Chapter 6

N
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Exercise 6.1 :Let (V,||-||) be a Banach space, and (a;,),>1 be a sequence in V. We define an auxiliary

sequence (1, )n>1 as below,
al + - - + a
VneN, m,=—— "

n

We consider the following two properties.

(i) The sequence (ay,),>1 converges.

(i) The sequence (my,),>1 converges.
Answer the following questions.

(1) Show that if (i) holds with limit ¢, then (ii) also holds with the same limit.

(2) Find an example for which (ii) holds, but (i) does not hold.

(3) We are given a sequence (wy, ),>1 of non-negative real numbers such that ) w,, diverges. Define

wiay + -+ Wnpan

VneN, m) =
wy 4+ wy

If we replace the property (ii) by the following property (ii’): the sequence (m!,),>1 converges,
does (i) still implies (ii’)?

Exercise 6.2 : Let (V,||-||) be a non-empty finite-dimensional normed vector space. Let (a,)n>1 be a
sequence in V" and (7,),>1 be a sequence in R satisfying

Vn € N, E(an+17 Tn—i—l) - E(CLTH Tn)'

(1) Show that
Vn e N, |lan+1 — anl| < Tn — Tnt1-

(2) Show that the sequence (ay,),>1 is convergent.

(3) Show that 1,51 B(an,ry) is a closed ball. Find its center and radius.
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Exercise 6.3 : Let a € C and

(1) Show that for n € N, we have

n 1 a (01
A —§I+§J, where J_<0 O)'

(2) Find the behavior of the series with general term A™.

Exercise 6.4 : Let (a,),>1 be a decreasing sequence of non-negative real numbers. Show that if " u,,

converges, then we have u,, = o(2).

Exercise 6.5 : Let ) u, and ) v, be two convergent series with non-negative terms. Determine the

behavior of the series >, \/unvy, and Y, max(uy, vy,).

Exercise 6.6 : Let ), u, be a series with non-negative terms.
(1) Suppose that >, u,, converges. Show that for o > 1, the series >, u{y converges.
(2) Suppose that ), u, diverges. Show that for o € (0, 1), the series >_,, u diverges.

Un

14+uyn *

Exercise 6.7 : Let (uy,),>1 be a series with non-negative terms. For n > 1, let v, =

(1) Show that the function x — {7 is increasing on [0, +00).

(2) Show that the series ), u, and )_,, v, have the same behavior.

Exercise 6.8 : Let (u,),>1 be a non-negative decreasing sequence. Show that the series >, u, and
> 2™ ugn have the same behavior.

Exercise 6.9 : Use the comparison theorems (Proposition 6.2.2 and Theorem 6.2.3) to determine the
behavior of the series > u,, where the general term u,, is given by different expressions. You may also
need the Stirling’s formula from Exercise 6.12. Let us fix constants a > 0, b,c € R.

(1) un =377, (5) un = 2, (9) up =1—cos .
Tl2
(2) un = a"nl, (6) up = hl(len%g) (10) u, = (HL_H) .
(3) Up = ne_\/ﬁa (7) Up = %’ (11) Up = 61/n —a — Q

n
_a_

4) u, = n*k%, () up = &y (12) u, = cos(%) —a— %.
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Exercise 6.10 : Let (uy,),>0 be a real-valued sequence defined by ug > 0 and
Upt1 = Up + ui, Vn € N.
(1) Show that u,, — 4o00.
n—oo

(2) Show that

AV

)

(3) Deduce that there exists K > 1 such that u,, ~ K2".

Exercise 6.11 : Let (uy,),>0 be a real-valued sequence defined by uyp = ¢ € R and
Upt1 = Up + €7, VYn eN.

(1) Show that u,, —— +o0.
n—oo

(2) Find an asymptotic expression of u,, up to the order o(ln").

n

Exercise 6.12 : Define the sequence
n
Vn>1, S,=> Ink
k=1
(1) Show that for every k > 2, we have

k k+1
/ lntdtglnkg/ Intdt.
k—1 k

Deduce that S,, = nlnn —n + o(n).

(2) By considering the sequence (A;,),>1, defined by
Yn>1, A,=85,—nlnn+n,
show that A4,, — A4,,_1 ~ % and deduce that A,, ~ % Inn.

(3) Let D, :==S5, —nlnn+n— %lnn for n > 1. Show that D,, — D,,_1 ~ —ﬁ.
(4) Show that D,, converges to some D, when n — oo. Deduce that there exists some constant

C > 0 such that
n

nl ~ C(—)n\/ﬁ.

e

(5) Using the expression of Is,, from Exercise A1.2 to show that C' = /2.

nt e Vamn (") (14 4 o(H).

(6) Show that
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Exercise 6.13 : Our goal is to compute the value of the series ), - # Let S, = >} 1?12 forn € Nbe

its n-th partial sum.

(1) Recall briefly why for o > 1, we have

1 1

@NW’ when n — 0.

k>n

(2) Let f : [0,7] — R be aC! function. Show that

/7r F(t) sin <(2” * 1)t) dt 0
Jo 2 n—00

(3) Consider the function A,, : (0, 7] — R defined by

1 n
Ap(t) = 5 + Z cos(kt), Vte (0,m].
k=1

Show that
sin ((2n;rl)t)
An(t) = T a4 - i\ ¢
2sin(3)
(4) Find a,b € R such that
™ 9 1
Vn € N, (at” + bt) cos(nt) dt = —;.
0 n
In what follows, let us fix such values for a and b.
(5) Check that
T 2
Vn €N, / (af? + ) An(t) dt = S, — .
0
and S, —— %2.
n—0o0
(6) Deduce that
So=T L, (1) hen n —
n=g T o{~), whenn — oo.
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Exercise 6.14 : Let (uy,),>0 be a sequence defined by up = 1 and
Vn €N, Upy1 = sinuy,.

(1) Check that (uy,),>0 converges to 0.

(2) Find the limit of “*** and U"Zu"“ when n — oo.
(3) Find the limit of “*—3"+L when n — oo.

(4) Show that when n — oo, we have the equivalence

1 1 1
ur, oui 3

Deduce an equivalence of u,, when n — oo.

(5) Show that

Deduce that

V3 3v3Inn <lnn>

— o
372

n=n T 10 n3

Exercise 6.15: Let ), -, u, be a divergent series with non-negative terms. Write S,, = >}'_; uy, for all
n>1. Fixa > 1.

(1) Show that for n > 2, we have
Unp, / S dt
L =
S?If Sn—l ta
(2) Show that the series >, g2 is convergent.
Exercise 6.16 : Let (u;,),>1 be a sequence in a Banach space (W, ||-||) and
A = limsup [|un ||Y/" € [0, +o00].
n—oo
Show the following properties.
(1) If A < 1, then the series > u,, is absolutely convergent.

(2) If A > 1, then the series Y u,, is divergent.

(3) If A = 1, then we cannot conclude.
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Exercise 6.17 : Let + € C and a € R. Find the behavior of the following series by the ratio test
(Theorem 6.3.1) and the root test (Theorem 6.3.6).

(1) . (3) 2. 6) T 5
(2) E@ (4) o il (6) =t

Exercise 6.18 : Let (uy,),>1 be a sequence with strictly positive terms such that

Un+1
Un

1
:1+g+(’)(—2), for some a € R.
n n

Fix # € R and let
VneN, v, =m((n+1)u,1) —n(n’u,).

(1) For which value(s) of 3 does the series } v,, converge?

(2) For each of these values, show that there exists A > 0 such that u,, ~ An®.

Exercise 6.19 :

(1) Show that the series ),

converges

(2) Show that for n — oo, we have

=) =" 1 1
Vi+ (=) i on ()

(3) What is the behavior of the following series?

—1)n
ST

Exercise 6.20 : Use the comparison theorem (Theorem 6.2.3) and alternating series (Theorem 6.4.2) to
determine the behavior of the series ) u,, where the general term w,, is given by different expressions.
Leta > 8 > 0.

(—1)”),

B (="
o+ 1 ®) un =

1) u, =In(1+ , .
(1) u n( noe 1 (_1)n o+ (71)71”5

(2) Up =
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Exercise 6.21:
_1)k
(1) Justify why the alternating series > 7~ ((27,3, converges. Does it also converge absolutely?

(2) For every n € Ny, consider the partial sum

(=D
_z:@w

k=0

Show that for n € N, we have

1
Son_1 < COS(l) < Sop = Sop_1 + W
(3) Deduce that cos(1) is an irrational number.
(4) Similarly, use the fact that e ™1 = 372 0 to show that e is an irrational number.

Exercise 6.22 : Let (uy)n>0 be a decreasing sequence with strictly positive general terms with limit
0. Consider the alternating series Y, ~(—1)"u, which converges by Theorem 6.4.2. Recall that the

remainders are defined by
oo

VneNy, R,= Z (*1)kuk.
k=n-+1

Suppose that the following conditions hold,

. Uu
Vn € No, tniz — 2Uni1 +up >0 and  lim —tL =1,

n—00 Uy,
(1) Show that for every n > 0, we have |R,| + |Rp+1| = tnt1.
(2) Show that the sequence (|Ry,|)n>0 is decreasing.

(3) Deduce that the following equivalence,

when n — oo.

_1\n+1
(4) Apply this result to the alternating series ) _,,~4 ( 17)1 to find an asymptotic formula for its partial
sums. Hint: the limit of this series is known, see Example 6.4.4.

Exercise 6.23 :

(1) Show that the Cauchy product of the following two divergent series
(-1-2-2-2-2—)(=14+2-24+2—-2+--+)

is absolutely convergent.

(2) Consider the alternating series ) _,,~¢ E/:% Show that the Cauchy product of this series with itself
is divergent.
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Exercise 6.24 : This exercise is a generalization of Theorem 6.6.3. Let >, - a, be an absolutely con-
vergent series and - b, be a convergent series with terms in a complete normed algebra (A, -, | - |).
Their Cauchy product is the series ), - ¢;, given by

n
Vn €Ny, ¢, = Z apbp—k.
k=0
Show that the series > ¢, is convergent, and its sum equals

e () (2e)

n=0 p=0 q=0

Exercise 6.25 : Consider the double sequence (%, n)m n>1 defined by
1\n
Vm,n =21, Unp= (1—1— —) .
m

(1) Find the iterated limits lim,, o0 1imy,—o0 Um n and limy, oo limy, o0 Uy -

(2) Does the limit of the sequence (wm, n)m,n>1 exist? How about the limit of (wy,z)n>1?

Exercise 6.26 : For a real number k£ > 1, let us define the Riemann zeta function
> 1
C(k) =)
n=1 n

(1) Explain briefly why the series (k) is well defined for k£ > 1.

(2) Show the following identity,

e}

> (Ck)—1) =

k=2
(3) Show the following identity,

= (k) — 1 i |31
———— =1-—+, where = lim — —1Inn|.
162::2 k v v n—00 k;l k

Exercise 6.27 : Let (w1 )m,n>1 be a double sequence in a Banach space (W, ||-||). The associated double
series »,, ,, Um,n is the double sequence (Sm,n)m,n>1 given by

m n
Ym,n =21, Spn= ZZUM.
i=1 =1

If the limit limy, 00 Sm,n is well defined, then we say that the double series ,, , umn converges;
if the limit limyy, »—00 iy 27—y [|ui 5| is well-defined, then we say that the double series 3, ,, Umn
converges absolutely.
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(1) Show that the iterated series Y., (3, ||umnll) is convergent if and only if the double series
> _m.n Um,n is absolutely convergent.

(2) If the double series 3 _,, ,, um,n converges absolutely, show that it also converges.

(3) Suppose that the double series > _,,, ,, um,n is absolutely convergent. We define

n—1
Vn > 27 Cn = Z Ui7(n_1) = UL(n_l) + u27(n_2) + T + u(n_1)71.
=1

Show that the series ), ¢, is also absolutely convergent and

D= ), umn

n>2 m,n>1
(4) Let (wm,n)m,n>1 be the double sequence given by

+1 ifm—n=1,
Vm,n=1, Unpp=4—-1 ifm—-—n=-1,

0 otherwise.

(a) Show that both iterated series >, (3", umn) and 3, (3", um n) converge, but their limits
are not equal.

(b) Show that the double series },,, ,, umn does not converge.

(c) Show that the limit lim;, o Sy, ,, exists.

(5) Show that if the double series and one of the iterated series associated to (s, )m.n>1 converge,
then these two limits are equal.

(6) Show that the convergence of the double series does not imply the convergence of the iterated
series.

(7) Show that the convergence of the double series does not imply that lim,, o U, = 0 for each
m > 1.

Exercise 6.28 : Let u,, = # forn € N.
(1) Show that [],,5(1 + u,) converges with limit 1.

(2) Does the series ), -, uy converge, absolutely converge, or conditionally converge?

Exercise 6.29 : Let (uy,),>1 be a sequence defined by
1 1

1
Ny

(1) Show that [],,>5(1 + u,) converges to a nonzero limit.

Vn € N, Uo2ap—1 = —

(2) Does the series ), -5 u, converge, absolutely converge, or conditionally converge?
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Exercise 6.30 : Let (a,,)n>1 be a sequence of real numbers with a,, > —1 foralln € N.

(1) Show that if the series > 2 | ay, is absolutely convergent, then the infinite product [[72; (1 + a,,)
is convergent.

(2) Suppose that the series ), -, a, is Convergent Show that the infinite product [](1 + a,,) is con-

vergent if and only if the series >.°° ; a2 is convergent. Hint: see below'.

Exercise 6.31 : Justify the convergence of the following infinite products, and prove their limits.

oI (-5) =3 @ I(-52) =2

Exercise 6.32: Let P, = [[;_» (1 + %) for n > 2. Show that there exists A € R such that P,, ~

e
ﬁ
when n — oo.

Exercise 6.33 : Let P be the set of all the primes. In this exercise, we will prove ZpeP is divergent.
(1) Show that for s > 1, we have

- Z log (1 — —) = log ((s).

peEP

(2) Deduce that there exists M > 0 such that for any s > 1, we have

Z pls —log((s)| < M.

peEP

(3) Show that as s — 1+, we have ((s) — +oc.

(4) Conclude that ZpE'P is divergent.

'Show that there exist positive constants A and B such that if |z| < 1, then Az®> < z — log(1 + z) < Bz”.
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Bl

— Z log <1 — —) = log ((s).

pEP
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< M.

T pl ~log(s)

peEP

(3) FBHE s — 1+ B BB ((s) > +oo°
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