Chapter 7: Complements on Riemann Integrals

Exercise 7.1:Let f : [1, +00) — R be a non-negative continuous function. Suppose that it is integrable
on [1,400).

(1) If the limit lim,_, { o, f(x) exists, show that it is 0.

(2) Give a counterexample to justify that lim,_, o, f(x) may fail to exist.

(3) Give a counterexample to justify that f may fail to be bounded on [1, +00).

(4) Suppose that f is uniformly continuous on [1, +00), show that lim,_, ; f(z) = 0.

(5) Suppose that f is Lipschitz continuous on [1, +00), show that lim inf,,_, o v/nf(n) = 0.
Exercise 7.2 : Let o, 5 € R. Depending on the values of « and /3, find the behavior of the integral
/ dx

1 2% Inz|P’
where we take
(1) I=(0,1] @ 1=[%1); () I=(1,2; () I = [2,+o0).

Exercise 7.3 : Let M € Rand f : [M,+00) — R be a piecewise continuous function.

(1) Suppose that f is integrable on [M, +00). Show that

/ ") dt —— 0,

n—oo

(2) Suppose that f is integrable and decreasing on [M, +0c). Show that f(z) = o(L) when z — cc.

Exercise 7.4 : Find the behavior of the following integrals,

L sinh(v/t) Int 5  Int g4t
W) Vi—sint ® J ret
% In(t2 —t) < /Int|
(2)/1 T (6)/0 gt
© dt 1 4
(3)/0 a1 (7)/0 1_t\/z,
oo te_\/z o0 t
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Exercise 7.5 : Determine the behavior of each of the following integrals, and their values in the case that
they are well defined,

3 cosu * 1
1 du, (2) / In(1+ -)dt
W /0 V/sinu " 1 ( tz)

Exercise 7.6 : Let f € C1(R,R) such that both

/Ooof(t)dt and /Ooof’(t)th

are convergent.
(1) Let F be the primitive of f such that F(0) = 0. Show that F is of class C2.

(2) For x > 0, show that
F(x+1)=F(z)+ f(z) + R(z), where R(z)= /x—H(az +1—1t)f(t)dt.

(3) Show that R(z) — 0 when z — +o0.

(4) Deduce that f(z) — 0 when x — +o0.

Exercise 7.7 : For every n € N, define

[n:/ L
0 (1+t2)”

(1) Show that for every n > 1, the integral I, is well defined.
(2) For eachn > 1, find a relation between I,, and I, .

(3) Find the value of I,, forn > 1.

Exercise 7.8 : Let n € Nand f : [1, +00) — R be a C*> function. Recall the Euler’s summation formula
that we saw in Corollary 5.2.23,

S 509 = [ s@aes [* (e - 3) e gl + 100

Recall we had defined the 1-periodic functions (G))p>1 in Problem 6 of the midterm exam.
(1) Check that Gy(z) = {z} — 3.

(2) Check that for k > 2 and x € R,
Gi(z) = k/ Gr-1(t) dt + By,
1

where By, = G(0).
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(3) Show that for any m > 1, we have

> 10 = [ fla)do+ leH, [ Gana (@) £ 0 w) da

k=1

# 3 G0 = £+ 55+ 0]

(4) Fix m > 1. Suppose that f(>+1) is integrable on [1, +00).
(a) Show that the following integral is well defined,

[ £ @) G (@) d
1

(b) Deduce that

k=1
where
1 _ -~ Bo, (2r—1) 1 > (2m+1)
C =5/ ;1(%)"’0 (1) @m 1 D) Gomy1 (z) fE™ ) (2) da
and
B = i)+ 30 B per vy - L [T, @) e (@) d
2 < (2r)! (2m + 1) mt

(5) Applications: prove the following asymptotics.
(@ Fors >1and N > 1

where (a), is the falling factorial symbol defined by

VacR,peN, (a)p:=a-(a—1)-(a—2)---(a—p+1).

(b) For N > 1

1 X By 1
zlnn—l—'y—l-%—];an%—i—O(TﬂNH) when n — oo.

=

n
>
k=1

This is the last expression in Example 6.2.9.

(c) For N > 1

u L1 1 al By
.
Z Ink = ( 2 )Inn— n—|—21n(27r)—|—7Z:1 2T(2r—1)n2r—1+0(n2N) when
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Moreover, deduce the Stirling’s approximation formula,

n! = 27m(n>n<1+1+ 1 139 — o7l —i—(’)(l)) when n — oo
T e 12n ' 288n2 51840n3 2488320n4 n® '

Exercise 7.9 : We want to study properties of the Gamma function defined in Example 7.1.21, and find
a characterization of it.

(1) Let f,g : (0,400) — R be functions. Let p,q > 1 be such that % + % = 1. Suppose that both
the functions | f|? and |g|? are integrable on (0, +00). Show that the product fg is integrable on

(0, 4+00) and X 1
[Tsa< ([ i) /p(/ow 1) "

(2) Let p,q > 1 be such that % + é = 1. Show that

Ty 1 1
F(;%—g)él“(x)PF(y)Q, Vo, y > 0.

(3) Show that x — InT'(x) is convex on (0, 4+00).

(4) Show that for all z € (0,1) and n € N, we have

zln(n) <InT'(n+2+1) —In(n!) <zxln(n+1).

(5) Deduce that for 0 < z < 1, we have

n®n!

1
Oglnru)_ln(:z:(a:—l—l)...(x—i—n)) \xln(l—i— )

(6) Deduce that

T

nn!
I'(z)= 1
(z) nggox(:v—%—l)(m—}—n)

for z € (0,1), and also for all z > 0.

(7) Conclude that for z > 0,

1
oz

lo—O[ +1/n)

1+z/n
(8) Prove the following characterization of the Gamma function. Let f : (0,400) — R be a function
satisfying the following three properties,
(i) In f(z) is convex;
(i) f(z) = (1:—1) (x — 1) forall z > 1;
(i) f(1) =
Then, f(x) = F(:L‘) Hint: see below'.

'Repeat the arguments in (4), (5), and (6), using f instead of .
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Exercise 7.10 :

(1) Prove that the following improper integral is convergent,
™
I:= / In(sin x) dz.
0

(2) Show that
/2 /2
/ log(sint) dt = / log(cost) dt.
0 0

(3) Compute the value of I by using the change of variables x = 2¢ and applying the identity sin(2t) =
2sint cost.

Exercise 7.11 : Let f € PC(R, R) such that [;° f(t) d¢ converges.

(1) Find the limit when z — +o00 of the following integral,

/x ; £t dt.

(2) Suppose that f is non-negative and is decreasing. Show that f(z) = o(2) when z — +o0.

T
(3) When the assumption in (2) is not satisfied, find a counterexample.

Exercise 7.12 (Cauchy principal value) : Let I = [a, b] be a segment and ¢ € (a,b). Let f : I\{c} = R
be a piecewise continuous function. If the following limit exists,

c—e€ b
lim (/a f(z)dz + . f(z) dx),

e—0+

then we call the above limit Cauchy principal value of the improper integral, denoted by

p.v./abf(:c)dx = lim (/ac_sf(w)dx—i—/cief(x)dw).

e—0+

Find the Cauchy principal of the following improper integrals,

@ dg b q
(1)/ —,a>0; (2)/ T a<e<h,
—a T a T—C

Last modified: 09:30 on Monday 5™ May, 2025



Exercise 7.13 : Let f : [1,4+00) — R be a continuous function. Show that the following two properties
are equivalent. Hint: integration by parts.

(1) When & — +o00, the following limit exists,

xT
- / £()dt.
1
(2) When & — 400, the following limit exists,
> J(t
T / &2) dt.
x t

Show that when the above two properties are satisfied, the two limits are equal.
Exercise 7.14 : Suppose that f : [a,00) — R is continuous and decreases to 0 as z — +o0.

(1) Show that if [>°|f(z)cosz|dz converges, then both of the integrals [ f(z)sinzdz and
[.° f(x) cos z dx are absolutely convergent.

(2) Show that if [ °|f(z)cosz|dx diverges, then both of the integrals [ f(z)sinzdz and
[.° f(z) cos z dz are conditionally convergent.

Exercise 7.15 : Let f : [0,00) — R be a continuous function such that ¢ := lim,_,~ f(x) exists. Let
a < b. We want to study the following integral

[ flaz) — f(ba)
I._/O fd

x.

Let g : (0,00) — R be defined by

Vr e (0,00), g(z)= M.

X

(1) (a) Assume that f is differentiable at 0+. Find an equivalence of g at 0+ and deduce that g is
integrable on (0, 1].

(b) Find a function f such that g is not integrable on (0, 1].
(c) Lete > 0. Show that if f(x) = ¢ + o(z~¢) when © — 400, then g is integrable on [1, 4+00).

(2) Fory > x > 0, let
Y t) — f(bt
I(2,y) = / f(a)tf() dt.
(a) Make a change of variables to show that for y > x > 0, we have

Iy = [ W du—/by fi“) du.

ax U y
(b) Show that

bx
lim —f(u)
=0+ Jazx u

du = f(0)In (g) and  lim S du =¢In (é)

Yy——+0o0 ay U a
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(c) Deduce the value of the limit lim,_,o4 limy_, o (2, ).

(3) Can you explain why when f is only continuous, we may find a function f such that g is not
integrable on (0, 1], while the limit in (2c) is well defined?

(4) Show that the function z — 1(e™%® — ¢7"7) is integrable on (0, +00) and find the value of the

following integral,
00 =0T _ e—bx
/ —dx.
0 x

Exercise 7.16 : Find the behavior of the following integrals,

(1) 100 Siﬁt dt, 3) / T cos(2 4+ 1) dt,
@) /1°°1n(1+s$;)dt, ) /oosmt t_l)dtaeR
Exercise 7.17 : Consider the function f : Ry — R defined by
F0)=0, and f(t)= % Wt > 0.

(1) Check that f is continuous on R .

(2) Find the limit when z — 0+ of

(3) Explain why the following integral converges,

o0 gin3 ¢
/ dt.
o 2

(4) Find the value of the integral in the previous question. Hint: see below?.

*Note that 4sin®t = 3sint — sin(3t).
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Exercise 7.18 : Consider the function f : [0, 7] — R defined by

1

1__ 1 ife>o0,
Vo € Ry, f(l') _ {:p 2sin(3)

0, ifx=0.
(1) Show that f is of class C! on [0, 7].
(2) For every n € Ny, show that the following integral is well defined,
7 sin (%t)

dt.

(3) For every n € Ny, find the value of I,, 1 — I, and the value of I,,.

(4) Let g : [0, 7] — R be a C' function. Show that

lim / " () sin(AL) dt =

A——+o00 Jo

(5) Show that the following integral is convergent and find its value,

I:/OO s1ntd
0

Exercise 7.19 (Laplace’s method, Theorem 7.3.1) : In this exercise, we are going to proof the Laplace’s
method stated in Theorem 7.3.1. First, note that we may assume g(c) > 0.

(1) Show that for any A > 1, the function = — g(z)e*®) is integrable on (a, b).

(2) Forany e € (0,g(c)) N (0,—h"(c)), show that there exists 6 > 0 such that

h(e) + 5 (H(€) + ) (& — o > h(z) > h(e) + 3 ("(e) ) (& — ),

and
g(c) +e>yg(x) 2 g(c) — ¢,

forallz € [¢c — d,c+ 6] C (a,b).

Next, we consider the decomposition

b c—0
/ g(z)eM®) dx:/ M@ d:c+/ @) dm—i—/ )eM @) dg,

(3) We first deal with the term [s C"HS )e)‘h(m) dz. Show that

c+d 1 6\/)\ —h'(c)+¢) 1.2
Mi(z) 30 > N\ (o) / —1¢
/c g(x)e dz > (g(c) —e)e \/)\(—h”(c) 9 e dt

-4 —0+4/A(—h""(c)+¢)
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and

) 1 S\/A(=R"()—e) |,
Mi(@) 3, < A(e) | L / ~38 g4
\/c\—é g(x)e d.’E ~X (g(C) + 6)6 \/A(_hl!(c) _ 5) _5 )\(—h”(c)—s) € dt

o+ Ah(x) 21 A(e)
/c—a glx)e dw ~ TH(C) ~g(c)e ,  when A — +o0.

(4) Now, we deal with the remaining terms. Show that there exists 7 > 0 such that |x — ¢| > J implies
h(z) < h(c) — n. Then, deduce that for any A > 1, we have

c—4d
efAh(c)/ g(x)e)\h(z) dax

where

Deduce that

<M-e™, and

b
ef/\h(c)/ g(x)e)\h(z) dz| < M - 6717)\’
ct+6
b
M= e*h(C)Jr”/ |g()|e"®) da

is a constant.

(5) Conclude the theorem.
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