Chapter 4

ENE

Exercise 4.1 : Compute the differentials of the following functions.
@ filz,y) =e™(z+y).
) fo(z,y) = zyz + 2y + yz + 2z.

(¢) f3(r,t) = (rcost,rsint).

Exercise 4.2 : Let V and W be two normed vector spaces. Show that if f : V' — W is differentiable at
x € V, then f is locally Lipschitz continuous at z, that is there exists X > 0 and r > 0 such that for any

y € B(z,r), wehave || f(y) — f(z)lly < K lly — 2|y

Exercise 4.3 : Let n > 1 be an integer.
(1) Show that GL,(R) := {M € M, (R) : det M # 0} is open in M, (R).

Consider ¢ : GL,(R) — GL,(R), M +— M~'. Recall from the linear algebra class that for M €
GL,,(R), its inverse can be obtained by M ~! = (det M)~1 M, where M is the adjugate matrix (f}F&XE
F&) of M. Note that the coefficients of the adjugate are given by linear combinations of products of the
coefficients from the original matrix. This allows us to see that ¢ is of class C* (and actually, of class C*).

(2) Show that ¢ is differentiable at I,, and compute its differential dyy, .

(3) Given M € GL,(R). Show that ¢ is differentiable at M and compute its differential dp;.

Exercise 4.4 : Let  : L(R™) — L(R") defined by ¢(u) = u o u. Show that ¢ is of class C'.

Exercise 4.5 : We equip M = R, [X] with the norm || P[| , = sup,c[o 1] |P(t)|- Consider

w: M — R
1

P /(P(t))3dt‘
0

Show that ¢ is differentiable on M and compute its differential. Is the map P +— d¢p continuous?
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B 41 @ SAETIIREEIHS -
@ fi(z,y)=e"(z+y).
(b) fa(z,y) = zyz + 2y + yz + 22
(c) f3(r,t) = (rcost,rsint).
BE42 : DVURW AREHEBDEEZR - JANR V> Wz eV EOHH - FBE f

£ = L2 HERB Lipschitz &R ; WMBRFE K > 0M r > 0 EIFHRER y € B(z,r) » HMB
1 () = F@)l < K fly — ]y °

BiE43 : o> 1 5BH-
(1) BB GL,(R) := {M € M,(R) : det M # 0} 7E M,,(R) BEEERE -

EEERE ¢ : GL,(R) = GL,(R), M — M~ HMEIEEFRERXBERIZPAFFHRBN - ¥R
M € GL,(R) > AR RBRTIAEVE ML = (det M)~'M » Hf M 8 M BIEFEFERE (adjugate
matrix) © FFERE] » FFEEMMNREBEHEARERRY » BHBFRBHIFEEESMSEIN B0
LEERMAELE R o B2 C BN (HEBRMOUMUBFE Cc> H) -

(2) 52BR o 1£ I,, ZAIHEY - W EHABMAIMS de;, ©
(3) #8E M € GL,(R) ° 528 £ M A » MEHEMBIS deas ©

BiE 44 @ DS o LR?) - LR?) EEM o(u) =uou°FEH p 2 C W o
B 45 0 BAEZER M =R, [X]) LT P = supsefo.1] |1 P(t)] © EZRE

o: M — R
1 3 .
P /O(P(t)) dt

2B o £ M _EEEIMAY - BRI o EERS P — dop BEBRIE?
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B 4.6 [FAIMDIE]

(1) ZRESEZER V = C([0,1],R) UR&R/NEREH |/, = supsepy|f(2) > B f eV ER
BEEDME 0,1 PRt WmE ()] = ||l ° FHRBR EREHFTTE E H R

Exercise 4.6 (Non-differentiability) :

(1) Consider the normed space V' = C([0, 1], R) with supremum norm || f|| , = sup,¢jo17 [f()]. Let
f € V be such that there are two or more points ¢ in [0, 1] with |f(t)| = || f||,,. Show that the
supremum norm function |[|-|| . : V' — R is not differentiable at such an f. ~_ ]
[ 0 V — RIEEHRD f BFEIHAY ©
(2) BV C(*(R) ZHEABEMEIRS 0 BB R FFIFERBYFZEMH - #RaEER - Ffia

Let V' C £*°(R) be the subspace of all bounded sequence with limit 0. That is,
V ={(an)nz1 € £(R) | Jim_ay, = 0}.

R PSR |,V > REa = (an)s A EEMEFTEHE—MNn ¢ NEF

)
V = {(an)nz1 € ((R) | lim a, =0},

Show that the norm function |[|-|| . : V' — R is differentiable at @ = (ay,)>1 if and only if there is

a unique n € N such that |a,| = ||a| ..
(3) Let us come back to the linear form considered in Exercise 3.29, that is |an| = [lall« °
¢: C(0,1],R) — R (3) EEMEBIERE 3.29 PETE RAVRMIZK
f = f(1)
¢: C(0,1,R) — R
Show that if we equip C([0, 1], R) with the sup norm |||, then ¢ is differentiable at any f € f = (1)
SERRMNREME C([0,1),R) LERFEEL ||-||  BRE o EEMBIES £ € C([0,1],R) & ZRIH
L EAER BRI M B P o

C([0,1],R). Compute the differential map Dy. This shows that how a norm can changes the

continuity and the differentiability of a map.

IHY o SRIRTBRET Do o IEFERR T SREBVEEENN(A

T f S EREEEZER vV EREEZE[ W AIIRSY

Exercise 4.7 : Let f be a map from a normed space V' to a normed space W. HiE4.7
(1) Fix « € V, and explain the difference between the following two statements: 1) BE >V ETEREEENER
(a) df is continuous at x. (a) df 7F » SEEH
a T EENRHY °©
(b) df, MR °

(2) FHEABREEN z ¢ V - IR df, F1E > BRE [ £ = SEBBREM -

(b) df; is continuous.
(2) Prove that for a fixed x € V, if d f, exists, then f is continuous and differentiable at x.

(3) Give an example of a mapping f such that df is continuous but not differentiable.
(3) FEHCIHBRES [ BOBIT - B8 df REEERAMY -
Exercise 4.8 : Let U C R and V' C R"” be open subsets. Consider a differentiable function f : U — V BiEa48 : SUCR"URV CR"ARFE - ZEVMERE f: U - V L{RER
and suppose that
() f1ERME o c U BEIMEY 5
(i) fIIRESE g:V — U FE 5

(i) f is differentiable at a certain a € U,
(iii) g TE b= f(a) € V BRIHHY o

(ii) f has an inverse function g : V — U;

(iii) g is differentiable at b = f(a) € V.
FBHm =n-

Show that m = n.
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Exercise 4.9 : Let f : R™ — R be a differentiable function. Suppose that for all A € R and x € R", we
have f(Ax) = \f(x).

(1) Show that f(0) = 0.

(2) Show that f is linear.

Exercise 4.10 : Let (V, ||-||;,) and (W, ||-||;;-) be two normed vector spaces. Consider an open set A C V
and f : A — W. Recall the definition of the differential in Definition 4.1.1. If there exists a map ¢
satisfying the weaker condition

1
lim /(2 4+ M) = f(z) = Ap(R) ly = 0

for every h € V, then f is said to be Gdteaux differentiable at z, and ¢ is the Géteaux derivative of f at
x. Prove that if f is differentiable at x, then it is Giteaux differentiable at x, and the two derivatives are
equal.

Exercise 4.11 : Let us consider the two functions below,

20, if (2,y) # (0,0),

2 .
y?ln|z| ifx #0, and g(x,y):{$4+y2

0 otherwise,

f(x7y):: {

0 otherwise.

(1) Show that f and g are not continuous at (0, 0).
(2) Show that f and g have directional derivatives at (0, 0) in any direction u = (a, b) € R?\{(0,0)}.

(3) Are f and g differentiable?

Exercise 4.12 : Consider the function f : R> — R defined by

N
f(z,y) {0 ! if (z,y) = (0,0).

(1) Is the function f continuous on R??
(2) Is it of class C'?

(3) Is it of class C2?
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BiE49 : D f R - R"ABOMERE - BRERENRFAE N c RUK 2 € R? » HME f(\z) =
A(z) e

(1) H £(0)=0°
(2) B RIS -
BE410 © D (V,||y) LB (W, ||-ll,y) BREREEEERM - ZEEES ACV MR f:A -

W e HMEREEER 4.1.1 PHRMOHER o RREFEBRE ¢ - HIRFTE h e V - 8E5RE T
LEEEE R

lim | AR) — ()~ Ap(h)]ly = 0

BUFRIER f 1E = B Gateaux F]HH BY » B » & f 7E x BY Gateaux {53 ° FBEHUIR f & » @ RIHAEY -
BBEEMTE = th 2 Gateaux BJYRY - BEmfEM D 2R -

B 411 BAIZETEMERE

= 1‘2 -
flany) = y*In|z| &z #0, BB gry) = sire & (z,y) #(0,0),
0 HAth1F7, 0 HAER.

(1) 8RR f # g 7£ (0,0) REZHE ©
(2) BB f 7 g 7£ (0,0) HWRERAE u = (a,b) € RA\{(0,0)} » BB EIMS ETE -
(3) SFA /0 g RERTHAGS ?

BiE412 : EERH f:R? - REEM:

22 —y?
‘ry 2 +y2

0

flz,y) =

(1) KB fER? LEREEEN?
(2) fth2 C' $ERYPS ?

(3) fZ C* FEmHE ?
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Exercise 4.13 : Let (V, ||-||\,) and (W, ||-||14,) be two normed vector spaces, and A C V' be a nonempty
open subset. Suppose that the function f : A — W is continuous and differentiable on A, with df, =0
for all a € A. You are not allowed to apply the result from Theorem 2.7.27, but may use the ideas from
its proof.

(1) We assume that A is arcwise connected. Show that f is a constant function.

(2) We assume that A is only connected. Fix xg € A and consider I' = {z € A : f(z) = f(xo)}.
Show that I' is open and closed in A, and deduce that f is a constant function.

Exercise 4.14 : Let f : R> — R be a function such that

Va,y €R%|f(2) = f(y)l < flo —y)'

for some fixed € > 0. Show that f is a constant function.

Exercise 4.15 : Let VV be a Banach space. Let K = B(0,r), where r > 0, be a closed ball contained in
an open set A contained in a Banach space V. Let f : A — V. Assume that f is differentiable at each
point of K and that f(K) C K. Assume also that sup{||df.|| : z € K} < 1. Show that f has a unique
fixed point in K. Hint: mean-value theorem and fixed-point theorem.

Exercise 4.16 : Let f : R> — R be a function of class C'. Compute the derivatives (univariate function)
or partial derivatives (multivariate function) of the following functions.

Exercise 4.17 : Let f : R?\{(0,0)} — R be defined by

.732

Erea V(z,y) € R?\{(0,0)}.

flz,y) =

(1) Justify that f is of class C*°.

(2) Which value can we define at (0, 0) to extend f continuously on R2? Denote the extended function
by f.

(3) Show that the partial derivative % (0,0) does not exist. Deduce that f is not differentiable at (0, 0).
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BE413 S (V.| ) B8 (W, [l,,) BFEREEEZEE - B AC vV AETETES - BRX
Bf A WA LB M BRE df, = 0 BRFIE o € A o (RFAZHERRIE 2.7.27 B
5 (BRI BRI -

(1) FEMIERR A BIEEN - 5B f SEEBERE
(2) BFIRER ARREBN - BEE 20 c AMERI ={z € A: f(z) = f(zo)} *FBEATE A
BEMEHLEME - BItES F SEEERE -
BE414 1 SR - RERETIMEHHRE :
Va,y €R?,|f(x) = f(y)] < |lz -yl
Hrp e > 0 2EEN - 2R f 2EFEBRHK -

BE415 1 DV BBanachZE - H ARV HHNEE  BE» > 0FEF K = B0,r) BESR
FARMEAK - S f: A Ve RE fEK LNSEMETH - B f(K) c K BMBEER
sup{[[|dfz]| : z € K} <1° 3% f £ K PAMR—AHE - 71 : EAYEEESEFRBETE
I o

BRE416 1 © f:R? > RABCHERE - SAETIRENMS (BRHRY) H2RHH (28
R

@ g(z,y) = f(y,2).
(b) g(z) = f(z,2).
(C) g($7y) = f(y> f(l‘,l’))
@) g(z) = f(=, f(z,2)).
BE417 1 5 fF:RO\{(0,0} - R E&EM

1.2

EEra Y(x,y) € R*\{(0,0)}.

flz,y) =
(1) fRRE f AHER C> Y -

(2) FFITE (0,0) FEZUMAIESR f BVEUE » 7 RS thaESEIEEIRE R? LI ? B fHEEHRB
HEVRBERIE f o

(3) BBERMS 2L(0,0) FIFHE « TS [ 72 (0,0) FAM =
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Exercise 4.18 : Let f : R2 — R be a C! function. We say that f is homogeneous of degree r € R if
Vz,y €R? WVt >0, f(tz,ty) =t f(z,y).

(1) Show that if f is homogeneous of degree r, then its partial derivatives are homogeneous of degree
r— 1

(2) Show that f is homogeneous of degree r if and only if

of of
2 —_— —_— =
Vz,y € R%, wax(ﬂc,y)ﬂay(w,y) rf(z,y).
(3) Suppose that f is of class C2. Show that
92 2
o°f o°f 0*f _
e V()

Exercise 4.19 : Let A be an open subset of R”, f : A — R be a function of class C? with p > 1, and
a € A. Show the following Taylor formulas by mimicking the proof of Theorem 4.3.2.

(1) Let h € R™ such that [x,2 + h] C A. Then,

(m) .
flx+h) = +Zf" () /0(1(p t)) FP) (@ +th) dt.

(2) Show that when h — 0, we have

P plm),
Flae b = £ + 30 Pt ojap).

m=1

Exercise 4.20 : Let A C R™ be an open subset. Suppose that the function f : A — R" is differentiable
and the differential map = — df, is continuous at a € A. Show that for every ¢ > 0, there exists n > 0
such that

|z —all <n,lly—all<n = |fly)— fl@)—dfely—2)] <ely—=|.
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BRE418 : § [ R2 S RAC ERE - INE
Vr,y € R, VYt >0, f(to,ty)=1t"f(z,y),
RIFRMIER f r € R REVFDREL -
(1) FERRMR f 2 r REVEIRE - BBEMEIRMDER r — 1 REGTRE -

(2) FERAEEWE

0 0
Vz,y € R?, xafi(x,y) + yai(fv,y) =rf(z,y),
B f 2 r REHGRE -
(3) 1R&% f = C* 181V - 55HH
82 82
A e B e}

BE419 : %A%R”EPEGFaﬁ?% fA-RBECPERE  HFp> 1 EBac A&
FEIR 4.3.2 NEERA - AT Taylor BRI ©

(1) Brec AR heR" @15 [z,2 + h] C A - BBEHKME

1 _ $\p—
flz+h)= Zf" /0(1(p—t)1)' ") (3 4 th) at.

@ SrcA FTHEL- K BME

m

p
flx+h)= Z +o (|h[P).

BiE420 : DACR"BRAFES - BREBERE f: A - R" S0 - BMOME 2 — df, &
a € AELE - FBIRERAE > 0 FE 1 > 0 15

|z —all <n,lly—all <n = |f(y) = f(z) —dfaly —2)| <elly—=|.
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Exercise 4.21 (Fundamental theorem of algebra) : Let P € K[X| where K = R or C. Suppose that P is
not a constant polynomial, that is its degree is greater or equal to 1.

(1) Show that lim/,|_,, |P(z)| = oo.

(2) Deduce that |P(z)| attains a minimum in C. Let us denote by zy the point where the minimum of
|P(2)| is attained.

(3) Show that P(zy) = 0 by contradiction. More precisely, suppose that P(zy) # 0, and show that
there exists z, sufficiently close to zg, such that the absolute value | P(z)] is strictly less than | P(zp)].
Hint: Taylor expansion around zp.

Exercise 4.22 : Find the critical points of the following functions, and explain whether they are local
minima, local maxima, saddle points.

— .2 2 4
@ flz.y)=y"—2*+%5
(b) f(z,y) =2’ +y° - 3zy.
© flz,y) =2 +y* —4(z —y)~
Exercise 4.23 : Prove that the function f(z,y) = zy + /9 — 2% — y? attains maximum and minimum

on the set
S = {(z,y) € R? : 2* +y* < 9}.

At which points (x, y) does f achieve its maximum and minimum?

Exercise 4.24 (Rolle’s theorem) : Let f : R™ — R be differentiable. We assume that f is constant on the
unit sphere S(0, 1). Show that there exists zy € B(0, 1) such that d f;, = 0.

Exercise 4.25 : Let VV and W be two normed vector spaces, and f : V — W be a map of class C'. Let
yo € W be such that df is invertible at each point of f~!(yg). Prove that f~!(y) is a discrete set. That
is, for any = € f~!(yo), the singleton {x} is an open subset of f~*(yp).

Exercise 4.26 : Assume that the polynomial
P(x) = 23 + agz® + a1z + ag

has three different real roots for (az,a1,a9) = (po,qo,70). Show that there exists ¢ > 0 such that
P(z) has three different real roots Ay < A2 < A3 whenever (a2, a1,a9) € B((po,qo,70), ), where A,
1 < j < 3, are C! functions of ag, a1, ag.

Exercise 4.27 : Let ¢ : M,(R) — M, (R),M +— M?. Show that there exists ¢ > 0 such that for
A € M, (R) with ||A — I|| < &, then we may define a square root v/A of A. Show that A — /A is of
class C* on B(I,¢).
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BE 421 [(RBEAXEE] : S PecKX] ERFK=RHEZ C- RKX P LA ZEEHZE
I WELEER R RBEAREFR 1 -

(1) BB limy. o [P(2)] = o0 °
(2) #£18 |P(2)| 7E C EREBMBERME o BFHE | P(2)| BB VESEERIE - -

(3) FRREARTER P(zo) =0 BREYIRER & REE P(20) # 0 MFEAEFEESNSER 20 89 2 »
E1FEEHE |P2) & P(20)| ° 187~ : £F 20 M AN REEMT ©

KR8 422 © HHETYREHERRE - THREBMMAEEMRIVE  BEIRKE @ EEEKE
@ flr,y) =y>—a>+ %
(b) f(z,y) =2 +y* — 3ay.

© flz,y) =a*+y* —4(z —y)*

B 4.23 | BARK f(v,y) =ay+V/9 -2 -y &
S = {(z,y) € R? : 2” +y* < 9}.
EEERXRERS/IME ° f SEMLERS (2,y) MBIRAENZ/IVMETR ?

B 424 [Rolle TE] @ £ f:R" - R AOIHKE - HMERE f FEMIRR 50,1) LREH
8 o FBBRTETE 20 € B(0,1) 1S df,, =0°

BiEa25 - SVURW ﬁ.’:ﬁﬂlﬁlﬁﬁﬁﬁ%%ﬁﬁ B f V- WHCHEMES - $ oy e WER
df EFE ! ( ) FRESE BRI o 5BEA 1 (y) BEMEES - #a5ER - MEHRER
z € [~ y) » BTLERESR {2} & f(wo) qﬂﬁﬂﬁlﬁrﬁ?%é o
BrE 426 : BRHRZIER

P(x) = 23 + agz® + a1z + ag
£ (a2,a1,a0) = (po,qo,70) RIB=ZEIAREIE - FBIEEFEE c > 0 FF P(2) B (a2,a1,a0) €

B((po, qo,70),€) B HEE=ERRERIME M < o < A3 EF )\, 8RN 1 <j <3 ERCEERUR
ﬁ/i\ as, ai, ag EI’\JIZI%Z °

BRE427 : T o: My(R) - M,(R),M — M?° FBHEFEE > 0 FHHEHMN A ¢ M,(R) R E
|A—I|| <& BEfMBeEER A FHIR VA FT/H A~ VATE B(I,e) ER C> M o
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Exercise 4.28 : It is the second part of Exercise 4.4. Recall that ¢ : L(R") — L(R"), u — u o u.
(1) Show that ¢ is of class C'.
(2) Show that dy at Idg» is amap in L.(L.(R™)) and writes, u +— 2u. Deduce that dyyg,,, is invertible.

(3) Show that there exists an open set U C L(R") containing Idg» such that for any u € U, there
exists v € L(R™) such that u = v ov. In other words, all linear operators near Idg-» have a “square
root”. Hint: Inversion theorem.

Exercise 4.29 : Let (V, ||-||) be a Banach space. Show that there exists &€ > 0 such that whenever f €
L.(V) satistying || f — Id|| < €, we may find g € L.(V') such that f = exp(g), that we may also write
as ¢ = In(f). Hint: use Remark 3.2.21 and the local inversion theorem.

Exercise 4.30 : Let f : R?\{(0,0)} — R2\{(0,0)} be defined by f(x,y) = (22 — y?,22y). Show that
f is a local C!-diffeomorphism, but not a global C*-diffeomorphism.

Exercise 4.31 : Let V be a Banach space and ¢ : V — V be a function of class C'. Assume that
dyy, € L:(V,V) is a bicontinuous isomorphism for all u € V, and there exists ¢ € (0, 1) such that

le(u) —@(v) = (u=2)|ly <cllu—vly Vu,veV
Follow the following steps to show that ¢ is a C'-diffeomorphism.
(1) Show that ¢ is injective.

(2) Fixw € V. Set ug = w and up+1 = up + (w — @(uy)) for all n > 0. Show that (uy,),>0 is a
Cauchy sequence in V.

(3) Deduce that ¢ is surjective and conclude that ¢ is a C!-diffeomorphism.

Exercise 4.32 : Consider the function

f: RS — R3,
(,y,2) +— (2 +e2* e2 —e¥ x—y).

Show that the image of f is a proper open subset of R3.
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BriE41.28 : EREE 14 NEZEMD - KMIEZRBHNERE ¢ : L(R?) — LR™), ur> uowu°
(1) FHZBCEN-
(2) F&PA do 7E ldgn BETE L.(L(R™)) BIBRSY » MEBM w — 2u © #1F dog,, BEHER o
(3) FBEAGFEE S ldp- FIBEE U C L(R") FERENERue U FEv e LR EFu=1vov e
HREESR » FRB SR ldp- RIRIEERTFEHE TTHIR) - B  REBEE -

BB 429 ¢ 5 (V,|||) # Banach ZEff] - BEAFE c > 0ERTE f € L(V)RMRE ||f —1d|| < ¢
BF o FPIEEHEI g € L(V) 15 [ = exp(g) * HPIBAILUBMETE g = In(f) < 177 EAEE
#3221 BEERRBER

B 430 1 5 f:RA{(0,0)} — R2\{(0,0)} EHERM f(z,y) = (2? — y?,22y) ° TR f REBID
Cl BRI A EIRE » BARRREM C! EHAERE -

BrE431 ¢ KV A Banach ZEB ¢ : V - V 2B C' EHREH - BRENFAB ue V' WHH
do, € L(V,V) BESEERBER - BEE cc (0,1) £

le(u) = ¢(v) = (u=2)lly <cllu—vlly Yu,veV.
AT RAKER ¢ 26 C' Mo EEEER -
(1) 2B  BEHR -

@ BEweV Ru =wARHRFABE R >0 58 w1 = un + (w — @(uy)) ° T (un)nzo
={E7E V H89 Cauchy 5! °

(3) #EF o BimSIHY - WHBHE o BB ' MR -

BRE432 | EERY

[+ R - R3,

(m,y,2) = (2 +e2* e¥ —e¥ x—y).

A f MREE R NERIEETES ©
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Exercise 4.33 : Consider the solutions to the equation = + y + z + sin(zyz) = 0. BE 433 1 BEAEN 2 +y + 2 +sin(ayz) = 0 BIFE o

(1) Show that around the point (0,0, 0), we may write z as a function of x and y. That is, there exist (1) FEBATE (0,0,0) M » FRAIRTLUIE - BA 2 M y R - BAEERR » ZHREESE 0 HE
an open set X C R? containing 0, an open set Z C R containing 0, and a function ¢ : X — Z XCRBE0MEEZ CRUBKE ¢ - X — ZE8 f(r,y,2) = 0 EH—HR

such that f(x,y, z) = 0 has a unique solution z = ¢(z,y) € Z.
z=p(x,y) € Z°
(2) Compute % and g—z.
2) BB 02 R & -
(3) Deduce that ¢(z,y) = —(z +y) + o(|[(z,)|]) when (z,y) — 0. (2) BT Gz AR 5

PA=] _ ,&él-ﬁ °
(4) Show that we have a higher-order expansion ¢(z,y) = —(z+y) +zy(z+1y) +o(||(z, y)|*) when (3) #8 o(x,y) = —(@ +y) +olll(z,9)I) & (z,9) = 0

(z,y) = 0. (4) FEARMIEERMEIRRR o(v,y) = —(z+y) +2y@ +y) + ol 9)[°) B (z,9) 0 °
Exercise 4.34 : Let f(z) be a non-negative continuous function satisfying [*°_ f(z)dz = 1. BrE434  © f(o) AIFEEBRE > WE [°2 f(z)de=1°
(1) Prove that among all closed intervals [a, b] such that f;’ f(x)dz = 3, there is one with the shortest (1) FEBATEFhERAER [a, b] 17 f;’ flx)de = 1 BRI BERERENEER] -
length.

. _ . (2) WIR [a,b] BB (2) PRIEWEAREME - 88 f(a) = f(b) °
(2) If [a, b] is one of the shortest closed intervals in (a), show that f(a) = f(b).

Exercise 4.35 : Let f : R — R be defined by f(x,v,2) = 22 — 2y> — y?z + 23, and the surface S be BiE435 : Df RS REBM f(2,y,2) = 2?2 —wyd—y?2+23  URHE S €S f(2,y,2) =0
defined as the set of the solutions to f(z,y,2) = 0. RIERERRERRIIES -
(1) Show that around the point (1,1, 1), the surface S can be defined by an equation z = ¢(z,y) (1) SBORTE (1,1,1) MBE » BhE S ATAEBATRR, - — o(x,y) TR » HP o 2METE (1,1) KHE

where ¢ is of class C* around (1, 1). N
C° FARYRRIEN -
(2) Find the equation of the tangent plane P at (1, 1, 1) to the surface S.
(2) $HTE (1,1,1) B\ S BYITFEARER -
(3) Find the partial derivatives of ¢ up to order 2 around (1, 1) and at (1, 1).

3 NN S
(4) What is the position of the surface S with respect to the tangent plane P? () R FrRTE (1,1) FHEUE (1.1) B~ IR S

(4) BhE S RY)FE P HFIRER I ERRRIE MR ?

Exercise 4.36 (AM-GM inequality) : Let n > 2 and f : R" — R, (21,...,2,) — Z1...%,. Consider BiE 436 [BERAZFEL] :Dn>2UR R =R, (21,...,0,) = 1.0, ° BRI =
I'={(z1,...,2n) €EREy:x1 + -+ 2, = 1}. {(z1,...,20) ERYy 12y + -+ +3p =1} 0
(1) Show that f has a global maximum on I' and find its value.

(1) 5P f £ L LBEZREEAE - TEHMKE -
2) HEEEAEFN - ERER - A

n / n
(Hdil)lngéz.’ﬁ“ V(xl,...7$n)€Rgo.
i=1 i=1

(2) Deduce the AM-GM inequality, that is, prove the following,

n n
(Hwi)l/n < %qu V(x1,...,2n) € R,
i—1 i—1

h=1)
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