergent at = € R if one of the following partial sums (so

both) converges,

ao

N . N
(n_X_:N Cnenuv) N20, or (2 + Z (ay, cos(nz) + by, sin(n:c))) . (9.2)

n=1 NZ>0

Remark 9.1.4:
(1) From the relations in Eq. (9.1), it is not hard to see that if one of the partial sums in Eq. (9.2) converges,
then the other one converges.
(2) For a fixed = € R, the way the convergence of trigonometric series at z is defined is weaker than the
existence of the double limit

q
lim g cpe' ™.
q—+00

p——o0 =P

Proposition 9.1.5 : The following properties holds.

« If Y51 Cn and 32,51 ¢y, converge absolutely, then the trigonometric series Y., ¢z cne'™ con-
verges normally on R.

e If Y,>1an and Y, -1b, converge absolutely, then the trigonometric series % +

>ons1 (@n cos(nx) + b, sin(nx)) converges normally on R.

The corresponding trigonometric series defines a continuous and 2m-periodic function.

BAE BIURKH

- NR—EBES 2 c R IRBRBETURTA FIEF—ER :

> cne™, & % + Y (an cos(nz) + by sin(nz)),

nez n>1

BF B A —=ARE (trigonometric series) ©
- MRTEEAP—E (GRE) EBHMEUE

N
( Z Cnelnz)
n=—N

AIFMIR=BREE « c R IR -

N

, 3 (C;O + Z (ay, cos(nz) + by, sin(nx))) , (9.2)

N=>0 n=1 N=>0

Proof : For any x € R, we have
Vn €N, |ce!™| = |cpl, |an cos(nz) + by sin(nz)| < |an| + |bnl.

Therefore, the normal convergence follows directly. Since each of the function in the series is contin-
uous and 27-periodic, the same properties also hold for the series of functions. ]

Proposition 9.1.6 : If the sequences (¢y)n>1 and (c—y,)n>1 are real and decrease to 0, then
« the trigonometric series _,,c7 cne' " converges pointwise on R\2nZ; and

« uniformly on all the intervals [2km + o, 2(k + 1)m — o] withk € Z and o € (0, ).
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5914 :
(1) #R 0.) EFHRAER  RFAFRHEL - B0 0.2) PEP—EZROFIKE - BRR —EHUkER -
) BEE 2 € RE  RPOIEE=AREBE « WK S L TEEEYE FEEENTZEMRE :

q
lim E cpe' ™.
q——+00

p—>—oo0 =P

foRA 9.1.5 : FEMEMIL °
c R i o0 MY, ooy FBETURER  BRE=MAIREL D ey cne' ™ BTE R EIERRURES -

MR Y 0, MY b, BEIRE BRE=ZARA L +>,51 (ay cos(nz) + by, sin(nz))
B7E R LIERURH -

PRI = AR E EHEEBEBERS 2r BIRE -

EEA HRER 2z e R BB
Vn €N, |cne'™| = |cpl, |an cos(nz) + by sin(nx)| < |an| + |bnl.

it - ISR ERBER - BRREF RV SE R 2@ EERS 2r 89 - HREEREHX
BUREIBYIL © O

R 9.1.6 1 WIRIBE (co)oor F (c_n)no1 BEH - BIERE 0 PBE=ZARE Y™ &
- ER\27Z EZEWE ; B
IR B ke ZUR a € (0,7) » EEM 2k7 + o, 2(k + 1)7 — o] LU -
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Chapter 9  Fourier series

Proof : This is a direct consequence of the Abel’s transform and the Dirichlet’s test, see
Proposition 6.4.5 and Theorem 6.4.7. (]

9.1.2 Fourier series

In what follows, we are interested in 27-periodic functions. In particular, let us introduce the following
two vector spaces,

+ Cper(R, C) the space of 2m-periodic continuous functions from R to C; and

+ PCper(R, C) the space of 27-periodic piecewise continuous functions from R to C.

Definition 9.1.7: Let f € PCper(R, C) be a 27-periodic and piecewise continuous function on R. Its
Fourier coefficients are defined as below,

el elf)= o [ Fe
0
Vn € No, an(f) = % o f(t) cos(nt) dt,
1 %W
VneN, b,(f)= ;/0 f(t) sin(nt) dt.

The Fourier series corresponding to f is the trigonometric series given by

Z ca(f)eim®, ) cos(nx) + by, (f) sin(nz)).

neZ n>1

In particular, we denote the n-th partial sum of the Fourier series of f by

Su(f) () = Zn: cr()er, or  Su(f)(z) = aoéf) + z": (ak(f) cos(kx) + b(f) sin(kz)).
k=—n k=1

Remark 9.1.8:

(1) We note that the Fourier series of f and f do not necessarily define the same function. Indeed, we
have not yet discussed the convergence of the Fourier series.

(2) The coefficients (¢, (f))nez, (an(f))n>0, and (b, (f))n>1 are related in the same way as in Eq. (9.1).
(3) Since f is 2w-periodic, we may change the domain of integration to any interval of length 27.

(4) If f is an even function, then the coefficients b, ( f) are zero; if f is an odd function, then the coefficients
an(f) are zero.

In what follows, we will write the trigonometric series and Fourier series using the exponential functions
instead of trigonometric functions. The two writings are equivalent, but the former one is more compact and
easier to write.
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§9HR : 35 Abel BH2H0 Dirichlet #RIENBEIEGER - EME 645 URTEE 6.4.7 © O

BIE BIRRH
BT B EERSEEA 2r RIRE - 555K - A5 ETEMEREZER :
+ Coer(R,C) BBHAZ 27 » I R BREYE C BEBRBFTBMBIZER ; YUK
« PCoer(R,C) BIEHAZ 27 » A R BREYZE C MU BSEBR BB ZER] -

EHE0.1.7 1 D f € PCu(R,C) BESBME R L BHS o B ELEEMRE - RFIESME
AR ¢

el alf)=q [ f0e
Vn € No, an(f) = % o f(t) cos(nt) dt,
1 %W
VneN, b,(f)= ;/0 f(t) sin(nt) dt.

f TR ERRME BB ER TERN =ARE

Z dne g ao(f) + Y (an(f) cos(nz) + bu(f) sin(nz)).

2 n=1

FAFIFTLUE f BT ARSI E I R BRI » [EERMFECIE -

Sn(f)(z) = Z ce(f)e™, B S (f)(x) Z ) cos(kx) + bi(f) sin(kx)).

k=—n k=1

3R 9.1.8 :
(1) BFPERR) > f NEIERE f ROEXLERNRE - BIR L - KRG HREIIER
ESGOL e
@) BB (cn(f)nez * (an(f))nz0 B (bp(f))n=1 MR (9.1) EFIERAIBIERR ©
(3) AR f BB 2r » RFIAIUBES ERMKRERRES 2r BER -
(4) R f 2EBRE > BEGRE b, (f) A5 ; MR f BFRE > BERE o, (f) BB ©

BETHR ZRMAEEREERBMARZARIRLZARBURBILERY - MEREZZSFE
By - ERAERERLBIEHARS -
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Chapter 9  Fourier series

Proposition 9.1.9 : If f(z) = Y c,e' ™ is a trigonometric series that converges uniformly on R, then

cn = cp(f) foralln € Z.

Proof : If a series of functions converges uniformly, then its integral on any segment also converges,
and can be computed term by term, see Proposition 8.2.5. Additionally, we know that

1 2m
27/ e F Ay =149, VEkeEZ.
m™J0

This allows us to conclude that

1 o i(k—n)x 1 2 i(k—n)x
Cn(f):%/o chel(k ) d$:ch§/() el(k—n): dz = ¢,.

kez keZ
(|

9.1.3 Kernels and convolution

The partial sums of a Fourier series can be rewritten using a convolution between the function itself and

the Dirichlet’s kernel.

Definition 9.1.10 (Dirichlet’s kernel) : For n € Ny, we define

e Sin ((2n;1)t)
Vi € R\21Z, D, (t) = ikt _ 27V 2 ) 9.3

BAE BIURKH

R 9.1.9 : TR f(z) = Y™ BE=AKBETER 9K BEHRFABEnecZ &
,ﬂilﬁﬁ Cp = Cn(f) ©

The sequence of functions (D, ),>0 is called Dirichlet’s kernel.

Remark 9.1.11 : The last equality in Eq. (9.3) can be obtained by a geometric summation,

. : 2nt1 . 2n41 .
i(2n+1)t _ 1 elnTt el ot sin

n
ikt _ —int© _ _
e =e = = 7 - = -t
elt —1 ez —e iz sin ()

k=—n

((2n-2|-1)t)

Below are some properties of the Dirichlet’s kernel. They can be checked by direct computations.

Proposition 9.1.12 : The Dirichlet’s kernel (Dy,)n>0 satisfies the following properties.
(1) For eachn > 0, the function D,, is even.
(2) Foreachn > 0, the function D,, is 2m-periodic.

(3) Foreachn > 0, we have % 027r D, (t)dt = 1.
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208 MR —EREBREIIWE - BBEMEERE ENBE WS - mBERU—IE—I8
HetE > BépEE 825 o b4 » B9ENE

1 2r
/ R dr =1y, VkeZ.
0

o
BRI LIRS
1 27 . 1 2
en(f) = 7/ Z ckel(k_”)m dx = Z ck—/ ellk=n)z g, — Cn.-
2o 15 ka2 2mJo O

B/ REREE
MBI ERHBIEMD A AT AR AR BB C & Dirichlet #BYIERH -

E#E 9.1.10 [Dirichlet %] @ B n e Ny » HFIEE

L e sin ()
Vt € R\27Z, D,(t)= W= = 7 9.3
€RAZ, Dy(t)= ) == ©3)

EREBUFS (D)0 TBIEDirichlet ¥% °

3 9.1.11 1 H (93) PHERR—EFN » AILUEBRARECKAFE) :

n i(2n+1)t j2ndtly —j2ntly o (2nt1)t
ikt _ —inte( )_1_6 2 —e€ 2 _Sm( 2 )
e =¢c it = T it = —
e —1 612—6 13 Sln(§)

k=—n

TEZ(E Dirichlet #&BI4E - tPIRTUERERERRRE -

fBil 9.1.12 & Dirichlet #% (D,,) >0 & NH4E o
(1) BREEn >0 KE D, SEBRE -

2) HNEEn >0 RKE D, BBEAE 27 89 ©

3) HREE >0 HFIE L " Da(t)dt=1°
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Chapter 9  Fourier series

Definition 9.1.13 : For two 27-periodic and piecewise continuous functions f, g : R — C, we define
their convolution (¥%&), denoted f * g, as below,

VeeR, (fxg)(z)= % /027r flx—1t)g(t)dt. (9.4)

Below are some properties of the convolution that can be checked easily.

Proposition 9.1.14 : For 2m-periodic and piecewise continuous functions f, g, h : R — C, the following
properties hold.

(1) (Linearity) For A € C, we have f x (g + Ah) = fx g+ A(f * h).
(2) (Commutativity) (f xg) *h = fx (g h).

(3) (Symmetry) fxg = gx* f.

We may rewrite the partial sums of a Fourier series using convolution.

Proposition 9.1.15: Let f : R — C be a 2m-periodic and piecewise continuous function on R. Then,
Sn(f) = Dy, * f for everyn € Ny.

Proof : Let n € Ny. We write the n-th partial sum of the Fourier series 3" ¢, (f)e!™® as below,

n

Sulf)@) = 3 el = 21”2( [ e ar)

k=—n
1

T or

/02" f(t)< i eik(:c—t)> dt = (D,, * f)(z).

k=—n

9.2 Quadratic properties
The most important result of this section is the Parseval’s identity (Theorem 9.2.7). Before discussing this

result, we are going to see the quadratic structure that arises naturally from the way the Fourier series is
defined, which is a pre-Hilbert space.

9.2.1 Pre-Hilbert spaces

Pre-Hilbert spaces generalize the notion of Euclidean spaces from R to C, and from finite-dimensional
spaces to infinite-dimensional spaces.
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ER9.1.13 1 HIWEEA 2r BERBEENRE f,9: R — C» RFIEHRMMIBER (con-
SCfEfrg 00T :

volution)

1 2w

Ve eR, (fxg)(x)= o flxz—1t)g(t)dt. (9.4)

TEHRABRNBENTE » TH#HRE -

g 9.1.14 : HWNBEEA 2r BREEERE f,9,h: R — C » FEIMERIL ©
(1) [RE] EMAeC BB fx(g+Ah) =fxg+ A(fxh)°
) [AI3HM]) (fxg)xh=fx(gxh)e
3) [HTBE] frg=gxf-

FFIrT LUBE I R ERBVE D A E B ISR -

WEE9115 ! B f:R > CATERER £ BB 2r BREEBRRE - BE > HRN
n e Ny I Su(f) = Dn* fo

s#BA 1 B n e Ng o HPHEEIIERE S ¢ (f)e! ™ BB n BEERAFIRM

N ek Ly e ikt g ) gike
S = 3 el =5 37 ([ e ar)
1o - k@)Y gy — ) (2
- 27T/0 f(t)(l;_jn >dt_ (D * f)(2). .

BIHE ZkfEE
EESHREEMERE Parseval IR (FI027) « WREBBRLH - RNGENHIEE
FHITRRBE - BEARMRI RGN - IR Hilbert 220 -

$E—/\Ei # Hilbert 2R3
#E Hilbert ZPRIHEE T XN ZEHABLE » 1 R #ESR) C » LB RMETEHETRBESHE TR -
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Chapter 9 Fourier series

Definition 9.2.1:Let V' be a K-vector space where K = R or C. A bilinear form (-,-) : V xV — K
is an inner product (RF&) if it satisfies

(i) (Positive definiteness) (z,z) > 0 with equality if and only if x = 0.
(i) (Conjugate symmetry) (z,y) = (y,z) forall z,y € V.
(iii) (Linearity) (ax + by, z) = a{x, z) + b(y, z) forall a,b € Rand x,y,z € V.

If (-, ) is an inner product, then it induces a norm (so a distance) given by

|z||ly ==/ (z,z), VzeV.

Then, the normed space (V, (-,-)) is called a pre-Hilbert space. Additionally, if this normed space is
complete, it is called a Hilbert space. This generalizes the notion of inner product and Euclidean spaces
defined in Definition 2.1.10.

Definition 9.2.2: Let us denote by D the vector space consisting of functions in PCper (R, C) satis-
fying

Ve € R, f(z) = 3[f@-) + S]] 03
We define the following inner product on D,
27 -
(F.9) = (9) = o= | £, ©0:6)

Then, D is a pre-Hilbert space equipped with the norm || f|, := /(f, f) for f € D. We note that
(en : T+ €1"%), ¢z is a family of orthonormal functions in D with respect to the inner product (-, -)

defined above.

Remark 9.2.3:
(1) We note that D contains 27-periodic continuous functions from R to C, that is Cpe, (R,C) CD.

(2) The main reason why we require the condition Eq. (9.5) for the functions in the space D is to ensure
that Eq. (9.6) satisfies the definiteness. Actually, it is not hard to see that a function f € PCper (R, C)
that only has finitely many non-zero points satisfies (f, f) = 0. In order to talk about a normed vector
space, we refer to the space D; but in Section 9.2.2, we will see that the Parseval’s identity holds for
more general functions.

Proposition 9.2.4: Forn € Ny, let P,, = Span(ey) _n<k<n be the linear span of (ef,) —n<k<n, and write
pn, for the orthogonal projection on P,,. For any fixed n € Ny, the following properties are satisfied.

(1) We have P,, & P;- = D, and the orthogonal projection p,, gives the n-th partial sum of the Fourier
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EHE921 I DVAEK=RFHC LHAEZH - IHELERERRX (,): VxV - K- 1R
fmE THME  BIFRFIERMZEANE (inner product) :

() [EEM] (v,2) >0 BERHKIIEEME =00
(i) [HIHBE] (2,y) = (y,2) BB 2,y eV o
(i) [$EME]) (az + by, 2) = alz, 2) + by, 2) HRFAB a,beR K z,y,z € V o
R (-, -) BMERKR - AMEFELHE (FTULEERE) » T
|||y := \/(z,2), VzeV.

HFUBRREEZERT (V, (-, -)) TEIEHE Hilbert 22 © 51 - NREEMEB R TTHEEY - FFHEM
TB1E Hilbert 2EH < SEHETEER 2.1.10 EFEZRNABUR R ZEFRIBLR

EEo.22 ¢ HME PC..(R,C) EF > BiRE
1

Ve e R, f(z) =5 [f(z=) + fla+)] (9:5)
NEBFFMRNR RN D - RIVE D L EES FEEEMNM
27 -
(F.9) = (9) = o= | £ . ©0:6)

ABE - D EE LR || f], .= V{[,/) R f € DK - 8% Hilbert Zf - HFIEEE
(en: @ ") ey BAEE D B WA (-, ) BIERRER

53R 923 :
(1) &FEER > D ESTHRMHNE C BHA 2r AERRE #4058 Co(R,C) C Do
2 R D FRIRE  AAFTEEREGHR 05 NEERREZE  BFITEERIL 00 ERE
EM-HE EMA#HELHR  HRRAEEREFESHNERE f € PCu(R,C) » HERE
(f, ) =0 - NREENRIMETAEZEME > WMFEBZER D BESE 922 /&P > HMEE
B Parseval 1EENE N E—AZAYREH 2R ILAY ©

n"ﬁ%E 924 : B n e Ny S Pn = Span(ek)_ngkgn =) (ek)_ngkgn RS R ZERE - MIETE
P, EMIERIGZEM p, - HRERBEEWN n e Ny » TEMERKIL °
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Chapter 9  Fourier series

series,
n

VfeD, pa(f):= Z ck(f)ex = Sn(f)-

k=—n

(2) We have

it I gl =1 =SB = o [ 1FOPd= 3 P 0

k=—n

Proof :

(1) Letus fix f € D and n € Ny. We note that for any —n < k < n, we have ¢ (f) = (e, f) =
(er, Sn(f)), so {ex, f — Sn(f)) = 0. Since (ex)_n<k<n Spans Py, it means that f — S, (f) €
P;-. We may write f = S,(f) + (f — Su(f)) with S,,(f) € Pn, so we conclude that f €
Py, + P;-. Therefore, we have D = P,, + P;-. It remains to check that P, N P;- = {0}. Let
g=7__, grex € P;-, then we find g, = (ex,g) = 0 for all —n < k < n. This means that
gr = 0for —n < k < n, thatis g = 0.

(2) From above, we know that S, (f) = p,(f). Since S,,(f) L (f — Sn(f)), we have ||S,.(f)[5 +
If— Sn(f)||§ = ||f||g which shows the second equality in Eq. (9.7). Moreover, for any g € Py,
we have

I1f = gll3 = 1(f = Su(£)) + (Su(£) = D5 = IIf = Su(H3+1Sa(f) = gl = I1f = S5,

which shows the first equality in Eq. (9.7). .

Remark 9.2.5:

(1) The first equality in Eq. (9.7) shows that the partial sum S,,(f) is the best approximation of f in terms
of quadratic variation among the trigonometric polynomials of degree less than or equal to n.

(2) Eq. (9.7) shows that for f € D, we have

1 2T
Vn € Ny, Z lex(f 7/ (1) dt.

P S o

This implies the convergence of the series 3°,,c; [cx(f)|? and the following relation, called Bessel’s

inequality,
1 2m 9
> lealP)F< 5= [ IFOR A

nel
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(1) &FE P, @ P =D MBERRE p, MMERFEIIEREE » HRGHM

n

VFED, pul(f) =Y cr(f)ex = Sulf).

k=—n

(2) F&ME

1 27 n
17 gl3=1f = SaDIE = 5= [ @R = 3 P 0

k=—n

B:

(1) BHEMEE f e DUKn € Ny o HFfIEER  BREE —n <k <n> HAB a(f) =
(e, [) = (er, Sn(f)) * FREA (e, f — Sn(f)) = 0 ° B (er) —n<hen MREEM P, » ENRE
f=5,(f) € PLoBHMBIUE f = S,.(f) + (f — Su(f)) » EF S,.(f) € P, » FbFHAIHE
WSS eP,+PLe FIUBMED =P, + P o ﬁi@df‘ﬁ IZERE P, NP ={0} B
g="__ grer € P BBEHMNEIE —n <k <n BATUFEE g = (er,g) =00
RARBEHR n<k<n HEMB g =0 &Eﬁ%éﬁg =0°

(2) #EEAIEERR » FFIFE S, (F) = pu(f) ° AR SL(f) L (f—Su(f)) » BAIEER (|S.(f)|5+
1f = Su(DN3 = 1I£15 » LHUﬂfﬂzE-ﬁ 0.7) PFHE_ESER - tA HREBE ge P, &K
(k=]

rllll

I1f = gll3 = 1(f = Su(£)) + (Su(£) = D)3 = IIf = Su(H53+1Sa(f) = gllz = If = Su()I3,
SEBATR (0.7) PHE—ESS - -

53R 9.2.5 :
(1) = 0.7) FNE—EEREHFEM  FEAEXRENRHER » W=AZIEXER - - XEED
BERE - 8O S,.(f) Y f RIFRIELL -
2 X 0.7)FBRET HR fcD HMBE
1

2
2
<o [ 1OF

Vn € Ny, Z |Ck
k=—n

ERSRE Yoz lee(f) ] BIRE - IR THIRARTL » #B1EBessel AFI
1

27
S leal$E< 5 [ 1RO

neL

BB . 20254 6 H 7 H 10:48



Chapter 9 Fourier series

Corollary 9.2.6 : Let P = Span(ey, )ncz be the vector space of trigonometric polynomials. For f € D,

we have
I~ ol3 =5 [ 1Pt = 3 feals)

neL

9.2.2 Parseval’s identity

Parseval’s identity is a result about L2—isometry, see Remark 9.2.8 for a more detailed discussion.

Theorem 9.2.7 (Parseval’s identity) : Let f € PCper(R, C) be a 2m-periodic and piecewise continuous
function. Then, the series 3" ,cz [en ()% Snez lan(f)|% and 3,,cz [bn(f)|? converge and we have

S el =L 4 25 (D4 3 S A = o [ 1FOP 9

neZ n>1 n>1

BAE BIUREH

HE926 1 B P = Span(e,)ce HEASAEXBHHABLM - HIX [ e D+ RIS
mElf - glE =5 [ @R =3 leals

neEL

EZ/MEY Parseval IHZET
Parseval 1E 28 L? FEMEER » HMTETE 0.2.8 P EMEMERRIETER ©

EI29.2.7 [Parseval TEER)] : © f ¢ PCper(R,C) #ERRA 2 B R EBCEBRYREL o ABEE » R
ﬂ ZnGZ ’cn(f)|2 N ZnEZ ‘an(f)|2 *ﬂ ZnGZ |bn(f>|2 Wﬁy ’ E?“Zﬂ’ﬁﬁ

27
S lenHP = LD LS o D+ L S () = = TG

ne”Z n>1 n>1

Proof: Let f € PCper(R, C). We may modify the value of f at finitely many points to make it become
a function in D, without changing its Fourier coefficients (c;, (f))nez and the integral 5= 02 Tf())? dt.
Let us denote this modification by f.

From Corollary 9.2.6, it is sufficient to show that infyep || f — g[|3 = 0. Lete > 0. A similar construc-
tion as in the proof of Lemma 8.5.2 gives us a 2m-periodic continuous function g such that || f — g||, < e.
Then, the Stone-Weierstraf3 theorem (Example 8.4.7 (3)) gives us a trigonometric polynomial h € P
such that ||g — h||, < &. As a consequence, we find || f — g||, < 2¢, so infyep || f — gl|5 < 42, Since
€ > 0 can be taken to be arbitrarily small, we can conclude. O

Remark 9.2.8:
(1) Let us define the space £2(Z, C) as below,

C(2.0):={a=(anhnez: |3 lanf? < +oo},
nez

equipped with the inner product (-, -),

Va,b € (*(Z,C), (a,b) = anby.
nez

It is not hard to check that (¢2(Z,C), (-,-)) is a pre-Hilbert space. A similar approach as in Exercise
3.30 shows that this space is complete, so is a Hilbert space.

(2) The above Parseval’s identity states that the Fourier mapping

F: PCue(R,C) — (*(Z,C)
f = (en(f))nez
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G D f € PCher(R,C) > PRI USKE: f EEIRZERME @ 1BME R D PRIKEL - EXL
T ESREIIERE (¢ (f))nez URTRD ST F(H)2 dt BIE - HAIBIESERIS KRB —E0E
fo

WREo26 » RPIRFEBEZBR inf,cp ||f —9gll3=0°F e >0 HATUERESIE 852 5F
BAR R F A - RIEE ﬂﬂﬂj% 2 BERBR B g BRE || f — g, < e ° B 3E38 Stone-
Weierstral FEIE (&3 8.4.7 (3)) > BMIBEXBI=AZIER h € P 15 |lg — nl, < e ° FFIW
iR BFIE |If —gll, < 260 Fillinfyep || f — gl < 4¢% ° AR e > 0 ATUERV) - &FIR
5o O

53R 9.2.8 :
(1) HMEHEZEM (2(Z,C) T -

A(2.C) = {a= (an)uez: |3 lanf? < +oof.
nez

Va,b € (*(Z,C), {a,b) = anbn.
nez

BFARH#EE (2(Z,C), (-, ) BfETE Hilbert ZEf - EAMEERE 3.30 |LRIAI - FMIFEFREAE
fEZEfEEcrY - FrA2 @ Hilbert ZEf o

(2) EEHRY Parseval IEFERXEERFXM » FILIEMRSS

F: PCper(R,C) — 3(Z,C)
f = (ea(f))nez

TERFAbAAR (-, ) ¢

BABIB : 20254 6 H 7 H 10:48



Chapter 9  Fourier series

is an isometry (Definition 2.5.16) when restricted on the image. More precisely, the space PCper(R, C)
is isometric to a subspace of /2(Z, C), which is given by the image of PCpe;(R, C) under F. This is the
reason why we sometimes refer to this result as “L?-isometry” property for the Fourier series.

(3) If we look at Eq. (9.8), its right side is well defined for any square-integrable functions, that is functions
f :[0,27] — C such that the following integral exists in the sense of Lebesgue (not discussed in our
lecture),

/27T|f(t)2dt < +oo.
0

The collection of such functions is denoted by L?([0, 27]). In fact, the Parseval’s identity holds for all
such functions.
(4) Additionally, the Riesz-Fischer theorem shows that L?([0, 27]) is complete, so is a Hilbert space. As a

direct consequence, the Fourier mapping F defined on L?([0, 27]) is a bijection, which implies that F
is an isometry betwteen L?([0, 27]) and ¢*(Z, C).

Corollary 9.2.9: Let f € PCper(R, C) be a 2m-periodic and piecewise continuous function. The Parse-
val’s identity (Theorem 9.2.7) gives readily following consequences.

(1) We have lim,,|_,o cn(f) = 0.

(2) Ifen(f) =0 foralln € Z, then f = 0.

Remark 9.2.10 : The Riemann-Lebesgue lemma states that,

2m .
ft)e™ dt —— 0,
0 |n]—o0

where the variable n is a real number. However, the result in Corollary 9.2.9 (1) needs n to be restricted on
integers.

9.3 Convergence results
We remind that for a given function f € Cper(R, C), its Fourier series is just a formal definition, and is

not necessarily equal to the function f itself, see Remark 9.1.8. In this section, we are going to discuss two
convergence results, the Jordan-Dirichlet theorem in Section 9.3.1 and the Fejér’s theorem in Section 9.3.2.

9.3.1 Jordan-Dirichlet theorem
The Jordan-Dirichlet theorem gives a sufficient condition for the Fourier series to converge pointwise. In

particular, it leads to a result for periodic piecewise C! functions, see Corollary 9.3.2; and a stronger result
for periodic, continuous, and piecewise C I functions, see Theorem 9.3.4.
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[0,27] — C {BF THFESTE Lebesgue WEE T (EFIRAIM) =X

/2W|f(t)2dt < +oo.
0

SRR IE S ECIE L2([0,27)) © BE L » Parseval EERHFOELREI G I -

(4) Itt4Y > Riesz-Fischer FEIERIAFERA L2([0, 27]) B - FrAR1E Hilbert ZER © &I UG T M

—EEEER - WA EEIEMRE F ERE L2([0,21]) LK BELHRE - EBE F 2@
N L2([0,2n]) B ¢2(Z, C) Z FERIZE RS o

R 9.29 ! ¥ f € PCor(R,C) #EHAS 21 B EGERBRIK B © Parseval (EHFT (F1B9.2.7)
A UEEGEMTIER -

(1) HME hm|n|—>oo Cn(f) =00
Q) MNRBREFBEnecZ  HfAF c.(f) =0 BEf=0-

§1f#% 9.2.10 : Riemann-Lebesgue 5 |IERIRGRANT :

27 .
f(t)e™ dt —— 0,
0 |n|—o00

H#8 n S2EEH - 74T > RIE 029 (1) PHEREE n WIRFITERE L -

S=H WEiER

BRAAETER  TRERH [ € Cur(R,C) B » NVEIERHMIAZEALAN LNERME » WA—
EEERRH f BS  R5EF .18 - TEMENEH » RS HAMEWRERER > 5 931 /NEIHFH
Jordan-Dirichlet FIEMUK 25 9.3.2 /|\EI HIBY Fejér EIE o

ZE—I\Ei Jordan-Dirichlet FEIE
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Chapter 9 Fourier series

Theorem 9.3.1 (Jordan-Dirichlet theorem) : Let f € PCpe(R,C) be a 2m-periodic and piecewise
continuous function on R. Let ty € R be such that

i 2 [Flto + ) + Fto — h) — F(tort) — F(tot)] ©9)

is bounded around 0. Then the following series converges and satisfies

> enlf)e™ = %[f(toJr) + f(to=-)]-

neL

Proof : Up to the translation ¢ — t+to, we may assume that ¢y = 0. Forn € Ny, lets, = >}__, cx(f)
and u, = s, — 5[ f(0+) + f(0—)]. We need to show that u,, ——0.
n oo

For n € N, we have

ISy = zn: /:rf(t)eikt dt = /_7; f(t)Dy(t) dt,

k=—n

where D,, is the Dirichlet’s kernel defined in Definition 9.1.10. Use the parity of D, from
Proposition 9.1.12 (1), we deduce that

278y, = /7r [f(t) + f(—t)] Dn(t)dt,
0

Moreover, Proposition 9.1.12 (3) allows us to write

R[1(04) + £0-)] = [ [F0+) + £(0-)]Dutt) dt.

By defining
Ve 0.20), 9lt)= L A0+ (-0 - S04) - S0-)]
2
we find i ) .
27Uy, = /0 g(t) sin <(n2—&—)t> dt. (9.10)

We note that g is piecewise continuous on (0, 27) and bounded around 0 by the assumption in Eq. (9.9),
so g is integrable on (0, 27). Then, it is not hard to see'from Corollary 9.2.9 (1) that the right side of
Eq. (9.10) goes to 0 when n — oo. ]

Corollary 9.3.2:Let f : R — C be a 2n-periodic and piecewise C' function on R?. Then for every
z € R,

> el = S[f(z+) + flz-)].

nEL

N | =

"We need the Riemann-Lebesgue lemma for half-integers. We can either apply a more general result from Remark 9.2.10 that we
did not prove, or adapt the result from Corollary 9.2.9 (1) by writing sin (%t) = sint cos(%) + costsin(%).
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R - Bty € RFFRT

B 7 [flto +B) + flto — B) — F(to+) — F(to)] ©09)
150 WiEBR - BETIIRHERHERE
3 enl)E™0 = 2 [f(to) + Flt0-)].

neZL

SHEA : ERTERE 4t BAITMBR =0 B8R neNy» Do =0, cn(f) A
B wn = sn = 5[f(0+) + f(0-)] - BFIBEHH v, —0°
B ne N BFE

oms, = 3 /:f(t)e““tdt:/if(t)Dn(t)dt,

k=—n""

H D, RIEH 0.1.10 FFREHA Dirichlet 1% - SFARE 0.1.12 (1) PIREIMORIA D, WHBIE
B
2ms, = [ [1(0) + F(-1)]Da(0)dt
0
HSh - E 9112 (3) EERPIPT L

R1(040)+ 10-)] = [ 1104) + F0-)]Da(0) dt.

AmER
Ve 02m), glt) = i [F0) + 1)~ F04) =~ F0)],
2
KfFIFE
2mu, = /0 g(t) sin <(2n;—1)t> dt. (9.10)

BFVERE > g BB (0,2r) EREGEBRIRE ; BIREFEI (9.9) FRIRER @ fib1E 0 A2 B R
B > Bl g 7£ (0,2r) LAIFE - B2 - AIFRHBL - R 929 (1) EFFM 0.10) WEXE
£ n — oo FHEBAR 0 © O

2932 ' B /R CRERER L BHA 2r BRERC NRE® - BEHRE(E

'BMIBEEFEHARAN Riemann-Lebesgue 5|38 - MBEMBEA L | ATAERFRAERR 0.2.10 PEFILFER > MEE—K
HHER  ARIBRIE 929 (1) WIERERMER - EEBRAT - BMIFEEHE sin ((2"7;1)75) = sintcos(%) + costsin($) °
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Chapter 9  Fourier series

In particular, if f is continuous at x, then

S calf)el™ = f(@).

nEL

Proof : Let 0 = zp < z1 < --- < xy, = 27 such that for every 1 < k£ < m, f can be extended by
continuity into a C! function on [x}_1, 2], this means that f is continuous on [z;_1, 7). Therefore,
the function defined in Eq. (9.9) is bounded for every tg € R. So the result follows directly from
Theorem 9.3.1. [l

Lemma 9.3.3:Let f : R — C be a 2m-periodic, continuous, and piecewise C' function on R. Define
p:R—Cby
() if f is differentiable at t,

VteR, o(t) = {%(f/(t-f—) + f/(t_)) otherwise.

Then, the Fourier coefficients satisfy ¢, (@) = inc,(f) foralln € Z.

Proof : Let 0 = zp < z1 < --- < xy, = 27 such that for every 1 < k£ < m, f can be extended by
continuity into a C! function on [z_1, 2] Let us fix n € Z. For 1 < k < m, an integration by parts
gives
Tk —int —int] %k . Tk Cint
/ p(t)e " dt = [f(t)e m] +1n/ f(t)e dt.
Jxp_1 t=rk_1 Tp_1

By taking a summation over 1 < k < m, we find

2 - a2 2 _
(p(t)e_lnt dt = [f(t)e_lnt} +in f(t>€—1nt dt.

0 t=0 0

In other words,
nlip) = inca(). -

Theorem 9.3.4: Let f : R — C be a 2n-periodic, continuous, and piecewise C* function on R. Then the
Fourier series of f converges normally to f on R.

*The definition is similar to that of piecewise continuous functions in Definition 7.1.1. We say that f : [a,b] — R is a piecewise
C! function if there exist a = zg < 1 < -+ < Tm = b such that for everyl < k< m, fis C! on (k-1, k), and can be
extended by continuity to [x)_1, )] into a C' function.
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Chapter 9  Fourier series

Proof : Let us define ¢ as in Lemma 9.3.3, then it follows that ¢, (¢) = inc,(f) for all n € Z. Then,
we may apply the AM-GM inequality to find

ch(lSO)‘ < ;(\cn(@\2 - 732)

Vn € Z\{0}, |ca(f)] =

2 from which we de-

The Parseval’s identity (Theorem 9.2.7) implies the convergence of > |c,(¢)
duce that Y |c,(f)| converges. Then, Proposition 9.1.5 implies that the Fourier series of f converges
normally, and Corollary 9.3.2 shows that the Fourier series is equal to f. (]

9.3.2 Fejér’s theorem

Fejér’s theorem states that a periodic continuous function can be approximate uniformly by the Cesaro
means of the partial sums of its corresponding Fourier series.

Definition 9.3.5 (Fejér’s kernel) : We define the Fejér’s kernel via the Dirichlet’s kernel introduced
in Definition 9.1.10. For n € Ny, we define

1 <& 1 /sin (2)e 2
Ve R\2nZ, F(t) = —— 3 Dy(t) = ( 2 ) | (0.11)
n+1 b n+1 sin 5

The sequence (F, )0 is called Fejér’s kernel.

Proposition 9.3.6 : The Fejér’s kernel satisfies the following properties.
(1) Forn € Ny and z € R, we have F,,(z) > 0.
(2) Forn € Ny, we have 5~ [*_F,(z)dz = 1.

(3) For any fixed 6 > 0, we have
lim F,(z)dz =0.

n—00 5<|:E|<7T

Proof : The first two properties are easy to check. Indeed, they follow directly from the properties of
the Dirichlet’s kernel, see Proposition 9.1.12. Let us check (3). For a fixed § > 0, we observe that

1 dt
5< x| < n+ 1 Js<|z|<n sin? (5) n—oe

0.

Last modified: 10:48 on Saturday 7" June, 2025

12

BAE BIURKH

2B SERFIAG IR 933 RRVATURER ¢ @ BREBIRFAE n e Z » TlIB cu(p) =inca(f) °
#E > RAITUERBEERSFAREE

vne\0h lanll = |[2E] < S (lentolP + )

n

Parseval [EFT, (BE 9.27) BE X [en(p)” BRI - 1EEBEBMAIATUHER T len ()] BK
B BR 0.5 e [ ELIERAGERKRR - ARRE 932 SHFAMEREMGBIIER
B AR o O

BINED Fejéer TEIR

Fejér EIEFRBIRZ » BB BVEE R S PT LAR I R EEBD B Cesaro FIIRIG @I -

EE 935 [Fejér %] : HFHEBERE 9.1.10 B 5| E R Dirichlet #% 3K E F Fejér #% o HR
n € No » HFIEE

1 & 1 /sin (%)t 2
2

5 (Fn)nso #BEFejér ¥ ©

8 9.3.6 : Fejer X ME NHIME -
1) BRneNg MUKk zeR FME F.(z) =00
2 HRneNy» BME £ /7 Fu(z)dz=1°
3) HNEEEEN ¢ >0 KME

HH I EMEMEREZMEN - Mol UE L Dirichlet XM EEHZEER > R
2 9.1.12 © EEEFIRME 3) - HREER § > 0 HFERRT :

1 dt
/a<|x<7r Falm)dr < 257 5<|al<n sin® (5) n—oo . O

BB . 20254 6 H 7 H 10:48



Chapter 9  Fourier series

Theorem 9.3.7 (Fejér’s theorem) : Let f : R — C be a 2m-periodic and continuous function on R. For
n € Ny, let
“ 1

Self) iz 3 alNER, on(f) = —x S Skl
k=0

Then, the sequence of functions (o, (f))n>0 converges uniformly to f on R.

Remark 9.3.8:
(1) We note that the sequence (0, (f))n>1 consists of Cesaro means of the sequence (S, (f))n>o0-

(2) This is a constructive proof of the Stone—Weierstrafy theorem in the case of trigonometric polynomials,
see Example 8.4.7 (3).

Proof : We are going to rewrite (0,(f))n>0 using the Fejér’s kernel, and the properties in
Proposition 9.3.6. Given n > 0 and x € R. We may write

1 n

> (Dnx f)z) = (Fnx f)(x).

k=0

1
n+1

(£ @) = —— 3" Su(f)a) =
k=0

Then,

D)~ f@) = 5= [ fo = 0F0dt— @) = 5 [ [fo—0) - @) Fue) e

:% .

Let us fix ¢ > 0. Using the continuity of f on [—m, 7], we know that it is uniformly continuous
and bounded. We choose § > 0 such that for x,y € [—m, ], the condition |z — y| < J implies
|f(z) — f(y)| < e;5and M > 0 such that || f|| ., < M. Then, we find

on(Pe) = SN < o [ Afe =0 = F@IE@ a5 [ () - f@lF i

S oor 27
€ M

< — F,(t)dt + — / F,(t)dt
21 J|t|<é n(t) T Jog|t|<n n(?)

<5+M/ F,(t)dt.
T Jo<|t|<m

The above inequality does not depend on = € R, so we have

M
low(f) = flloo <+ —/ Fo(t) dt.
T Je<t|<n
By taking lim sup for n — oo, we find
limsup [|on(f) = fllo <€
n— o0

Since this inequality holds for any arbitrary € > 0, we deduce that lim,,  ||on(f) — fllo =0. O
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Chapter 9  Fourier series

Remark 9.3.9 : We note that in the proof of Féjer’s theorem, we used the properties of the Fejér’s kernel
stated in Proposition 9.3.6, and did not rely on the exact form of (F},),>0. In particular, a kernel (F},),>0
satisfying the properties in Proposition 9.3.6 is called an approximate identity, and for such a kernel, we can
apply the same proof to show that F;, x f converges uniformly to f on R.

Last modified: 10:48 on Saturday 7" June, 2025

14

BAE BIURKH

53#% 9.3.9 : IFIEERIE Féjer EIRRVFREAT - FFIER T 608 9.3.6 ERFTHRE] - BN Fejér A
8 > WRBERE (F.)n=o BRI - BEL - EfmE R 9.3.6 FEERK (Fo)nso * TG
BbFBEEL AT - MERRERNE » KT UERBEER  RBE F, « f §ER £1595
WREKE f BIRESR ©

BB . 20254 6 H 7 H 10:48



	9 Fourier series
	9 傅立葉級數
	9.1 Definitions
	9.1.1 Trigonometric polynomials

	9.1 定義
	9.1.1 三角多項式
	9.1.2 Fourier series
	9.1.2 傅立葉級數
	9.1.3 Kernels and convolution
	9.1.3 核與捲積

	9.2 Quadratic properties
	9.2.1 Pre-Hilbert spaces

	9.2 二次性質
	9.2.1 準 Hilbert 空間
	9.2.2 Parseval's identity
	9.2.2 Parseval 恆等式

	9.3 Convergence results
	9.3.1 Jordan–Dirichlet theorem

	9.3 收斂結果
	9.3.1 Jordan–Dirichlet 定理
	9.3.2 Fejér's theorem
	9.3.2 Fejér 定理



