Chapter 7: Complements on Riemann Integrals

BEtE [ RERINMHER

Exercise 7.1: Let f : [1,+00) — R be a non-negative continuous function. Suppose that it is integrable
on [1,400).

(1) If the limit lim,_, o f(z) exists, show that it is 0.

(2) Give a counterexample to justify that lim,_, o, f(z) may fail to exist.

(3) Give a counterexample to justify that f may fail to be bounded on [1, +00).

(4) Suppose that f is uniformly continuous on [1, +00), show that lim,_, ;~ f(z) = 0.

(5) Suppose that f is Lipschitz continuous on [1, +00), show that lim inf,,_, o v/nf(n) =

Exercise 7.2 : Let o, § € R. Depending on the values of « and f3, find the behavior of the integral

/ dz
1 2% Inz|P’

where we take

(3) I=(1,2]; (4) I =1[2,400).

1) I=1(0,3; 2 I=1[31)

Exercise 7.3 :Let M € Rand f : [M, +00) — R4 be a piecewise continuous function.

(1) Suppose that f is integrable on [M, +00). Show that
2n
/n f(tydt —— 0.

(2) Suppose that f is integrable and decreasing on [M, +00). Show that f(z) = o(1) when z — cc.

Exercise 7.4 : Find the behavior of the following integrals,

> Int
©) /0 1412 dt,
o /|Int|
©) /0 o
1
wyél_ﬁ,

®) /Ooo( —I—tln(tj_l))dt

()/ Slnh t)Int
\/—smt ’

% In(t2 —t)
2
()/ (1+1)2°

oo dt
<$A T

()/Ooie—l-tQ
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(3) sRfath RBIRAERE AL f FIRETE
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/] %) Inx|B’
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BE73: SMcRURK f:[M,+x) » R, BFEREBRE -
(1) 1R&% f 1€ [M, +o0) ERIFE - F5EH
/ ") dt 0
(2) 1RE& f & [M, +oo) LRITREER - 5BFA f(z) =o(2) Bz — 0 °
B 74 BRETIESNTS
smh t)Int > Int
()/ \/—smt ’ (5)/0 1+t2dt’
% In(t2 —t) < /IInt|
(2)/ (1412 (6)/0 (t—1)\/idt
%o dt 1L dt
o[ 5 0 |
o0 tef\/z o0 t
(@) /0 e (8) /0 (1—|—tln(t+1))dt.
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Exercise 7.5 : Determine the behavior of each of the following integrals, and their values in the case that
they are well defined,

(1)/ cos u @) /1001n (1+t12) dt.

SIH U

Exercise 7.6 : Let f € C1(R,R) such that both

/Ooof(t)dt and /Ooof’(t)th

(1) Let F be the primitive of f such that F(0) = 0. Show that F is of class C2.

are convergent.

(2) For x > 0, show that
F(x+1)=F(z)+ f(z) + R(z), where R(z)= /x—H(az +1—1t)f(t)dt.

(3) Show that R(z) — 0 when z — +o0.

(4) Deduce that f(z) — 0 when x — +o0.

Exercise 7.7 : For every n € N, define

[n:/ i
0 (1+t2)n

(1) Show that for every n > 1, the integral I, is well defined.
(2) For eachn > 1, find a relation between I, and I, .

(3) Find the value of I,, forn > 1.

Exercise 7.8 : Letn € Nand f : [1,400) — R be a C* function. Recall the Euler’s summation formula
that we saw in Corollary 5.2.23,

S sty = [ st [" (- L) ae s 2 + )
k=1

Recall we had defined the 1-periodic functions (G))p>1 in Problem 6 of the midterm exam.
(1) Check that Gy (z) = {z} — 3.
(2) Check that for k > 2 and x € R,

Culz) = k/ Gy1(t)dt + By,
1

where By, = G(0).
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(1)/ cosu P /100111 (1+t12) dt.

vV sin ’LL

B 76 ¢ ©fcCYR,R) FE
/ T rdt LR / O
0 0
B W
(1) S F%fHERRE - WmE F(0)=0°58A F 2 C2 1MW -
(2 itz >0 55
F(z+1)=F(z)+ f(z) + R(z), HF R(z)= /Hl(x +1—t)f(t)dt.

(3) FEHE z — +oo B » BB R(z) - 00
(4 HRE 2 — +oo B BB f(2) — 0o

BE77  HRBEne N B
0 dt
= /0 1+ )
(1) EBEREHREE > 1 BD [, EERIF -
Q) HREE>1 K1, M I, 2EEERR -
Q) BRn>1 K1, E-
BE78 : SneNUKSf:[1,+0) - R & C® R - HMIEIEERIE 5.2.23 AT Euler KA
7 :
n n n , 1 1
300 = [ s+ [ 1@t} - 5)dot 5110+ S

FIRRMABAERE » TEPZENRE o P HRFEREBEAS 1 IR (G))p>1 ©

o

N[

(1) BE Gi(z) = {z} -
(2 BEHNRE>2UK zc R &BFAE

Gh() = k:/ Gho1(£)dt + By,
1

,H\EP Bk = Gk(O) °
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(3) Show that for any m > 1, we have

k=1
+3 6 () = FED)] + 5 [£) + FO)

(4) Fix m > 1. Suppose that f(2”+1) js integrable on [1, +00).

(a) Show that the following integral is well defined,

/00 FEm(2)Gopyr (2) da
1

(b) Deduce that
S F(k) = /1 f(z)de + C + E(n),

k=1

Czlf(l)_i B2§ Ferha )+(2m—|—1/ Gom1(z) fP ) (2) da

and
= r— 1 o m
S0 = Gy, Came @O o)

E( Z 2r (

(5) Applications: prove the following asymptotics.

(a) Fors > 1land N > 1,
B 2r — 2)gp— 1
2 (542 = 2)a 1+(’)( ) when n — oo,

i == ;—FL—Z .
=k (s =Dns=t 2ns = (2r)! nst2r—1 nst2N
where (a) p is the falling factorial symbol defined by

(a)p =a-(a—1)-(a—2)---(a—p+1).

Va e R,p €N,

(b) For N > 1

1 1 L By 1
kz::l% zlnn+7+% —]; SonZk +(’)<n2N+1) when n — oo.
This is the last expression in Example 6.2.9.
(c) For N > 1
n N
z_: Ink = ; Inn—n+ ; 1n(27r)-|-rZ:1 2 (ar ler)nQT—l +O<n21N> when n — oo.
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3) FHEREE m > 1 &HME

S5 = [ i ds+ (2ml+1' [ Gama @) (@) do
k=1 )
i () = & VW) + 5[F ) + £(1)]).

(@m+1) 7 [1, +00) L2 ATFEH ©

4) BEm>1°B&
@ BRTFAES BB
[ D )G ()

1

(b) H#1S

k=1
Hrh
1o B e > (2m+1)
C=3f0 - L g5 W+ s i G () ) ar
UK
E( +Z B?T f(2r 1) ) 1 OOG ( )f(2m+1)( )da;
(2m + 1) 2m+l

(5) FERR : FEEATRFIERE ©
(@ BRs>1URN>1EME

" 1 1 X By (s+2r —2)g 1
S L e S B o) w
Hrh (a), BIEMEMEERCTE 0 &M :

(a)p:=a-(a—1)-(a—2)---(a—p+1).

Ya e R,p €N,
by R N >1-FEME
>
k=1
& 6.2.9 PREFTIRBINF o

=1 1 al B2k o) 1 s

| =

EE
© R N>1> &ME
n 1 1 N Bo, 1 "
> Ink=(n+ 5) Inn—n+ 51n(27r) -|-7; T —21)n27“_1 + 0(7127]\» B N — oo.

k=1
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Moreover, deduce the Stirling’s approximation formula,

n! = 27m(n>n<1+1+ 1 139 — o7l —i—(’)(l)) when n — oo
T e 12n ' 288n2 51840n3 2488320n4 n® '

Exercise 7.9 : We want to study properties of the Gamma function defined in Example 7.1.21, and find

a characterization of it.
(0, +00) — R be functions. Let p,q > 1 be such that % + % = 1. Suppose that both

(1) Let f,g
). Show that the product fg is integrable on

the functions | f|P and |g|? are integrable on (0, +o00

(0, +00) and y y
[T () ()

(2) Let p,q > 1 be such that }% + % = 1. Show that

r vy 1 1
F(;—i—a)gl“(x)ﬂ“(y)q, Va,y > 0.

(3) Show that x +— InT'(x) is convex on (0, +00).

(4) Show that for all z € (0,1) and n € N, we have
zln(n) <InT(n+z+1) —In(n!) < zln(n+1).

(5) Deduce that for 0 < z < 1, we have

0<Inl(z)—In (x(x+ 17)Li07!($+n)> <zln (1 + %)

(6) Deduce that
n"n!

F(x):nlggox(x—&-l)(x+n)

for x € (0,1), and also for all x > 0.

(7) Conclude that for x > 0,
l = (1 + l/n)
oL 14 lta/n

(8) Prove the following characterization of the Gamma function. Let f : (0,4+00) — R be a function

satisfying the following three properties,

(i) In f(z) is convex;
(i) f(z) = ac—l) (x —1)forallz > 1;

(i) f(1) =
Then, f(x) =

(x) Hint: see below'.

'Repeat the arguments in (4), (5), and (6), using f instead of .
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WHETS Stirling EBIAT -

n\" 1 1 139 571 1
l=v2m( =) (14— - - ) o= ,
" m( ) ( T 120 T 38802 ~ 5184007 2488320n4+0(n5)> = n oo

€
R BYEE - Wik 5 ARZIBM -

: (0, +oo)%]Rf_'|l_I§51°-np,q> lflﬁ@lan =1 RERERE |f]P M |g|? METE
FERASRAR fg 7E (0, +0) J:xE_ﬁEEI'\J  MBEME

[Tia< ([ |f|p)1/p( I |g|q)1/q.

1 - $50A

B 79 . HMEESSREERF 7.1.21 PEEB Gamma

1) ®fg
(0, +00) LEBRATTRRY

@ Bpg>1ME L+ 1=

Ty 1 1
F(;%—g)él“(x)ﬂ“(y)a Vo, y > 0.

(3) FI & - T (x) 7 (0, +oo) LEEMEE -
(4) TOPHIFIE 2 € (0,1) MR n e N » 95

zln(n) <InT'(n+2+1) —In(n!) <zxln(n+1).

) #EHR <z <1 HME

0<InT(z)—In (x(x_|_ 17;In‘<$+n)> <zln (1 + %)

(6) #S
_ n*n!

F($)—7}Lnéom(x+1)(x+n)

Wz e (0,1) KL » WEHREAE » > 0 KL -
(7) KEFEHR 2 >0 EFIBE
155 (L+1/n)"
Tl Tta/n

(8) FHATEHEMEHN I REBIZIE - 5 f:(0,+0) » R AWE FI=EMHENRE :

(i) In f(z) BOARE ;
(i) flz)=@@-1f(z—1) HRAB 2> 1;

(i) f(1)=1°
HE » TG f(o) = () © 5 : 40T o

8 (4) ~ (5) F0 (6) RGLARERY T #25K f ©
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Exercise 7.10 :

(1) Prove that the following improper integral is convergent,

I::/ In(sin x) dz
0

/2 /2
/ log(sint) dt = / log(cost) dt.
0 0

(2) Show that

(3) Compute the value of I by using the change of variables z = 2t and applying the identity sin(2t) =
2sintcost.

Exercise 7.11: Let f € PC(Ry,R) such that [;° f(¢) d¢ converges.

(1) Find the limit when z — +o00 of the following integral,

/I 2 £(b) dt.

(2) Suppose that f is non-negative and is decreasing. Show that f(z) = 0( ) when z — +o0.

(3) When the assumption in (2) is not satisfied, find a counterexample.

Exercise 7.12 (Cauchy principal value) : Let I = [a, b] be a segment and ¢ € (a,b). Let f : I\{c} - R
be a piecewise continuous function. If the following limit exists,

c—e b
lim (/a f(z)dz + . f(z) da:),

e—0+

then we call the above limit Cauchy principal value of the improper integral, denoted by

p.v./abf(a:) dz := E£%1+ (/ac_8 f(z) da:+/cj_8f(3:) dx).

Find the Cauchy principal of the following improper integrals,

,a<c<b.

(1) aiﬁ,a>o; @) /b

—a r—cC
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B0 :
(1) EHETEHEERES G -

I::/ In(sinz) dz
0

(2) EHR

=1l

w/2 /2
/ log(sint) dt = / log(cost) dt.
0 0
(3) FRBEE » = 2t UKRBRI sin(2t) = 2sintcost ZRETE T BIE ©

BE7.11 D fePC(Ry,R)E18 [0 f(t) dt BUREK -
(1) HHETIEDTE 2 — 400 BINRER :
/ " f)dt.
/2

(2) B8R f RIEFRBERM - MAE » — +oo BF » HME f(2) =0(2) ©
¢3) & ) PIREREERER - H—ERE

BE 712 [(MAEAXE] @ §1=[0b BEBUKce (a,b)° T f: I\{c} - RBFEREBEX

2 - R FHIERAEFT
c—¢ b
Elir& (/a f(z)dx + /c+a f(z)dx
AF BB IERIRR 2 BN Y {EECIF

p.v./abf(x)dac = lim / f(x)dx + f( )d )

e—0+

RTIIBRRD R EE

@ dg b d
(1) ?,a>0; (2)/ $,a<c<b.

—a r —C
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Exercise 7.13 : Let f : [1,4+00) — R be a continuous function. Show that the following two properties
are equivalent. Hint: integration by parts.

(1) When & — +o00, the following limit exists,
1 x
- / £()dt.
1
(2) When & — 400, the following limit exists,
> f(t
T / &2) dt.
x t

Show that when the above two properties are satisfied, the two limits are equal.

Exercise 7.14 : Suppose that f : [a,00) — R is continuous and decreases to 0 as z — +o0.

(1) Show that if [>°|f(z)cosx|dz converges, then both of the integrals [ f(z)sinzdz and
[.° f(x) cos z dz are absolutely convergent.

(2) Show that if [ °|f(z)cosz|dx diverges, then both of the integrals [ f(z)sinzdz and
[.° f(z) cos z dz are conditionally convergent.

Exercise 7.15 : Let f : [0,00) — R be a continuous function such that ¢ := lim,_,~, f(z) exists. Let
a < b. We want to study the following integral

_ [ flan) — f0)
I= /0 da.

X

Let g : (0,00) — R be defined by

flaz) = f(bx)

T

Vo € (0,00), g(x)=

(1) (a) Assume that f is differentiable at 0+. Find an equivalence of g at 0+ and deduce that g is
integrable on (0, 1].

(b) Find a function f such that g is not integrable on (0, 1].
(c) Let e > 0. Show that if f(z) = £ + o(z~¢) when  — +00, then g is integrable on [1, +00).

(2) Fory > x > 0, let

I(z,y) = /chWdt.

(a) Make a change of variables to show that for y > = > 0, we have

ax ay U
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BE713 1 5 f:[1,+00) - RAZEERE - FETEMEMERSEEN - 1875 | 2EESD -
(1) B r — +oo B » THIMFRTETE :
1 T
. /1 £(b)dt.

(2) B2z — +oo B » THMRIRETE :
:L‘/OO 1) dt.

t2

sERAINR EEmEMEERIIRYEE - RIMEMIRAEE o

BiE714 D B [ [a,00) - REEEN > BE v — +oo KFEERE) 0 ©
(1) FEBEREIR [>°|f(x) cosz|dz WL » FBRE [ f(x)sinzdr F [ f(z) coszdr MEBDEE
BB -

(2) FBERWIR [>°|f(x) cosz|dx BEEN » BRIE [>° f(z)sinzdx F [ f(x) cosx dr AR EHE
R U

BrE715 1 5 f:[0,00) —» RABEBRE > 15 0 :=lim, oo f(z) BE > D a < b HMEEF
# FEGEERESD
7 /°° flaz) - f(ba)
0

B g:(0,00) — R EXRM

Vo € (0,00), g(x)= f(ax);f(bx).

(1) (a) REX f 12 0+ AT © #h i g 7E 0+ MHERFE - WS ¢ £ (0,1] L2FITEM ©
(b) HH—EREK f 15 g T (0,1] EFAIIR ©
() Be>0°FRUMR f(a) =0+ 0(z7°) B v — +oo» BE g 7E [1, +00) LERIFEHY ©

@ HRy>2>0'%

I(x,y) :—/:Wdt.

(@) FERBEBIGREREER y > 2 >0 BME
I(z,y) = " O . /abyfgf)du.

ar U y

i [ L g, = £(0)In (g) g ot [ 4= (9)
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(b) Show that

lim ngf(“)du:f(o)ln(z) and  lim bdeu:Mn(é)

z—0+ Jazx u Yy—+00 Jay u a

(c) Deduce the value of the limit lim,_,o4 limy—, o I (2, y).

(3) Can you explain why when f is only continuous, we may find a function f such that g is not
integrable on (0, 1], while the limit in (2c) is well defined?

(4) Show that the function z — (e~ — 7% is integrable on (0, +00) and find the value of the

following integral,
co ,—ar _ ,—bx
/ ¢c T 4.
0 x

Exercise 7.16 : Find the behavior of the following integrals,

(1) /00 sin t

sint > gsint t+1
2 (1+27 t+1
()/ + )dt, (4)/1 o () dbaeR,

(3) /OO cos(t? + t) dt,
0

Exercise 7.17 : Consider the function f : Ry — R defined by
sint —t

(1) Check that f is continuous on R..

(2) Find the limit when z — 0+ of

(3) Explain why the following integral converges,

% sin3 ¢
[y,
0 t

(4) Find the value of the integral in the previous question. Hint: see below?.

*Note that 4sin® t = 3sint — sin(3t).
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(c) HEFMERR lim, 04 limy s 400 I(2,y) B{E o

) IRFEMERESTEE f RARKSEER - RFITLERIRE [ #1397 (0.1] £FHF

15 0 BR (2c) PRUERANZE R RIFHIG ?

(4) FERRE v — L(e7 — e77) 7E (0, +00) LREITEA » WHKTHIFES !

00 p—ar _ efbm
[t
0 X

B 7.16 : RTIRBOTA :

1) / - y dt, (3) /O " cos(2 + 1) dt

smt > gint t+1
) / )dt, @) /1 o) dhack
BE717 - BEERE R, -~ REEM:
. Sint — ¢
FO) =0, WU ft)= bth V> 0.
(1) BE fER,. EREEN -
(2) 3RE z — 0+ B FEXTFHEER :
/f“ sint
12
(3) REAMTETIREIUREL
> sin td
I
(4) REEPBEIWNE &R B TA? o
ZEEH 4sin®t = 3sint — sin(3t) ©
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Exercise 7.18 : Consider the function f : [0, 7] — R defined by BRE718 : EERE f:[0,7] - REHM :

1

L L ifr>0, 1_ pas
Vi € R+a f(l') _J)z 2sin(3) Vo € R+ f(x) _J= 2sin(3)’ ar> 07
(1) Show that f is of class C! on [0, 7]. (1) A F1E [0, 7] L2 C 48 o
(2) For every n € Ny, show that the following integral is well defined, (2) WIS 0 e N, BE TS EREE
I n 0’ &g = :
: 2n+1
I, = /Tr sn (271) dt w sin (2511)
S R (z) ' I, := / — 2 dt.
2 0  sin (%)
(3) For every n € Ny, find the value of I,, 1 — I, and the value of I,,. (3) WREE n e Ny R I I EENE I B
n 0’ n+1 — {n A n HY °
(4) Let g : [0, 7] — R be a C' function. Show that
(4) Bg:[0,7] - R%C'ERE - 5588
lim / g(t)sin(At)dt = 0. . g .
A=+00 Jo )\hril g(t)sin(At)dt = 0.
—r+00 0
(5) Show that the following integral is convergent and find its value, (5) BIETIIESGKEL - LRAHOE
5) BE =778 N 0 Ml JIE :
7 /00 sint dt. ~ ;
= - sin
1= —dt.
0 5
Exercise 7.19 (Laplace’s method, Theorem 7.3.1) : In this exercise, we are going to proof the Laplace’s BRE 7.19 [Laplace HiE - ©¥ 731] : HiEEEED > RMASEHEE 731 EFROLH
method stated in Theorem 7.3.1. First, note that we may assume g(c) > 0. Laplace 755% © Bt » BRIV ERIBRFIATLUBRE g(c) > 0 °

1) Show that f A > 1, the functi M) js integrabl b). _
(1) Show that for any e function x — g(x)e is integrable on (a, b) (1) BESREE N> 1 Rz — g(x)exh(x) 7 (a,b) L2 EIFER o

(2) Forany ¢ € (0, g(c)) N (0, —h"(c)), show that there exists & > 0 such that )
HBAFE O > 0 EF

(2) BtEE € (0,9(c)) N (0, —h"(c))

A(E) + 5 ((6) ) (& = € > h(a) > h(e) + 5 (1/(e) =€)z — &), e L0 5 Yo ) L)
2 g - 2 ’

and

gle) +e > g(x) > g(c) — e, =H
forallz € [c — d,¢+ 6] C (a,b). glc) +e2g(x) > g(c) —¢,
Next, we consider the decomposition BB r€c—6,c+ 8] C(a,b)°
/bg(:c)e)‘h(“”) dz = /C(S M) dg 4 / M) dy —I—/ )eM @) dg, B HFERTIDH%
a a b c—§5
M) g — / Ah(@) g / ) @) g / ) ) qg.
(3) We first deal with the term fC"HS (2)eM"®) dz. Show that /a gle)e ! a v v !

(3) BRIFESLEEE—E 1 [ g(2)eM® do - 78R

c+6 1 5\/>\ —h'(c)+e) 1,9
Ah(x Ah(c _1
[, g dr> (gle) — e “\/A(—h"(ma)/ et

-5 —04/A(—=h"(c)+e)

c+d 1 SR (0)+e) 4,
M) g > _ 2\ pMR(e) 7/ —2t q¢
/Hs glw)e v 2 (g(c) —e)e \/A(—h”(c)+e) -5 )\(fh”(c)Jrs)e i
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and =8

c+d 1 VAR (=) 4, c+d 1 S/ A—h"(c)—e)
A(2) Qg < 4ol |~ / -3t qt. / Ah(z) < Ah(c) / — 142
/C—(S g(x)e o (g(c> E)e \/A(_h”(c) - 5) - )\(—h"(C)—E) ¢ c—§ g(x)e dx = (g(C) + 6)6 )\(_h//(c) _ E) =5 )\(—h”(c)—e) €z dt
Deduce that H18
c+0 2
c+o Mh(z m Ah(e A
/6_5 9(2)eM@ dg ~ _)\3:;((;) - g(¢)eM©) ] when A — +o0. /0_6 g(2)eM@) dg ~ ”T”(c) -g(e)eM@ BN - foo.

> = $£H 3l N o & /\E _ @'A _ o =,
(4) Now, we deal with the remaining terms. Show that there exists 77 > 0 such that |z — ¢| > ¢ implies (4) BHEBFIRABIZR TR © "IRFE 7 > 0 RS o —c| > 0 = hiz) < hle) —n o BH

h(z) < h(c) — n. Then, deduce that for any A > 1, we have HSERER A N> 1 &M
o M(0) /c_‘sg(x)exh(x) do| < M- e ™, and |e ) /b ()M de| < M-, ‘e—kh(c) /ac_ég(x)em(x) dz| < M-e ™, HUE ‘e—)\h(c) /:Hs (@)@ de| < M- e,
a c+d
where ) He ,
M = e—h(@+n /a l9(2)|e"® dz M = O+ /a lg(z)|e"® dz
is a constant. S(EEE o

(5) Conclude the theorem. (5) MEEETEER o
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