Chapter 8: Sequences and series of functions BNE | KEIET | B4R

Exercise 8.1 :Let I C R be an interval and (f,,),>1 be a sequence of functions from I to R. Suppose BEs1 : DICRABER UK (fu)ws1 AH T BRETE R BIREFS o FHMIRER £, FEUEK
that f,, converges pointwise to a function f. BRE f o

(1) Suppose that every function f,, is convex, show that f is convex.

(1) REREERE f, BRORE - R f RORE -

) REEERE f, HRIBERMB - 2B [ ZIFERAY

) REREBERE f, HREELR - f —EGBEMBEEZNISE?

(4) REEERE f, B2EBMR - BBIS T - 50 f W2 E RN - BERA T -

(2) Suppose that every function f;, is non-decrasing, show that f is non-decreasing.
(3) Suppose that every function f,, is strictly increasing, is f necessarily strictly increasing?

(4) Suppose that every function f,, is periodic with period 7', show that f is periodic with period T'.

Exercise 8.2 : Consider the sequence of functions ( f,,),,>1 defined as below, BiEs2 | ERREFEY (fu)ns1 EEATF -
Vn e N,V € R f(m)zsin(m—i—l). Vn € N,Vz € R, fn(x):sin(x%—l).
) ) n n n
Show that ( f,,)n>1 converges uniformly on R. 2B (fu)n>1 BTE R EFUREL
Exercise 8.3 : For n € N, define the function u,, on R, as below, BeEs3 : M ne N EEER, ERRE u, 20 :
x x
(1) Show that the series )~ u, converges pointwise on R. (1) FERRE Y, o vy BTE R, EFERREY -
(2) Show that the series 3, -, u, converges uniformly on [0, A] for any A > 0. (2) BEEPMEIE A > 00 BB Yo, un BIE [0, 4] HHGIHK -
3) Show that for every n € N, we have - .
©) y (3) BEHREMEn e N> RIE
2n 2n
n 1 n 1
D ool
2 4 12 24127
k=n+1 ns+k 5 k=n+1 ns+k 5
(4) Deduce that the series }, - u, does not converge uniformly on R . (4) HEERHE Y, o un FEER, EFIEE -
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Exercise 8.4 : ZEg4a

(1) Let us consider a sequence of functions ( f,),,>1 defined on R as follows, (1) FRMEEEEE R, FHORBFG] (f,)ns 0F :
1—£>n lfI‘G[OTL] 1_;” 4
vn e N,Vz >0, fulz)= ( n T - & xel0,n],
" . Jn(@) {O fr>n. Vne N Ve >0, fuo(lz)= (g ) e

Show that ( f,,)n>1 converges uniformly to f : x +— e¢™* on R;..

B (f)1 BER, EHFWHE) fizs e e
(2) Consider another sequence of functions (gy ),>1 defined on C as follows,

) BEFN—EERTE C LHREFY (gn)n=1 0T
Z\ N

VneN,VzeC, gn(z)=(1+-=) . n
( ”) Vn e N,Vz € C, gn(z) = (1—1—5) )

Show that (g, )n>1 converges uniformly to g on every compact subset of C.

2B (gn)n>1 BESE C NEBFES EIIREE] 4 -

Exercise 8.5 : For n € N, define u,, : Ry — R as below, BEss5  HMRneN E&u,: R, - REWTF:
z x
Vo € R+, un(x) = m Vo € R+, Un(af) = m
(1) Show that the series of functions Y u,, converges pointwise on R, but does not converge uni- (1) FRRAREBIREL S v, B7E R, EZFERE - BRI -

formly on R...

(2) BOBEBRE (1) u, B R, LFEEIREE - R EIUE -

i

(2) Show that the series of functions > (—1)"u,, converges uniformly on R but does not converge
normally on R.

Exercise 8.6 : Let f : R — R be a function and (P,),>1 be a sequence of polynomials that converges BEse : D RoRBRH > UK (P AEER KT f HZEHFS -
uniformly to f on R.

(1) FHREEN > 1RE
(1) Show that there exists N > 1 such that
Vn > N,Vx € R, |P,(z)— f(z)| < 1.

Vn > N,VYx € R, |P,(z)— f(x)] < 1.
(2 Bn> N> BOATUHEZEN P, — Py SREME?
(2) When n > N, what can we say about the polynomial P, — Py?

3) #F f REZENREK -

(3) Deduce that f is a polynomial function.
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Exercise 8.7 : Let I = [a,b] be a segment and (f,,)n>1 be a sequence of (not necessarily continuous)
functions from I to R. Suppose that

(i) for each m > 1, the function f, is increasing on I;

(ii) the sequence (fy,)n>1 converges pointwise to a continuous function f : [ — R.

(1) Show that f is increasing on I.

(2) Let us fix ¢ > 0. Show that we can find a partition P = (zx)o<k<m € P([a,b]) such that
Vk=0,...,m—1, |f($k‘+l)_f(xk)|<€
(3) Show that there exists N > 1 such that

(4) Deduce that foralln > N and x € [a, b], we have | f,(z) — f(x)| < 2¢, and conclude that (f,)n>1
converges to f uniformly.

Exercise 8.8 :

(1) Let I = [a,b] C R be a segment, (W, ||-||) be a normed vector space, and K > 0. Consider a
seugnece of functions (f,)n>1 from I to W that are K-Lipschitz continuous. Show that if (f;,)n>1
converges pointwise to f, then the convergence is uniform.

(2) Let I = (a,b) C R be an interval and (f),),>1 be a sequence of convex functions from [ to R that

converges pointwise to f. We want to show that this convergence is uniform on every segment of
1.

(a) Let ¢,d € I such that [¢,d] C (a,b). Consider p € (a,c) and ¢ € (d,b). Show that the
following two sequences

(=) e (),

are convergent, so bounded.

(b) Let K > 0 be a constant that is an upper bound of the absolute value of the terms of the
above two sequences. Show that (f,,),>1 is a sequence of K -Lipschitz continuous functions
on ¢, d].

(c) Conclude that (f,,)n>1 converges uniformly to f on [c, d].

(d) Is it true that (fy,),>1 converges to f uniformly on (a,b) in general?
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Bs7 : BDI=[ab] BREE (fr)n1 BHBFER GRGER) HNREFET - B
() BREEn > 1 R f, £ ] LBRIERT
(i) BT (fo)n>1 BEBWBBEFERE f: ] - Ro
(1) 5BHA f £ I LBEER -
(2) BEMEE « > 0 - BARKMRILULEIDE P = (v4)o<kem € P([(a, b)) 7
VE=0,...,m—1, |f(zrs1) — flzp)| <e.

3) EREFEN > 1 &S

(&) BIGHEIFA 0 > N MR o € [0,b] ) BAIVE |fule) — F(2)] < 20 » TS ()01 BEIDUK
83 f o

B8

(1) §1=1[a,b] CRABIFER (W, ||-||) REEEEERE UK K >0- ZEEHIMFEW » B
% K-Lipschitz BBV RBFEI (fr)n>1 © FERUIR (f1)n>1 FEKE [ BRRBEEEZ
BER o

(2 1= (a,0) CRABEM UK (fu)u>1 AH [ MEE R NOREFY) - BEZXHKBHRE
f o BMEERAEEKRMESE I BIRE 29/ -
(@ Be,deIME[c,d C(a,b) e EE pec (a,c) U qe (db) o BRETIMERS

(e

BB - FRIABESR -

b) K >0R/FE RXMELEAWERTZEBHEN—ELR - FZH (f)w &
[c,d] L7218 K-Lipschitz ZEABHI K EFFY o

() ¥BHE (fu)n>1 BTE [c, d] LERERB] [ -
(d) —MRERER * (fo)n>1 BETE (a,b) LIIDUREE 1 BOIS 2
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Exercise 8.9 (Cantor-Lebesgue function) : We recall the subsets (C},),>0 defined in Exercise 2.21,
Co=10,1], Cpy1=3CoU(GEC+3), Yn =0,

and their intersection C := [, Cy called the Cantor set. For n > 1, we also define I,, := [0, 1]\C},
which is an open subset of R. Let us define a sequence of functions ( f,,)»>0 by induction,

1 fn(32) ifz €10, %],
Vo € [O> 1]7 fo(fL‘) =z, and fn-i—l(fl:) = % ifx e {%,%],
S+ 33z —2) ifxe[21).

(1) Represent graphically the functions fo, fi, and f.
(2) Show that | s> — Fuslloo = & [ fust — fulloo for everyn > 0

(3) Deduce that the sequence of functions ( f,,)n>0 converges pointwise to a limit function f, which is
continuous.

(4) For any fixed integers m < n, show that f,, is a constant function on every open subinterval of
L.

(5) Deduce that f/(x) = 0 for every = € [0, 1]\C.
The limit function f is called the Cantor-Lebesgue function. It is a non-zero function that has zero deriva-

tive on [0, 1] except for the measure zero set C. Therefore, the function f does not satisfy the first funda-
mental theorem of calculus.

Exercise 8.10 : Consider the sequenece of functions (fy,),>1 defined as below,
™ n .
Vn € N,Vz € {0, 5}, fn(z) = (cosz)” - sinw.

(1) Show that (f,,)n>1 converges uniformly to the zero function. Hint: see below'.
(2) Forn > 1, define g,, = (n+ 1) f,.

(a) Show that for any € (0, §), the sequence of functions (g,),>1 converges uniformly to the
zero function on [4, 7).

(b) Find the limit of the following sequence

(Kf”gnuwﬂ)n>f

and deduce that (g,,),>1 does not converge uniformly on [0, 5].

"Look at the behavior around 0 and away from 0 separately.
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HiE 8.9 [Cantor-Lebesgue KEX] : FHMEIERERZRE 2.21 PERFHFES (Co)nso -
Co=1[0,1], Cpi1=3C,U(ECL+32), V>0,

WU R MFIBIAZER C = 150 Cn TBIE Cantor £H c W n > 1> RPILER 1, .= [0,1)\C,, ' EF
=87 R PRATFES - ERMAUEENARNKREERZREFES (f1)ns0 -

%fn(?’x) %ZL‘ € [07 %]7
Vo € [07 1]5 fo(IE) =, LX& fnJrl(:L‘) = % % x e [%, %],
T+ 1fa(Br—2) BEaeli 1]

(1) HEE fo ~ /1 B o FE -

(2) BOEHREE 0 > 0> BB [ fure — forilloo = 3 a1t — full ©

(3) HEBRBEFT] (f,)nm0 BEEKHTEENERRE / -

(4) WREBETHEE m < 1 > B £, AR 1, NEFEH LB EHRY -
(5) HEBHREME 2 € 0,1\ » BB f'(0) =0 °

FEAR B [ FBYE Cantor—Lebesgue il - SEREIFBRB - £ 0.1 LR T HEABHES C 2
5 MAHMRE - Al - B [ AOHEHEAB—EATE o

BiE 810 : ZEREFT (f1)n1 ERUTF
Vn € N,Vz € [0, g] fu(z) = (cosz)" - sina.
(1) B (f)no1 BHOBMBIBREY - 127 : 10T ©
@ BHRn=1 &g, =n+1)f,°

(a) BIIEIMER 5 € (0.%) » MBFD (g,),o1 BIE [6.T) HIIOKMBIBRE -
(b) SRTFIEFIRIMERRR
w/2
(/0 gn(t) dt>n>1’

WHERF (gn)n>1 FETE [0, 5] LEFURET -

gl

'DRRERHBIE 0 MEDERTE 0 UABITH -
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Exercise 8.11: Let ), - apand }_, - b, be two absolutely convergent series in R, and ¢ € R.

(1) Show that the following function f is well defined on R,

VeeR, f(z)=c+ Z (ay, cos(nz) + by sin(nz)).

n=>1
(2) Show that the function f is continuous on R.

(3) If, in addition, the series ) na, and > nb, converges absolutely, show that

Ve eR, f'(z) =) n(bncos(nz) — aysin(nz)).

n=1

(4) Find the value of f02 Tf

Exercise 8.12 : Let g : [0, 1] — R be a continuous function, and ( f,,)»>0 be a sequence of functions on
[0, 1] defined as follows,

fo=0, and VneNy,Vze[0,1], fopi(z)=g(z)+ /Ox fu(t) dt.

(1) Use an induction to show that for every n € Ny and = € [0, 1], we have
‘,B’Vl
‘fn-i—l(x) - fn(x)| < I’ HgHoo

(2) Show that (f,,)n>0 converges uniformly to a continuous function f satisfying

vre(0,1, f(z)=g() +/Ozf(t) dt.

Exercise 8.13 : Show that the following function is of class C** on R := (0, +00),

Ve >0, f(z)= E (=1)"
’ r+n’
n=0
Exercise 8.14 : Define the functions u,, : Ry — R as below,

e—x\/ﬁ
n

(1) Show that the series of functions S = }_, - uy, is well defined on R ;.
(2) Check that S is continuous and is of class C*° on R ..

(3) Show that S does not have a right derivative at 0. Hint: see below?”.

“Show that the limit M does not exist when z — 0+.
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BESI . Y, 0 AR Y, b, BWETE R TBEKHAERE > UK ceRe
(1) BETHIRE f £ R L2EERIFH

Ve R, f(z)=c+ > (ancos(nz)+ bysin(nz)).

n=1
(2) FERAREL f E R L34E -

(3) IR BASBEREE Y na, F Y nb, BEIIUE - BH

h=1]

Ve eR, f'(z) = n(bncos(nz) — aysin(nz)).

n=1

@) R [ f B91E -

BRES.12 1 Byg:[0,1] » RABEERE > B (fr)ns0 BTE[0,1] ERIRBFT]  ERUT :
fo=0, LUk VneNyVeel0,1], fori(z)=gx)+ /Or fn(t)dt.

(1) FEFIEREARINSE n € No MR o € [0,1) » BYE
Far1(@) = Fu(@)] < = llgloo

@) B (f)no0 BIHIIRBE—EBEERY - RESERRBEIE [ BRETHE
vz € [0,1], ﬂm=¢@+éﬂth

BRE 813  FEHRATIRBIE R, = (0,400) LERE C> MY :

ves0, fy=Y S

n>ox+n

BEs814 ! EERH u, R, ~RUWITF:

efx\/ﬁ

VneN,Ve >0, wu,(z)= 5
n

(1) ERRRERE S =3, un E Ry LRERRHFH ©
(2 MESTER, E2EEWN - BREC™ MW -

(3) PR S TE 0 BBAMADREFE - fom - ;T e

e S=50) & 4, 04 BEROIEIRRIZIE -
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Exercise 8.15 :

(1) Check that the following function is well defined,

1

n>1

(2) Consider the function
u: RY xRy — R,
1
(a) Check that for every fixed x > 0, the function ¢ — u(z, t) is integrable on R .

(b) For every x > 0, compute the following integral
+o0
/ u(x,t)dt = T
0

(c) Check that for every x > 0, we have

‘f(I) — /;_OO u(x,t) dt‘ < u(z,0) =1.

(d) Deduce that when x — 0+, we have

flz) = % +0(1).

Exercise 8.16 : Let Y a, 2" be a power series with radius of convergence R € [0, +00).

(1) Write R’ for the radius of convergence of the power series 3" a,,2%". Determine the relation be-
tween R’ and R.

(2) Write R” for the radius of convergence of the power series 3 as,2". Determine the relation be-
tween R’ and R.

Exercise 8.17 : Find the radius of convergence of the power series > a,z" for different choices of
(an)n21,

(1) ay = cosh(n), ) a, = (1 + ﬁ)n, (7) an =X 11 %,
(2) a, = sinh(n), ) a, = V™, 8) a, =nD",
(3) an = 5, © an=n" acER, ©) an = (7).

Exercise 8.18 :

(1) Let > anz™ be a power series with radius of convergence R > 0. Show that the radius of conver-

gence of ) 12" is +o0.

(2) Suppose that the power series ) 742" has radius of convergence R < +oo. What can we say
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BiEs.15

(1) BETIRBAZERBIF :

1

n>1

(2) ERRE
u: R xRy — R,

() MELENEBEREN 2 >0 Rt — u(x,t) TR, EEAFEMN
(b) BHREE > 0 HAETIESD :

() BMEHREME » >0 HME
+00
‘f(m) — /0 u(z,t) dt‘ < u(x,0) = 1.

d) #HEE 2 - 0+ B &HMHAE

fla) = % +0(1).

BrE816 ¢ © ) a,2" BBEFES R € [0, +oo) BIEREL ©
(1) BERE Y a,22" REEEEE R - K R f R 2RERRFRR -
(2) IBERE S ag, 2" FIREIHEESE R o 3K R” #1 R 2EBIRRIE -

BE8.17 1 T FENRE (an)n>1 BHERER - RERE Y a, 2" BIMEHFE ¢

(1) a,, = cosh(n), 4) a, = (1 + ﬁ)n (7) an = >k=1 %

(2) ay, = sinh(n), (5) a, = eV™, ®) an =n=D",

(3) an = 5, (6) an =n% a €R, ©) an = (7).
B8

(1) B a,2" RERE > HREFER/ R> 0 /A Y. 42" WIREHER +oo ©
(2) RER 3 22" BURERHER R < 400 ° IR 3 a,, 2" BIWRETHISRREEAHE ?
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about the radius of convergence of ) a,2"?

Exercise 8.19 : Let > a,2™ and > b, 2" be two power series with radius of convergence R; and Ry.
Consider the power series Y a,b, 2™ and denote its radius of convergence by R.

(1) Show that R > Ry R».

(2) Find an example for which we have R > R; R».

Exercise 8.20 : Let (a,),>1 be a sequence of nonzero complex numbers such that

Show that the radius of convergence of the power series Y a,2" is %

Exercise 8.21: Let ) a,2" be a power series with radius of convergence R. Let S, = >_;_, ai be the
partial sums of ) a,,. Denote the radius of convergence of ) S,2" by r.

(1) Show thatr < R.

(2) Show that min{1, R} < r. Hint: see below”.

Exercise 8.22 : Find the radius of convergence and explicit the sum of each of the following power
series,

(1) Z n?z", (4) Z z—r: cos(nh), 6 € R,
n=0 n>0 "
2" (=)™ _n
<2>nz>02n+1, 9 LU
1
() (6) T4+ 4 —)2"

Exercise 8.23 :
(1) Justify why we may rewrite the following function as a power series,

_ZZ

n=0

Vz € D(0,1),

(2) (a) Use (1) and apply a theorem carefully to justify that we have the following power series,

Ve e (—1,1), In(l+z)= Z ﬂx”‘*‘l = Z

n=0 n+ 1 n>1

(_1)n+1

n

*The power series Y  Snz" can be seen as the Cauchy product between Y a, 2™ and a specific power series that you need to
choose.
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BRE 819 | 5 Y a,2" Y b 2" BAEKRE - AIBNKEERDREE R M Ry, - ERERE
S apby 2" MIBABIKSIFIEECIE R ©

(1) BEAR > RiR, °

(2) FRAEH—MEGIF - E1FHME R > RiR, °

B 8.20 © T (an)n>1 HIFEEBEARIFS - e

|an| n—00

BABRE Y a,2" HIRHEES L -

BE 821 ! ) a,2" BERE - BB FEEIF R 5 S, = Y h_gar 23 Y a, BIERAH -
BHFHE S S, 2" BRI E - o

(1) 8BHr <R

(2) A min{1, R} <r 37 0T o
B 822 1 RTHESEEHRBAUHESE - LR A :

(1) Z n?z", (4) Z Z—T cos(nb), 0 € R,

n=0 n=0 n

2" (—1)"_n
@ B e

n=0

&Y © 3 (144"

BrEs.23
(1) FFEAMTERMITLIETEEREREENERE

Vz € D(0,1), => 2"

() (@) B (0) MR—ERE - R RS ERME S FEEEER
vre(-1,1), (l+z)=3 D" g _ 3 (=pntt

S0 n+1 et n

z".

SEPIRTLUERRE - S, 2" BHE Y anz” NIRRT HIEE RN —ERREFTBMAITTES
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(b) Use (2a) and apply a theorem carefully to justify that we have

-1 n+1
Z (=1 =1In2.
n=1 n
(3) (a) Use (1) to deduce that
1
~1,1 = (=12
e (LD, = S

(b) Then, show that

(=D" onp1
Vr e (—1,1), arctan(x)= Z g+l
750 2n+1

(4) Use (3b) to show that

=" _ . T
Z = lim arctan(z) = e

2n+1 rz—1—

(5) Mimic the previous questions to show that

(-n™ 1 ™
> ey = §(1n2+%>.

n=>0

Exercise 8.24 : Let f(z) = >_ a,a"” be a real-valued power series with radius of convergence R > 0.
We say that f is an even function if f(z) = f(—=x) forall z € (—R, R). Show that f is an even function
if and only if asg1 = 0 for all k£ € Ny.

Exercise 8.25 : Let f be a real-valued power series with radius of convergence R > 0. Suppose that
there exists r € (0, R) such that f(x) = 0 for x € (—r, 7). Show that f(z) = 0forall z € (—R, R).

Exercise 8.26 : Let f(z) = >_ a,,2" be a power series with radius of convergence R = +00. Suppose
that f is bounded on C. Show that f is a constant function on C. Hint: see below*.

Exercise 8.27 : Expand the following functions into power series around z = 0. Do not forget to write
down the radius of convergence of each of the power series.

(1) In(a+x),a >0, (3) ——,a #0,

a—zx’

(2) In(1 + 22?), (4) sin(x).

“Use the Cauchy’s formula in Theorem 8.3.26.
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(b) TR (2a) UR—EIEIE - REREEARRE

() _
7; o =1n2.
(3) (a) R (1) RIS -
1 — _1\n,.2n
Vr € (=1,1), 1+$2—7§0( 1) 2"

(b) ¥ - F5HF .

=1}

(4) fEA (3b) ZREEHA :

=" _ .. T
Z ol xli,r{l_ arctan(x) = 1

(5) BRI RIERY/)\EREERR

(-n™ 1 ™
> e = §(1n2+%).

n=0

BR824 I T f(z) = Napna" ANEBHNERY  WBFEAR > 0 IRHENAAE
€ (—R,R) » FfIE f(x) = f(—z) » BIFFIER f REBRHK - EREEMEHRFAE ke Ny
B aoky1 =0 B f 2EEREK -

BiEg25 1 T f(z) =Y apa" BEVEBBIERE  WHEEA R >0 BREFE < (0,R) (£
BERz e (—r,r) BIE f(2) =0 FBRAEMRFAB 2 € (-R,R) » HME f(z)=0-°

%IE 8.26 : % f(Z) = Z(ann %%%&;& ’ Wﬁﬂlﬂf@% R=4000° {Ei?i" f E C J:x%ﬁ??ﬁ’{] o Eﬁﬁﬂ
[ C ERERMEY - 2T I -

B 8.27  BTIIREIL 2 = 0 MEREAKNERE - FETELR M ESRBEIMRHE -
(1) In(a+x),a >0, (3) ﬁ a #0,

(2) In(1 + 22?), (4) sin(x).

YERTEIE 8.3.20 PMMAFAELAR ©
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Exercise 8.28 : Let (¢, )n>0 be a real sequence defined by ¢y = 1 and the following recurrence formula,
n
Vn € No,  ¢py1 = Z CLCn—k-
k=0

(1) Suppose that the power series > ¢,2" has radius of convergence R > 0 and denote the series by
f(2). Show that

Vze D(0,R), zf(2)>=f(z)—1, and f(z):z—lz(l—\/l—élz).

(2) Show that the function z — i (1—+/1 — 42) can be extended to 0 by continuity, and can be written
as a power series around 0. Find the corresponding power series and its radius of convergence.

1 2n
Y N, = .
neNo, cn n—f—l(n)

Exercise 8.29 : We want to study the following function around 0,

(3) Deduce that

+oo 2
fiz— / eV sin(tx) dt.
0

(1) (a) For k € Ny, show that

/+OO 21t gy — K
0 2

(b) Find an expansion in power series of f around 0 by integrating term by term. Do not forget
to justify why you can proceed this way.

(2) Find a differential equation satisfied by f. Apply the method in Example 8.3.35 to determine an
expansion in power series of f around 0.

Exercise 8.30 : Let (K, d) be a compact metric space and F C C(K,R) is a subset. Show that if F is
equicontinuous, then F is also equicontinuous.
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Exercise 8.31 : Let (K, d) be a compact metric space and C(K,R) be equipped with the norm ||-|| ..
Consider a subset 7 C C(K,R).
(1) Suppose that F is precompact.
(a) Show that for every £ > 0, there exists f € F such that B(f,e) N F is infinite.
(b) Deduce that if (f,,),>1 is a sequence in F, then we may extract a Cauchy subsequence from
(f n)n>1-
(2) Suppose that from any sequence ( f,,)n>1 in F, we may extract a Cauchy subsequence.
(a) Check that F is complete.

(b) Let (gn)n>1 be a sequence in F. For every n > 1, check that we may choose f,, € F with
Il frn — gnllo < 27" Show that (gy,)n>1 has a convergent subsequence in F.

(c) Deduce that F is precompact.

Exercise 8.32 : Define the following function on R,
0o ot

t+x

Ve >0, g(z)= / dt.
0

(1) Explain why g is well defined on R .

(2) Show that g(z) ~ % when 2 — +o0. Hint: see below”.
Exercise 8.33 : Use the dominated convergence theorem (Theorem 8.5.5) to show the following conver-
gence,

n n—oo Jo

/Oﬁ (1- ﬁ)ndt [Tt an

Then, use Wallis’ integrals (Exercise A1.2) to deduce the value of the integral

oo
/ e_t2 dt.
0

Hint: see below?®.

> Apply the dominated convergence theorem to the integral defining xg(x).
SConsider the sequence of piecewise continuous functions ( f;)n>1 defined by f, : ¢ — (1 — %)nﬂ[o,\/ﬂ (t).
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Exercise 8.34 : We define .
VneN, I,= / In(1 + ) dt.
0

(1) Show that lim,, o I, = 0.

(2) Use the change of variables ¢ = u!/™ and the dominated convergence theorem to show that

(1 + u)
nly, —= /0 ” du.

(3) Deduce that
1
I, ~ l/ L(l ) du.
0

n u

Exercise 8.35 : Let
+o0 e—t - e—xt
Ve >0, g(x)= / —dt.
0

(1) Show that g is well defined on (0, +00).

(2) Show that g is of class C!. Find ¢’ and g.

Exercise 8.36 : Show that for x > 1, we have

Exercise 8.37 : Let

2 ()7 17 a e .

(1) Show that g is well defined on R .

(2) Show that g is of class C! and is a solution to the differential equation,

y — 2zy = —21I.

B

(3) Deduce that I = *5-.
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