Basics of Probability Theory
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2.1 Basic Definitions

In this section, we will define and discuss the most basic notions in Probability Theory, including proba-
bility spaces, random variables, expectation, characteristic function, and so on.

From the point of view of Analysis, Probability Theory can be seen as a particular case where the total mass
of the measure is equal to 1. This means that the most of the results and theorems we reviewed in Chapter
1 are still valid. Moreover, from the point of view of Probability Theory, the probability space itself is not so
much important; instead, one is more interested in the values taken by a random variable along with their
frequencies.

We have the following correspondance between different notions:

probability space <— measure space

events <— elements of a o-algebra
random variable = <— measurable function
expectation <— integral

We are going to give more precise definitions to the aforementioned notions with examples.

2.1.1 Probability Spaces

We reviewed the definition of measurable spaces in Section 1.1. In Probability Theory, the probability
spaces we will define are just particular cases of such spaces.

Definition 2.1.1:Let P be a measure of total mass 1 on the measurable space (€2,.4). We call P a
probability measure (FEZERIE) and (2, A, P) a probability space ($§ZRZER]) o

« The set Q is caclled sample space (}xZAZEfE) , which can be regarded as the space of “randomness
units” in our random experiment.

« The set A contains all the measurable events, also called events, which are subsets of {2 whose “proba-
bility” can be measured. In other words, an element A € A is a subset of {2, including “random units”
satisfying some particular conditions.

« For any A € A, the quantity P(A) describes the probability that the measurable event A occurs.

« If the sample space (2 is discrete (finite or countably infinite), then we may consider A = P(£2) and
any probability measure P defined on the measurable space (€2, .A) is called a discrete probability (B
EH%=R), and the probability space (€2, A, P) is called a discrete probability space (BRI ZEfH).
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Chapter 2 Basics of Probability Theory

Example 2.1.2 (Discrete probability spaces) : Given a fair dice with numbers 1 to 6.

(1) Consider a random experiment where the dice is drawn twice. We can set the probability space
to be @ = {1,...,6}2 and the set of measurable events A = P(f2). Then, the probability

measure [P satisfies P(A) = % forall A € A.

(2) Consider an unfair coin whose Head appears with twice the probability of tail. We toss the coin
three times. The probability space is equal to,

) = {(Head, Head, Head), (Head, Head, Tail), (Head, Tail, Head), (Head, Tail, Tail),
(Tail, Head, Head), (Tail, Head, Tail), (Tail, Tail, Head), (Tail, Tail, Tail) },

The set of measurable events is A = P(2) and the probability measure P is defined as P(w) =
(%)H(“’) (%)T(“’), where for any w € Q, we denote H(w) and T'(w) the number of times that head
and tail appear.

Example 2.1.3 (General probability space) : The unit circle in the plane is denoted by
St:={z€C:|z| =1} ~R/(21Z),

and can be interpreted as unit directions in the two-dimensional space. If we consider the measurable
space (St, B(S!)) and the probability measure

—a

P(lob) = 25 °,

a<b|b—al<2r

then P is a uniform measure defined on S! = R/(27Z). This may also be seen as the probability
measure on the quotient space S! “induced” by the Lebesgue measure on R.

2.1.2 Random Variables

In Probability Theory, the probability space is not so important eventually. What we are interested in is
what we can observe and measure in a random experiment, and the frequencies of different outcomes. Hence,
below we will define the notion of random variables and see it as “the outcome of the unit random event in
a random experiment”.

Definition 2.1.4: Let ({2, A, P) be a probability space and (E, £) be a measurable space. A measurable
function X : Q — F is called a random variable (FE¥EE2Y) with values in E.
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Example 2.1.5 : We take the examples from Example 2.1.2 in the previous section, and consider
random variables defined above.

(1) Let X((¢,7)) =i+ j. Then X is a random variable with values in {2, ...,12}.

(2) Let H(w) be “the number of heads in w”. Then, H is a random variable with valuesin {0, 1, 2, 3}.

Example 2.1.6 : Consider the probability space defined as in Example 2.1.3 and the following random
variables,

X(w) = cos(w), Y (w) = sin(w), Vw € St
Then, the random variables X and Y take values in [—1, 1] can be regarded as the projections of the
uniform random direction on the x-axis and the y-axis.

The domain of definition (i.e. probability space) of a random variable X : 0 — F is not so relevant,
we care more about its domain of arrival. More precisely, we want to know the probability that a random
variable takes a (some) particular value(s). In other words, we want to understand the image measure of P
under X.

Definition 2.1.7: Let Px be the image measure (F24%RIE) of P under the random variable X. It is
called the distribution (935) or the law () of X. In other words, Py is a probability measure on
the measurable space (E, £) and can be written as,

Px(B) :=P(X'(B)), VBEeE.

In the language of Probability Theory, the above quantity is also abbreviated as

gl 2.1.5 © FMENLEZEEA 2.1.2 PAIKEERZER - TE BT LEEROFERKES -
(1) & X((4,9)) =i+j B X BEEEA {2,...,12) BIFEHEE -

(2 & Hw) A MEwxd  EEHEFENXE - BBE H ZEEES {0,1,2,3}) BIFEE
ﬁ o

#H 2.1.6 : BEEH 2.1.3 ERAEKRETR] - TLERBFEHER

X(w) = cos(w), Y(w) = sin(w), Vw € St

Px(B)=P(X € B) =P(we Q: X(w) € B), VB e €.

(Q, A, P)
\IP)
X [0, 1]
=
(E,€)
Figure 2.1: The diagram illustrating the image measure Px, or the pushforward
(1) B HE ) measure of P by the random variable X, also denoted

X, P. What we will care about is the probability measure Py instead
of P.

Last modified: 09:39 on Tuesday 7" October, 2025

AIFEHEE X K Y BUETE (-1, 1] P AIKIRSITIRER T RTE « Bk y B LR -

BEHEH X : 0 — FHNERE (BHERXZER) AFLREEEE  RALBREENEE
BUEL - URLER - A RENEKR - AR - HFABEERKRAE P E X RBEATH
B -

EFK217 ! ERPy RHE P ERBERER X 2 THIZAIE (image measure) » HFITBZ A

PEt 2L X B9l (distribution) (21 (law) ° #AJFER @ Px REEEAIZER (E,&) 2 £EH
WERAE - AIUEE

Px(B):=P(X %(B)), VBEeE.
EMERWES T BERMALER DLRES

Px(B)=P(X € B) =P(we Q: X(w) € B), VB e €.

(Q, A P)
\IP)
X [0,1]
o
(E,€)
21 ERERAE Py WREE - ERGRAEBAIUEESHKRAE

P BB EE X mBIH#EE (pushforward) FTERIBVEIE - HE21E
X.Pe BRMEEEENEERRAE Py MAEP -

BiBIER : 20254 10 H 7 H 09:39



Chapter 2 Basics of Probability Theory

One should understand the image measure as follows. Given any point w in the probability space 2, the
image X (w) can be seen as a point in E and Px (B) the probability that this point is in B.

Example 2.1.8:Let (2, A, P) be a probability space, where Q2 = [0, 7], A is the Borel o-algebra, and
P = L\ Consider the random variable X : (Q2, A4, P) — R defined by

X(w) =sin(w), weQ=][0,n7].

The image measure Py is defined on the measurable space ([0, 1], B([0, 1])). To characterize it, it is
enough to know Px ([a,b]) forall0 < a < b < 1. For 0 < a < b < 1, we have

Px([a,b]) = P(w € Q : sin(w) € [a,b])
—PweN:welsintasin™ b))+ PweQ:we|r—sin~tbr—sin"ta)
2
o

(sin"'b—sin"!a).

Remark 2.1.9 : If two random variables X : (©1,.4;,P1) — (E,€) and Y : (Q2, A2,P2) — (E, ) have
the same distribution, that is, Py x := X.[P1 = Y,[Py =: P, y, then we may write

X9y o X~Y or X ~Pyy.

If we want to say that X has distribution p, that is ’1 x = p, then we may write
X ~p,

and say that X follows the distribution of 4.

Remark 2.1.10 : In the case that (E, ) = (R?, B(R?)), Px is a probability measure on (R?, B(R?)). If it is
absolutely continuous with respect to the Lebesgue measure A on R?, then by the Radon-Nikodym theorem
(Theorem 1.3.16), we can find a density function g : R — R such that Px can be written as Py = g - \.
We call g the probability density function (K322 FE K 2X) of the random variable X

Remark 2.1.11 (Canonical construction of a random variable) : If 11 is a probability measure defined on R,
we can construct a random variable whose distribution is . Consider 2 = R, A =B (]Rd), P = p and
let X(w) = w. We can easily check that the distribution of X is u. Later in Proposition 2.1.23, when a
probability distribution p in R is given, we will see how to construct a real-valued random variable with the
distribution p starting from the uniform one.
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2.1.3 Expectation

The first quantity of interest, after we define the notion of random variables, is expectation.

Definition 2.1.12 : Let X be an real-valued random variable (also called a real random variable).
Then we can define its expectation (HiZE{H) if one of the following conditions is satisfied,

+ X is non-negative,

« X can have either sign and [ | X|dP < occ.

_ / X (w) P(dw). 2.1)
JQ

Let X = (X1,...,Xy) be a d-dimensional real random variable (or R%-valued). If all the expecations
E[X;] are well-defined, then we define the expectation of X to be E[X| = (E[X],...,E[Xy4]).

In this case, we write

Remark 2.1.13 : Let B be a measurable subset and X = 1. Then, E[X] = P(B). Generally speaking, we
can view E[X] as the “average” of the random variable X. For example, in the case that (2 is a finite set and
[P is the uniform distribution, the quantity E[X] represents the (weighted) average of all the possible values
taken by X.

Proposition 2.1.14 : Let X be a random variable with values in (E,£). Then, for any measurable
function f : E — [0, o], we have

Ef(X0)] = [ J@Px(da).

Proof : First, we show the statement for indicator functions f = 15 where B € £ is any measurable
set. Then using linear combinations, the statement also holds for any non-negative simple function.
To conclude, we use the fact that a non-negative measurable function is the non-decreasing limit of
a sequence of non-negative simple functions (Proposition 1.2.14), then by the monotone convergence
theorem, the statement is true. |

Remark 2.1.15 : Even if f is not non-negative, as long as the expectation E[|f(X)|] is finite, the above
statement still holds. We recall that the integral of a general function without sign constraints is defined in
the same way, see Definition 1.2.18.

Remark 2.1.16 : From above, we know that the probability distribution Py allows us to compute the ex-
pectation of any random variable of type f(X) easily. For its converse, we may consider f = 1p for any
measurable set B € £, then we find E[f(X)] = P(X € B) = Px(B). We should not forget that the proba-
bility measure Px is defined on £, meaning that (Px (B)) peg uniquely determines the probability measure.
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Alternatively speaking, if we can write
E(X0)] = [ fav 2

for “enough number” of measurable functions f, then the above discussion allows us to recover the distribu-
tion of the random variable X, which is given by the probability measure v. In practice, we may for instance
compute Eq. (2.2) for all non-negative measurable functions or all functions in C.(R%).

Example 2.1.17 : We look at the same example as in Example 2.1.8 and compare their computations.
Recall that (€2, A, P) is a probability space, where = [0, 7], A is the Borel o-algebra, and P = 1.
The random variable X : (2, A, P) — R is defined by

X(w) =sin(w), weQ=][0,n7].

We may characterize the distribution of X by computing E[f(X)] for all non-negative measurable
functions f : R — R. For a non-negative measurable function f : R — R, we write

Bf(X)] = (X (@) =+ [ flsinw) d

9 (/2
= —/ f(sinw) dw
0
1

2 dz
:;/0 Fla) ==

where in the second line, we use the symmetry w +— m — w of the integrand; and in the third line, we
apply the change of variables z = sin w. This means that the image measure Px writes

2 dz
Px(de) = ==

It is an absolutely continuous measure with respect to the Lebesgue measure, with density given by

e —
T™\1-x

5.

The following proposition gives an important example that illustrates such an idea.

Proposition 2.1.18 : Let (X1,..., X;) be a random variable with values in R?. Assume that it has a
probability density function p(x1, ..., xq). Then, forany 1 < j < d, the random variable X ; also has a
probability density function which is written as,

pi(x) = /qu P(x1, . L1, X, Tjg1, - - Zq) Ay .. dajog dajpr ... dazg.

Remark 2.1.19: In the case of a bi-dimensional random variable (d = 2), we have,

pi(z) :/Rp(w,y) dy,  p2(y) :/Rp(x,y) dz.
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Chapter 2 Basics of Probability Theory

Proof : Let 7 be the projection on the j-th coordinate, 7j(x1,...,24) = ;. Then, for any non-
negative measurable function f : R — R, we can apply Fubini’s theorem,

E[f(X))] = Ef(r (X)) = | | Flag)p(an,...aq)do .. dag
= /Rf(CCj)(/RCFl p(a:l, . ,l’d) d:IZl . d:L’j_l dl’j_H . d:L’d) dxj

= /Rf(flfj)pj(fvj) da;. _

Remark 2.1.20 :If X = (Xy,..., Xy ) is a d-dimensional real random variable, the distribution of X is
called the marginal distribution (32#%31f) , denoted P x;- From the above proposition, we can easily show
that P X; = (Wj)*]P’ x, meaning that we can recover the law of X; from the law of X. However, it is important
to note that knowing all the marginal distributions Px; does not allow us to recover the law of X.

Question 2.1.21: Construct two bi-dimensional real random variables X = (X1, X3) and X' = (X1, X}%)
such that for j = 1,2, X and X J’ have the same marginal distribution, where as the distributions of X and
X' are not equal.

2.1.4 Cumulative Distribution Function

Definition 2.1.22: Let X be a real-valued random variable. We define the function Fx : R — [0, 1]
by
Fx(t) =P(X <t) =Px((—o0,t]), teR.

It is called the cumulative distribution function (RFa#HEKEY) of the random variable X, denoted
c.d.f, or distribution function (3 HHERIE) .

We recall that from Theorem 1.2.29, we know that Fy is a non-descreasing and right-continuous function
with limits equal to 0 and 1 at —oco and 4-co. Moreover, we know that the converse also holds. In other words,
if F' is a function satisfying the above properties, then we can find a unique probability measure x such that
for all t € R, we have F'(t) = pu((—o0,t]). This means that F' is the cumulative distribution function of a
real-valued random variable.

Additionally, the cumulative distribution function F'x characterizes the distribution Py of the random
variable X. In particular, we have,

Pla < X <b) = Fx(b) — Fx(a—), a < b,
Pla < X <b) = Fx(b—) — Fx(a), a <b,

where the discontinuities of F'x correspond to atoms of Px.
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Fx(t) =P(X <t) =Px((—o0,1]), teR

HMBAREREE X BRSPS (cumulative distribution function) * 52 c.d.f. » AL
HBIES ﬁ!ﬁ ¥ (distribution function) °

HPHREETEEE 1220 FEEER - Fx ZEIBER « HEE - BE —oco & +oo BIERZAID 0K 1
BIRREL o AN FAMIRE - HanE BRI - BRLERIR F 2EWE LIMEHRIRE - BIFFIRT X%
BIE—RIRSAE L EEEIRAE t e R BB F(t) = p((—oo,t]) - BHRZER F SEEFEHEEH
BERDMRERE -

5 - BIRDMERE Fx WAL R B X B9 M Py - Hh3IFIE -

IP’(angb):FX(b)—FX(a—), a<b,
Pla < X <b) = Fx(b—) — Fx(a), a <b,

B Fy PAREERA Py BIEF
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Chapter 2 Basics of Probability Theory

If X := (X1,...,Xy) is a random variable with values in R?, then we may define the above notion in a
similar way. For any (t1,...,%g) € R let us define

Fx(tl,...,td) = P(Xl < tl,...,Xd < Ifd) = PX((—oo,tl] X ... X (—oo,td]).

Proposition 2.1.23: Let F' : R — [0, 1] be non-decreasing and right-continuous function with limits
equal to 0 and 1 at —oo and +o00. Define the function h : (0,1) — R by

h(y) :=inf{z € R: F(z) > y}, Yy € (0,1). (2.3)

IfY is a random variable such that Py follows the Lebesgue distribution on [0, 1], then the distribution
function of the random variable h(Y') is F', that is F},(yy = F.

Remark 2.1.24 : In the statement of this proposition, if F" is bijective (i.e. strictly increasing), then we have
h=F1

Proof : Fixy € (0,1) and x € R. If F((x) > y, we find x > h(y) by the definition of h. Conversely, if
F(z) < y, using the right continuity of F', we may find ¢ > 0 such that F'(z + ¢) < y. Then, by the
monotonicity, for any z < x + ¢, we have F'(z) < y, so h(y) > x + € > x. Therefore, the following

equivalence relation holds,
x> hly) & F(z) >2v.

Let Y be a random variable such that Py is the Lebesgue measure on [0, 1] and Z := h(Y"). We note
that Z is also a random variable by Proposition 1.2.2. Since P(Y € (0,1)) = 1, we find

Fy(x) = P(h(Y) < ) = B(Y < F(x)) = Fy (F(2)) = F(a).

Remark 2.1.25 : By Proposition 2.1.23, we know that if the uniform random variable exists (which is our
assumption and its construction will be done in the course of Measure theory), then for any given distribution
on R, we may construct a real random variable with the given distribution using its distribution function.

2.2 o-algebra Generated by a Random Variable

Let (E, £) be a measurable space.
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EX = (Xy,...,Xy) SEBETE R? RAYFEME S - FHABAESI LB A AT 5R L EmaIER
R o WIRFA (t1,...,tq) € RY » BAIATUES

Fx(tl,...,td> = P(Xl < tl,...,Xd < td) = PX((—oo,tl] X ... X (—OO,th.

2123 I BF:R — [0,1] BEFEER « H&EE > BE —co & +oo BRZ AR 0 K 1
HIRER - EREE h: (0,1) — R %A

h(y) :=inf{z e R: F(z) > y}, Vy € (0,1). (2.3)

B Y SEREMEHERS Py SR [0, 1] £ ERAERR - RIS 1(Y) MO ERHE
T?E F - ‘@Eﬁ%?ﬁ Fh(Y) =Fo

iR 2.1.24 @ FELLEVERRGRS - HFUEER] - & F EELHREH (BRIEHKER) - WRMAE
h=F1e

S EEyc (0,)RrcR- B F(z) >y BBEMNERE > HPITUER 2 > h(y) ° K@
KB F(r) <y FHFHEEEY > BATUKE e > 0858 F(r +¢) <y BIREER
Mo H/RFABE <o+ BMEBEFR) <y Bt h(y) > 2+ > 2 @At - MBETINZE
BRIfR :

z2hy) = Fz) >y

DY ARBKREBEER Py 27 0,1) LH#MERRAE » UKk Z .= h(Y) - BFEERE > iBiFo
#1122 ZHEER—ERERES - AN P(Y €(0,1)) =1 &EME

Fy(z) = P(h(Y) < ) = B(Y < F(x)) = Fy (F(2)) = F(a). -

sEfE 2.1.25 ¢ fEenE 2123 - RFISNEDIRERERET (ERHEMNKBER R AEREEE
EREREE - BERRASR) - AIERERE R EREND M RFITTLUEB MBI D MR BEREE
Bt VBB -

SBITH FERERRERR o KB
4 (E,) B—PIRIZeR -
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Chapter 2 Basics of Probability Theory

Definition 2.2.1: For a random variable X : (2, A) — (E, &), we define o(X) to be the smallest
sub-o-algebra of A such that X is measurable, called the o-algebra generated by X,

o(X)={A=X"YB):Beé&}.

Remark 2.2.2 : We may interprete o(X) as the smallest o-algebra allowing us to correctly describe the
random variable X.

Example 2.2.3 : Fix a probability space (€2, .4, P) and consider a random variable X : (2, 4,P) —
(R, B(R)).

(1) If the random variable X is a constant, then o(X) = {@, Q} is the trivial o-algebra.

(2) Given a measurable set A € A, if the random variable X writes X = 14, then 0(X) =
{2, A, A°,Q}.

(3) If a random variable X only takes values 0 and 1, then there exists A € 4 such that X = 14,
so o(X) is as described in the previous case.

(4) Itis not hard to check that, for any A, B € A with A ¢ {@, B, B¢, 1}, the random variable 1 4
is not o (1 p)-measurable. We see that the notion of random variables depends on the o-algebra
with which we equip the sample space.

Example 2.2.4 : Consider a probability space (€2,.A,P) := ([0,2),5([0,2)), 2A), where A is the
Lebesgue measure. We define the random variables X, Y : (22, A, P) — ([0, 2),5([0,2))) by X (w) =
wand Y(w) = |w]. Then,

o(X)=5B([0,2)), and  o(Y)={2,[0,1),[1,2),[0,2)}.
We may note that ([0,2),0(Y"),P) is actually a discrete probability space. In fact, define

QO ={0,1}, A :={2,{0},{1},{0,1}}, and P := %50 + %51,

then (2, A, P) and (€, A’,P') have the same structure.

Remark 2.2.5 : We can generalize this definition to any collection of random variables X = (X;);cs. As-
sume that for any ¢ € I, the random variable X takes its values in (E;, ;). Then, we define,

o(X)=0o(X;YBy): By &,iel).

7
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T 2210 E X (LA — () ARRBE - RFTUEE o(X) B ABIHF o £
B - (518 X 2R - BB A X BRI o R

o(X)={A=X"YB):Beé&)}.

s 222 @ BFIFILE o(X) IRAREZENERRLFEREH X NS/ o A8 -

8l 2.2.3 : EIEMERTR (Q, A P) HEEFEHEE X : (0, A4,P) — (R,BR))°
(1) EFEMEE X EEAEE  Blo(X) = {9,0} AFR o K& -
) HMERAIES Ac A BEHEB X BEX =14 B o(X)={2,4,45Q} °

(3) EREHEEH X el oKk 1 ME[E - BIFE A c ARERT X =1, Eit o(X) ByERE
LEIEREE -

(4) RFTHBRE > WREBR A B c ARB A ¢ {2,B,8°,0) > BEEEH 1, I
o(1p) RN > RABHESAZH LRETEN o K8 &ﬁ‘iﬁﬁﬁ;’f%“ﬁﬁﬁffﬁ%u

o

gl 2.2.4 1 EEBEERTRE (Q,A,P) = ([0,2),B((0,2)), 1)) * Hif A AEERAE - RAIER
FERER XY : (2, A,P) — ([0,2),8([0,2))) M X (v) =w R Y (w) = [w] Al

o(X)=5B(0,2), B oY)={2,01),[1,2),[0,2)}
BAETLCEESR] ([0,2),0(Y), P) AILKTR A —ERBIERTR - &
Q' :={0,1}, A :={2,{0},{1},{0,1}}, B P':= 15 + 341,

A (0, A, P) 8 (0, A, P) BHHIFRYEERE -

2% 225 ¢ EATLUGEEEERERIESESHREREH X = (X)) - BEEER i c 1 X;
MEES (B, &) » BFIRIAER

o(X)=0o(X;YBy) : By &,iel).

7
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Chapter 2 Basics of Probability Theory

Proposition 2.2.6 : Let X be a random variable with values in (E,E) and Y be another real-valued
random variable. The following properties are equivalent.

(1) Y is measurable with respect to o(X).

(2) There exists a measurable function f : (E, &) — (R, B(R)) such thatY = f(X).

Proof : According to Proposition 1.2.2, if (2) holds, then (1) also holds.
Assume that Y is measurable with respect to o (X), we want to show (2). First, we deal with the case
where Y is a simple function. Fori € {1,...,n},let \; € Rand A; € 0(X) and write Y as,

n
Y=Y Nla,.
i=1
Foralli € {1,...,n}, we can find B; € € such that A; = X ~!(B;). Hence, Y can be rewritten as,
n n
Y=Y ANl => NlpoX=foX,

i=1 =1

where f = Y"1 | \j1p, is a £-measurable function.

In general, there exists a sequence (Y,) of simple functions that converges simply to Y
(Proposition 1.2.14). From what we said above, for all n, there exists a measurable function f, :
E — RsuchthatV,, = f,(X). Forall z € E, set

~J limy o0 fr(z)  if the limit exists,
f) = { 0 otherwise.

According to Proposition 1.2.6, the function f is still measurable. Moreover, note that for all w € €2,

lim fn(X(w)) - nh_{glo Yn(w) - Y(w)

n—o0

If we write = X (w), then in the above definition, the quantity lim f,,(x) exists and we have,

f(X (W) = lim fp(X(w)) =Y (w),

n—oo

meaning that Y = f(X). O

2.3 Common Probability Distributions

In this section, we will introduce some common probability distributions.
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i 226 | D X AEEE (£, PHMKRES - v AEREEE > BITIMEEE
(1) Y ¥ o(X) 58 ©

(2) FE—FIRIRE f: (B,&) — (R,BR)) ERY = f(X) °

s8R : BB aRE 122 0 & (2) BRIL ¢ Al (1) BRAL ©
BREY HoX) ZAAN RMBEZR () BEXREE Y ABERHHNKRE  HR
ie{l,....,n} BNERMKR A eo(X) BY BIE

Y = zn: Aily,.
=1
BB i {1,...,n} » BPIATLULE B, € £ 18 A, = X U(B;) » BT Y A AT EE

Y:zn:)\ZﬂAL :zn:)\z]lBl o X = fOX,
=1 i=1
Hep r =357, \1p, 2EHR £ vLAIRIRE -
F—RERT BEH X) JANBERBFS (v, €F Y, BERHEY (&
B8 1.2.14) -+ FILRIRICERRRISARFL - WA n » AT LUGXEIATRIRE /. : F — R1E
BY, = fu(X) * WG ¢ € £ RMPEAIUE

0 HpEwR.

RIFenE 1.2.6 » KB f HABAR - A HfPERR) > 8RB w e Q- HMAE

f(m) _ { lim,, oo fn<l') yu%*"jﬁﬁﬁ&,

lim f,(X(w)) = lim Y, (w) = ¥ ().
o - X(w)  BHELEHRES » lim f, (o) WIEREEE - TERME
FX(@)) = lim_ fu(X(@) = Y (),

HHERY = f(X) ° a

BZE RRAERDME
FEESHT - BFN BB EU S -
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Chapter 2 Basics of Probability Theory

In Section 2.3.1, we characterize two two categories of probability distributions, discrete distributions and
absolutely continuous distributions. In Section 2.3.2, we give examples of common discrete distributions and
in Section 2.3.3, those of absolutely continuous distributions.

2.3.1 Categories of Probability Distributions

We discuss two types of random variables here: discrete random variables and absolutely continuous random
variables.

Let (€2, A, P) be a probability space and (E, £) be a measurable space. Consider a random variable X :
) — FE with values in F.

Definition 2.3.1 (discrete random variables) : When E is a countable set and £ = P(E), the distri-
bution of X writes,

I[D)( = Z px(Swv

zeE

where p, = P(X = x) ’ §, represents the Dirac measure at z. We can understand the above formula
as,

Px(B)=B(X € B) =P(|J{X =2}) = Y P(X =2) = 3 pudu(B).

zeB reB zeFE

In consequence, to know the distribution of a random variable X, it is sufficient to know the value of
P(X =z)forallx € E.

When the probability space E is not discrete, we only consider the following case where the density function
exists.

Definition 2.3.2 (absolutely continuous random variables) : Assume that (F, &) = (R?, B(RY)). If
Py is absolutely continuous with respect to the Lebesgue measure ), then we say that Px is an ab-
solutely continuous probability distribution (fB¥$:E &3 73ff), and X is an absolutely continuous
random variable (i&¥1:EBFEFEE ). In such a circumstance, we can apply the Radon-Nikodym
theorem, see Theorem 1.3.16, to obtain a non-negative measurable function p : R? — R such that

PX(B)::/;p@ﬁdx.

This function p is unique up to a set of measure zero and it is called the density function (% E R )
or the probability density function (F§EZEERKB) of X. Additionally, in the one-dimensional case
d =1, for all « < 3, we have,
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£ 231 /NEI - RFIEZI B MAEER BB R S M - B AR BRI SU i o 7255 2.3.2 /)
Hiep - Feffa ARV B B O RIS F - &R 233 /NEIRRFR L E BB ERERE
#ghlF -

BB RS SE
BFIEERT MIERERI AP B R « MR B R AR Y T PSR Y, -

T (AP B—HRERE (B,&) A—AZER > ZE—EEES ENBEEEH X : Q0 — F-

B 230 [BHBEREREH] : ErA—T8&S B =PF) K X BWOMAIEE

IPJ)( = Z pzdtv

zel

Hip, = P(X ==z) > §, ARHZE = WUAIRAE o BRI FAILUEE TR FRER :
Px(B)=P(X € B)=P( | J{X =2}) =) P(X =2)=)_ p.0:(B).

zeB zeB zeE
e A ERT LS - iIRBEE —BEPEREH X 9 RAIFEMNENEH NS
rc B #ERPX =x)BE -

ERETEARMEE - RFAIEERFHTENGETR - RS UEREERYNER

EE 232 [BEEBEREEEEH] 0 BR (£,8) = RLBRY) - & Px HREERAE A
EBYHEBRVEE - MR Px SEBYEIEEE 21 (absolutely continuous probability distribu-
tion) » M X EEBEHEIEFEREE SN (absolutely continuous random variable) © 7E3EHEVIBER T »

BT UERAEIE 1.3.16 A Radon-Nikodym FIE - LUZIE—EIFEFIRIRE p: R — R,
&

IPX(B):/Bp(:L‘)d;U.

BRTE—AERENESZL LR p NERZH—H > RFIE2H X EEEY (density
function) SEZR % L KRB (probability density function) ° b4} » TE—HEBVIERT d = 1 » HHHRFR
Ba<p HAE
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Chapter 2 Basics of Probability Theory

Remark 2.3.3 :If Px has measure zero for any singleton set of R?, then we say that Px is a continuous
measure or a continuous distribution, and that X is a continuous random variable. It is not hard to check
that, an absolutely continuous measure (or random variable) is also continuous. However, in Exercise 1.33,
we have seen that the Cantor distribution is a (probability) measure that is continuous but not absolutely
continuous.

2.3.2 Discrete Random Variables

Below we present some common discrete probability distributions that we will often come across with.
Let (©2,P(£2),P) be a discrete probability space. Write E for the space in which the random variable X :
Q) — FE takes value, write fx for the mass function corresponding to the probability distribution Pyx. We
are interested in the following different distributions.

Uniform distribution (334%9f) Assume F is finite and n = | F'| denotes the number of elements in
E. If the mass function fx satisfies,

1
n
then we say that X is a random variable with the uniform distribution on E, denoted X ~ Unif(FE).

Ex. :Draw a fair dice with six faces with numbers in {1,...,6}.

Bernoulli distribution ({83719 ) Let p € [0, 1] be an additional parameter. If £ = {0,1} and fx
satisfies,

fx(1)=P(X =1) =p, fx(0)=P(X=0)=1-p,

then we say that X is a random variable with the Bernoulli distribution of parameter p, denoted X ~ Ber(p).

Ex. :Tossan unfair coin whose probability of getting head (denoted by 1) is p and probability of getting
tail (denoted 0) is 1 — p.

Binomial distribution (ZI&I % ) Let n € Ny and p € [0, 1] be two additional parameters. If
E ={0,...,n} and fx satisfies,

fx(k)=P(X =k) = (Z)p’“(l -p)"*,  VkeE,

then we say that X is a random variable with the Binomial distribution of parameter (n,p), denoted X ~
Bin(n, p).

Ex. :Consider the unfair coin above tossed n times, then the number of heads follows the binomial
distribution.
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g 233 1 BHPy HRNAERR PHNEMRIEEAT » AIRMAR Py BEEEREEED M
B X BEEEEHEY - RAOTHERE - BEEENE (UFEHRER) e EEN  EEEE
1.33 EAFIEE] » Cantor DR EERERCZHEEEGN (Hx) AE -

SBIED RERBIFER SR

TEHERANMBERAREGEEERNBEEEES M - © (Q,P(Q),P) SBEERZTR - EREDZEM
EUKRFEHEH X : Q — E - i$HEIHRD M Px NEERHECE /v  REBERABN TR
FEEFRNI

9945 # (Uniform distribution) & EABRES ' n=|E|#ETHRE  BEERH fx WE
DU -
fx@)=P(X=n)=>, Vech,

I8 X B7E F 2 LRSS 9 > 52fF X ~ Unif(E) °

Bl @ REB—FNENRERT MBI {1,...,6}°

853753 (Bernoulli distribution) #ES8pec (0,1] & E={0,1} B fx ME FIMEH :
FAIE X HBES p NBEEHDM > 5LfF X ~ Ber(p) ©

Bl REB—BARIEREE - FRIER G BIMERD )y RE GEfF0) BIBERZ1-—p-

—I 93 (Binomial distribution) EEBEHncNyRkpe[0,1]' BB E={0,...,n} B fx MmE
THNEH -

n

fx(k)=P(X =k) = <k>pk(1 —p)k, Vk € E,
B X BBEA (n,p) WZIBXD M » 58FE X ~ Bin(n,p) °

Bl o BELAARIEREE - =18 0 X - BIIEEHRIREGRE B2
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0.20 0.20

0.10 0.10

0.05 0.05

gl

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure 2.2: Mass functions of the binomial distribution with parameters n =
30, p = 0.2 on the left and n = 30, p = 0.5 on the right.

Geometric distribution (517 93 %)

satisfies,

Let p € (0,1) be an additional parameter. If £ = Ny and fx

fx(k)=P(X =k)=(1—-p)fp,  VkeN,

then we say that X is a random variable with the geometric distribution of paramter p, denoted X ~ Geo(p).

Ex. :Toss the unfair coin described above. The number of tails before the first head appears follows
the geometric distribution. If we interpret head as “success” and tail as “failure”, then this distribution
gives the number of failures before the first success.

0.40 0.40
0.35 0.35
0.30 0.30
0.25 0.25
0.20 0.20
0.15 0.15
0.10 0.10

0.05 0.05

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure 2.3: Mass functions of the geometric distribution with parameters n =
30,p = 0.2 on the left and n = 30, p = 0.4 on the right.

Hypergeometric distribution (E83%{a4%3 ) Given nonnegative integers N, K, n with 0 < K < N.
Take E={(n— N+ K)VO0,...,K An}and fx satisfying

o =rx=n=(3)(VTF) /(0). wee

then we say that X is a random variable with the hypergeometric distribution with parameters (N, K, n),
denoted X ~ Hypergeo(N, K, n).

Ex. :In an urn containing N balls, among which K are white. When we perform a sampling of n
balls without replacement, the number of selected white balls satisfies the hypergeometric distribution
Hypergeo(N, K, n).
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22: _IHRN DM BEERE - EEIMNZ2E A n =30,p = 0.2 » GEIMNZ
A n=30,p=05¢

DM (Geometric distribution) IREBRE pc (0,1) ' E F =Ng B fx mE THMEH :
fx(k) =P(X =k) = (1—p)*p, Vk € Ny,
KB X B2EH p FIRFEISH » 58FE X ~ Geo(p) °

Bl & A RIERER  ERAF—REELEIRELIRHRE - mER[D M o EFFHE
EERA TR - RERA TR - Bl R RI AR BRI R BRE -

0.40 0.40
0.35 0.35
0.30 0.30
0.25 0.25

0.20 0.20

0.10 0.10

0.05 0.05

0 5 10 15 20 25 30 0 5 10 15 20 25 30

2.3: BADMHNEERE » EEINZREA n =30,p = 0.2 » GEINZRE
AZn=30,p=04c-

B9 (Hypergeometric distribution) KREFBEHENKnMEOS KN IRE =
{(n—=N+K)VO,...,K An} B fx m@FFHEH :

o =rx=n=(3)(VTF) /(). wee

K98 X /2ES (N, K, n) BUEBER 2 52/ X ~ Hypergeo(N, K, n) °

B E—EXRFEDR - B N X Hih K BRAEH  ERFIETAEEMIKE » FAEKE > 4
HRRIREE G IR EBRM 72 Hypergeo(N, K, n) °
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Poisson distribution (TH¥2493 ) Let A > 0 be an additional parameter. If £ = Ny and P satisfies,

PN

P(X:k'):ﬁe ;

Vk € Np.

then we say that X is a random variable with the Poisson distribution of parameter A, denoted X ~ Pois(\).

0.20 0.20

0.15 0.15

0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure 2.4: Mass functions of the Poisson distribution with parameter A = 5 on
the left and A = 10 on the right.

Remark 2.3.4 : Either from a theoretical perspective or from applications, Poisson distribution is an im-
portant distribution. Later, when we talk about convergence of probability distributions, we will see that
the Poisson distribution can be obtained via the limit of Binomial distributions. In other words, let X,, be a
random variable with distribution Bin(n, p,), then if np,, — X when n goes to infinity, then

lim P(X, =k), k€ Zso.

n—00

2.3.3 Random Variables with Density

In this section, we will define some common distributions of continuous random variables and discuss
some of their properties. Let us denote by X the continuous random variable of concern and let fx be its
probability density function.

Uniform distribution (334 %f) Let a < b. If p writes,

1
p(z) = m]l[a,b] (7).

then we say that X is a random variable with the uniform distribution on [a, b], denoted X ~ Unif([a, b]).

Exponential distribution (388{% ) Let A > 0 be an additional parameter. If fx satisfies
fx(z) = )\e_)‘””]lR20 (x), Vz € R,

then we say that X is a random variable with the exponential distribution of parameter A, denoted X ~ £(\)
or X ~ Exp(A). It is not hard to check that,
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PHAR D (Poisson distribution) © )\ >0A8—28 F =Ny B PmE FIMEHE :

PUN

P(X:k):ge 5

Vk € Np.

FffIRE X B2 ) NBRS M - 521F X ~ Pois(\) ©
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24 HMRDHNEERE  EENZ2ES )\ =5 GENZ2HEA ) =
10 °

1% 234 ¢ FENIERIEERANAERE MNR2HHEEEERRE - THENER - ERMR
SRR D MRV MERET - FPIRTLAGEBBRIR S ] AR A B D MEIRRER - 955 © X, B
R ZIET 2 Bin(n, p,) BIFEKEEL - HE » BOEEKRE - HME np, — ) B

lim P(X, = k), Vk € Zso.

n—0o0

BZE FEENPEREEH

EEEERT - HFIEERE RIEEREEH DM - LHEFRMFANEE - RFSHAESHRIE
TEPEMEBECIE X - WG thBIRRBEREEE fx

959 (Uniform distribution) Sa<b:'EHpRBEE

1

p(z) = m]l[a,b] ().

BT X BEREM [, b LRIFZ 5 5BBF X ~ Unif([a, b)) °

ISH A (Exponential distribution) S\ >0Z&2—3NABE & fx meE :
fx(z) = )\G_Ax]lR>[) (x), Vz € R,

HITE X B2ES NSO BBE X ~ E(\) B0 X ~ Exp()) - HMREHERTE - & X ~ Exp())
Ell

MR Var(X) = —.

E[X] = v

1
A
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Figure 2.5: The left figure shows the probability density function of the expo-
nential distribution with different parameters, the right figure shows
their distribution functions.

Normal distribution ((ERES) or Gaussian distribution (&=2Hr% ) Letm € Rand o > 0 be

two additional parameters. If fx satisfies

r—m 2
Fetae) = sy exp (- 50,

then we say that X is a random variable with the Gaussian (or normal) distribution with mean m and variance
02, denoted X ~ N(m,o?). It is not hard to check that, if X ~ N'(m, c?), then

E[X]=m  and Var(X) = o?.

When m = 0, we say that X is centered (& ), when o = 1, we say that X is reduced (#91k); when both
are satisfied, we call it the standard normal distribution (F2ZEERED 7).

1.0
0.8

0.6

11
aaa
ocoo
@

15  -10  -05 05 10 15 -15 -10 -05 05 10 15

Figure 2.6: The left figure shows the probability density function of the Gaussian
distribution with different parameters, the right figure shows their
distribution functions. Here we take u = 0.

Cauchy distribution (1JF5%9 )

Given parameters v > 0 and 2o € R. If fx satisfies
1 _ 1 0%
P+ (50D 7 @— a0 77

then we say that X is a Cauchy distribution with parameters (zg,y), denoted X ~ Cauchy(z, ). It is not
hard to check that the expectation of a Cauchy distribution is not defined. (See Exercise 2.15.)

Ve € R,

fx(z) =
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B 25 EERFEBHEEH S HHRREERH - GE2MANI X
ﬂ o

BRESM (Normal distribution) EHT3F (Gaussian distribution) S meR Ko > 0#RMEE

NBE - fx MeE -

r—m 2
o) = e (- 20,

AR X BEEAm BREER CHNEHIM CF X ~ N(m,0?) - ZFIFHRE - X ~
N(m,o?) - 8
EX]=m WUk Var(X) = o2.

Em =0 M8 X BEF (centered) ; & 0 = 1 > T X FMt (reduced) ; BEME ML @ FMIFHE
2 BNEHER R 7 M (standard normal distribution) °

1.0
0.8

0.6

(NN
Qaa
I
o000
@i

05 10 15 -15 -10 -05 05 10 15

& 2.6: L2 B A ESMOMEHRERRERR - A2 2MANI MR - &
BB p=0-

HEE2M (Cauchy distribution) FEEZBEY> 0K 19 cR* & fx MiE
1 B l 0%
Ty (L+(5520)2)  w (2 —20)? +97

A X BBEA (v0,v) WD » 581E X ~ Cauchy(zg,v) ° BFIRILURE - B S MHAVEALEE
BREEEN - (BRE&E215)

fx(z) =

Vr € R,
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Figure 2.7: The left figure shows the probability density function of the Cauchy
distribution with different parameters, the right figure shows their
distribution functions. Here we take zg = 0.

Gamma distribution (I1¥5% 1) Given parameters o, 3 > 0. If fx satisfies

1
[x(z) = mﬁaiu_lfﬁmﬂmoa Vr e R,

where I'(«) is the Gamma function defined by

INGY! :/ z te™® du,
0

then we say that X is a Gamma distribution with parameters («, 3), denoted X ~ I'(«, ) or X ~ Gamma(c, 3).

We recall some important properties of the Gamma function, I'(« + 1) = aI'(«) for all @ > 0 (change of
variables), I'(1) = 1,and I'(3) = /7.

1.0 1.0
—uzl,gzl
—a=1p=2
—a=2,p=1
0.8 u=2,g=2 0.8
— a=3B=3
0.6 0.6
0.4 0.4
— a=1B=1
—a=1B=2
—a=2B=1
0.2 0.2 a=2B=2
— a=3,B=3
1 2 3 4 5 6 1 2 3 4 5 6

Figure 2.8: The left figure shows the probability density function of the Gamma
distribution with different parameters, the right figure shows their
distribution functions.

Beta distribution (BI1Z%f) Given parameters «, 3 > 0. If fx satisfies

fX(x) = B(O[ 6) xa_l(l - x>ﬁ_1]lx€(071)7 Va € Ru
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2.7: EERARMASMIKREERE - AEEMFINO MR - &
BB 29 =0

INIES M (Gamma distribution) (REZRH o, 8> 0 & fx ME -

1 o, 00— —px
fX(x) = @B € 16 p ]lx>07 Va € ]R7

Hep (o) RHNEBRER - &R

BFRFITE X B2EA (o, 8) BIIMNIFEDM  521E X ~ (o, ) T X ~ Gamma(c, 3) ° FMI[EIREINIFEK
BMWEEME Bl a> 0 EMBED(a+1) =al(a) (BB \I(1)=1> URTG) =yr°

1.0 1.0
—uzl,gzl
—a=1p=2
—a=2,p=1
0.8 u=2,g=2 0.8
— a=3,B=3
0.6 0.6
0.4 0.4
— a=1B=1
—a=1B=2
—a=2B=1
0.2 0.2 a=2B=2
— a=3,B=3
1 2 3 4 5 6 1 2 3 4 5 6

2.8: R AEYIHES MHIIHERERE - REZMPIRID MRS -

BS99 (Beta distribution) #EZRH o, >0 & fx MAE -

fx(z) = N1 —2) Mg, VT ER,

Hh B(a,p) BBEERE » EHRM
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Chapter 2 Basics of Probability Theory

where B(«, [3) is the Beta function, defined by

[()T(5)

B(a, p) = /1 N1 — ) de = =22
7 0 Fla+p)’

then we say that X is the Beta distribution with parameters («, 3), denoted X ~ Beta(«, 3).

Remark 2.3.5 : The probability distribution Beta(1, 1) is the uniform distribution on [0, 1]. We also have
the following symmetry, for X ~ Beta(c, [3), we have 1 — X ~ Beta(3, ).

3.0 1.0

2.5

[
fRRRRR
]
[RESNTNT

e

WNNEE
TEEED

0.8
2.0
0.6
1.5
0.4

1.0

[ERN
RRRARK
W
wWhNEE
I
WHANNE

TETED

0.5 0.2

4
©

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 1.0

Figure 2.9: The left figure shows the probability density function of the Beta
distribution with different parameters, the right figure shows their
distribution functions.

2.4 Moments of Random Variables

Moments are expectations of powers of random variables and exhibit some non-linear properties. An
important example is the notion of variance in both statistics and probability. In Probability Theory, methods
of moments (BZ 75 7%) also have important applications in showing existence in Graph Theory or Number
Theory, see Exercise 2.24 and Exercise 2.25 for instance.

2.4.1 Moments and Variance

Definition 2.4.1: Fix a positive integer k > 1. We say that the k-th moment (17) of a real random
variable X is finite if E[| X|*] < 0o, or X € L. We call E[X*] the k-th moment of X.

Definition 2.4.2:Let X € L?(Q, P(Q),P). Then, the variance (BEH) of X is defined as,
Var(X) :=E [(X —E[X])?] > 0. (2.4)

Its standard deviation (A2ZEZ) is denoted

ox =/ Var(X).
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AITRPIE X ABES (o, 5) WEED  S2E X ~ Beta(a, §) °

sH#2.3.5 1 HES M Beta(1,1) AL [0,1] LRI T S - BRFIBE TIHBME : 5 X ~ Beta(a, 8)
A1 — X ~ Beta(3,q) °

3.0 1.0

2.5 08

[
faeRRRR
]
[RESNTNT

e

WNNEE
DEEED

2.0
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15
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1.0

0.2

[ERN
RRRARK
W
whNER
I
WHANN-

TOEED

0.5

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6

2.9: EERARBEIMHIRRBERE - REFMFIRD MRS -

o
o

1.0

FHE FERESHREE

DR B BERNIILE - AR SR — IR RS - AR L EEE B
S o AR - BIE T (method of moments) RS EEMER - EE AU REBHES -
YA S BRI AORIE - AT RO 204 AR 2.5 °

B—E BERERY

EE 241 : BEICERE L > 1 BEREREE X MEE]|X|*] < co ' BFAEHR X c LF » BT
9537 X B9 &k PEB)E (moment) BER - HMIMBE[XY) & X B9 £k BEEE -

EFE242 1 B X cL(Q,PQ),P) » B X B98BRE (variance) EFES
Var(X) :=E [(X — E[X])?] > 0. (2.4)

HEHEFS (standard deviation) BIEE{E

ox =/ Var(X).

BiBIER : 20254 10 H 7 H 09:39



Chapter 2 Basics of Probability Theory

Remark 2.4.3 : We can understand the variance Var(X) in the above definition as a quantity measuring
how much X deviates from its expectation E[X].

It is important to square in the definition given by Eq. (2.4), otherwise, we would find
E[X —E[X]] =E[X]-E[X] =0,

which cannot describe correctly how far the random variable X is away from its expectation.

To avoid the cancellation from happening, we may look at the quantity E[| X —E[X]|]. It has the advantage
that we do not need to require the condition X & L2, we only need X € L' instead. However, the absolute
value has less regularity than the square function, which is its disadvantage, leading to more complicated
computations. Later in another chapter, we will see the importance of the square in probability theory, in
particular, its relation with the central limit theorem.

We can understand the variance Var(X) in the above definition as such: it measures how much X deviates
from its expectation E[X]. Moreover, we can notice that, Var(X) = 0 if and only if X is almost surely a
constant.

Proposition 2.4.4 : The variance Var(X) satisfies the following optimization problem,

Var(X) = ;gﬂgE (X —a)?].

Proof : We only need to show that, we have, for any real nubmer a that
E[(X — a)?] = Var(X) + (E[X] — a)%.

By a direct computation, we find

Using the expectation and the variance, we can estimate the following probability,

Markov’s inequality (BRAIXARER) If X € L} (Q,A,P)and a > 0, then

Bienaymé-Chebyshev inequality (3RILEXFEFR) IfX € L?(Q, A, P) and a > 0, then

P(1X — E[X]| > a) < % Var(X).
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53 243 @ RFIJLGERERE DEERPHE R Var(X) | ER MR IUERFEHEE X THET
ZEEX] MIDBIEENHREE -
£ (24 B MFEAREEN - FARFEE

E[X - E[X]] = E[X] - E[X] =0,

A EEL I MPIRPEEH X B ERIIRESE -

EEBPREASHNRKBLE  BATUEZERE|X - E[X)|] ' thBIFER - KM FREERFER
BHX c L7 BRARFTE X c L' WRKRENES - BREZ - BB ENRRELTAREE B
STELUERARS  AkA EEET S - TREANEHF - ZACEEINTAERXRERPHE
2% SEPRIBREZERMR -

BT LGEREMR DRESETNWE RS Var(X) | TERIFEEREH X FHFIYE E(X] MBS
2E » BARMTLUERE > EEHAE Var(X) = 0 8] X BFHRABBH -

R 244 | BEH Var(X) §WME FHRELRE :

Var(X) = érelIfR{E [(X —a)?].

B REAEERR  HRFEER . RS
E[(X — a)?] = Var(X) + (E[X] — a)*.
BBEENHE » KA
E[(X - )] = E |((X —E[X]) + (E[X] - a))’]

= Var(X) + 2(E[X] — a) E[X — E[X]] + (E[X] — a)?
= Var(X) + (E[X] — a)*.

FFIEF| BHAEEE R B BB LFHRatt SEEVERIK R :

BrXAE (Markov’s inequality) & X € L1 (Q, A P)Ba>0" 8l

REEFEXARZEIL (Bienaymé-Chebyshev inequality) & X ¢ L?(Q, A,P)Ha> 0" 8l

P(IX —E[X]| > a) < % Var(X).
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Chapter 2 Basics of Probability Theory

Definition 2.4.5:1f X, Y € L?(Q, P(Q), P), then their covariance (38 2X) is defined by,

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[X(Y — E[Y])] = E[XY] — E[X]E[Y].

We note that, the definition of covariance extends that of variance, Var(X) = Cov(X, X).

Remark 2.4.6 : The covariance measures the correlation (BEEf14) between two random variables X and Y,
which is not the same notion as independence. See Section 3.1.2.

Remark 2.4.7 : Given a discrete probability space (2, P(€2),P), it is not hard to check that the covariance
function

Cov(-,-) : L*(Q, A,P) x L*(Q, A,P) — R

is a symmetric and bilinear operator. In other words, for all X,Y, Z € L?(2, A,P) and a,b € R, we have

Cov(X,Y) = Cov(Y, X),
Cov(aX +bY,Z) =aCov(X,Z)+ bCov(Y, Z).

This allows us to apply the Cauchy-Schwarz inequality to obtain

| Cov(X,Y)| < /Var(X)/ Var(Y

Moreoever, if one of X and Y is almost surely a constant, then Cov(X,Y’) = 0.

Definition 2.4.8 : Consider a random variable X = (X1, ..., X4) with values in R%. Let us assume
that all its components ara in L?(Q, A, P). Then, we may define the covariance matrix (3t EEE
[) of X by

}fx = (COVCX“}())

1<i,j<d”’

Question 2.4.9: Prove that when X is a d-dimensional real random variable, its covariance matrix Kx is a
positive semi-definite (3 IEX) symmetric matrix. In other words, prove that for all A = (Aq,..., \q) € R%,
we have AK x\T > 0.

Question 2.4.10: If A is a matrix of size n X d and X is a d-dimensional real random variable, define Y = AX
and prove that Ky = AKx AT,

2.4.2 Linear Regression
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EFE’245 1 DX,Y € L2(Q,P(Q),P) » MEFMBYILERE (covariance) B4
Cov(X,Y) =E[(X —E[X]|)(Y —E[Y])] =E[X(Y —E[Y])] = E[XY]| - E[X]|E[Y].

HFIERR) HBHEFNWERRBREHRIHE : Var(X) = Cov(X, X) °

i 246 @ MEHEH X R Y <ENHERFAECFIERIRBIE (correlation) » EMFEHEEL
BRI MR A —IREY - BRI 3.12/\H

EhE 247 ¢ IRTEBEBEERZTM (Q,P(Q),P)  BFIFHREHESEHRE
Cov(-,-) : L*(, A,P) x L*(Q, A,P) — R
TEHTE - SRUENERT - BEOER  HRAE XY, Z € L2(Q, AP) Ra,be R &BME

Cov(X,Y) = Cov(Y, X),
Cov(aX +bY,Z) =aCov(X,Z)+bCov(Y, Z).

EERMIAIUERAMEAEFL - EMiFE

| Cov(X,Y)| \/Var )\/Var(Y

A BEXRY HRz—8FRBABEHE Bl Cov(X,Y)=0°

EE248 I BHX = (X1,..., Xy A—EHEA R WPEREE - BERJ[EMENDEETE
L2(Q, A, P) 2™ » Bl X B9 BEUERE (covariance matrix) E &4

Kx = (Cov(X;, X))

1<i,5<d’

FiE 249 SHAE X BEJHNEREREHRE HASRYER Ky EEAFERE (posmve
semi-definite) ¥{FHXEME - #OFEER » FEAIAYNAAAERN )\ = ( 1o A) €RT S BB AKx AT >

ffE 2410 : EAREn x d#HRERE B X A dHEBEREH  TE Y = AX > fFBEH Ky =
AK)(AT °

BIE RECEE
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Chapter 2 Basics of Probability Theory

Let X,Y1,...,Y, be random variables in L?(2, A, P). We want to find a random variable which is a linear
combination of 1, Y7, ..., Y, approximating X . In other words, we want to look for real numbers Sy, ..., 5,
that minimize the following quantity,

E[(X — (Bo+ A1V + ... 8. Y0)).

Proposition 2.4.11: When («;) is a solution to the following linear system,

> Cov(Y;, Yy) = Cov(X, Yy), 1<k<n, (2.5)
j=1
we set n
Z =E[X]+ ) o;(Y; - E[Y))), (2.6)
j=1

and we have,

. 2] 2
i E (X = (Bo+ BiYa + .. BuYn))’]| = E[(X — 2)2).

Proof : Let H be the vector subspace of L%(2, A, P) generated by 1,Y7,...,Y,. Since Z reaches the
minimum of the functional U € H — || X — U||,, Z is the orthogonal projection of X on H. If we
write Z as,

n
Z=ao+ ) a;(¥; —E[Yj]), (2.7)
j=1
we get E[(X — Z) - 1] = 0 from the properties of the orthogonal projection, giving ap = E[X].
Similarly, for all 1 < k < n, we have

E[(X - 2)- (Y —E[Yi])] =0,

meaning that Cov(X,Y}) = Cov(Z, Y)). To conclude, we use the linear combination of Z in Eq. (2.7)
to obtain Eq. (2.5).

Conversely, if («;) satisfies Eq. (2.5), then Z defined in Eq. (2.6) is an element in H and since X — Z
and H are orthogonal, Z is the orthogonal projection of X on H. O

2.4.3 Characteristic Function

Definition 2.4.12: If X is a random variable with values in R?, then its characteristic function (ffa'f%l
BRE) ®x : R? — C is defined by,

Ox(¢) =E [exp(i¢- X)],  £eR?
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BXY,. LY, BTE LA, A P) PRIBEHEE  ZFIBERHAM X MEERES LY1,....Y,
R IE%EAE’JBL%**Q HEEEeR - IPIBERHER 5, ..., 8, F FIBER/IML

E[(X — (Bo+ AiY1+ .. BaYn))?].

8 2.4.11 1 B (o)) A TIIRMERR

Zaj Cov(Y;,Y:) = Cov(X,Yy), 1<k<n, (2.5)
HEE—(E AR - 58
Z =E[X]+ ) a;(¥; —E[Y)]), (2.6)
j=1

AIFMIE

i B (X = (Bo+ BiYa + .. BuYn))’]| = E[(X - 2)2).

MBS HABHLY,...,Y, £EHRE L2(QAP) PFRFHEEZR > BN Z §FZRRE
UcH—|X - UHQEEIJHE/J\TE B Z B X £ H 2 ERIERRIGE - BRMHE Z B1E

Z =g+ Yy oj(Y; —E[Yj)), (2.7)
j=1
;EaﬂIEﬁCTQ%&E’J'IEE EMBE(X - 2) 1] =0 BEER a0 = E[X] - EHFH » HRAE
1< X <n’ ?‘Z’fﬁﬁ

E[(X-2) - (Yx—E[Y:])] =0,

HELRER Cov(X,Y:) = Cov(Z,Yy) 5 THEFIAR 2.7) F 7 B9RMEES » HAITUERIK 25) °
FBRER » & () MEI (2.5) BT (2.6) PEERN Z BBEE H PN E - MAX -ZMH
EXH  UiiERZ 8 X &£ H LWIES/E - 0

SBZE FERE

EE 2412 1 FH X 2EEEAS R WIBEHE S > BIERFHKEL (characteristic function) ®x :
RY — C E&ES

dx(¢) =E [exp(i&- X)], €eRL
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Chapter 2 Basics of Probability Theory

Remark 2.4.13 : The above definition rewrites,
Dy (€) = / ¢ EP y (da).
Rd

In other words, we can see ® y as the Fourier transform (fEILZEEH) of Py, ie., Px(£) = Px(€). Moreover,
from the dominated convergence theorem, we know that ® x is a bounded continuous function on RY,

Below we give the list of characteristic functions of the distributions mentioned in Section 2.3.

random variableX | characteristic function ® x ()
Ber(p) 1—p+ pe't
Bin(n, p) (1—p+pe)"
p
G 5
Pois(\) exp(A(e'® — 1))
) ei{b _ eifa
Unlf( [a, b]) m
A
EA
(A) T
N(m,a?) exp(imé — 0°¢?)

In this section, we will prove that the characteristic function of a random variable determines entirely its
distribution.

First, we prove the invariance (% 1%) of the normal distribution under the map of Fourier transform
F:. P X = P X.

Lemma 2.4.14 : Let X be a random variable with distribution N'(0, o2), then

)

Px(£) = exp ( ==

e

Proof : Using the parity of the integrand, the imaginary part of ®x (&) is zero. Thus, we need to
compute,

f(&) :/R\/%e_w2/2cos(§x) dz.

We take the derivative of the above formula. Since the integrable function z — |w]e*x2/ 2 bounds
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5H#E 2413 ¢ ERERMAILUEFREE
¢x<©==/£dég“Px<dx»

SRR - FRIIRTLUE & TRIE Py BOMESI BB (Fourier transform) : @y (&) = Py () e B0 1t
B BRI E IR AT LIEH ©x A—7E R EREBEERRE -

FFIEETIHLE 2.3 B IRBINER D A6 F - FTEERRVSRRE -

FEREEE X | HFEERE Dy (6)
Ber(p) 1—p+pe't
Bin(n, p) (1—p+pe)"
p
Geo(p) T—(—pe
Pois(\) exp()\(ei§ —-1))
‘ 6igb _ eiﬁa
Umf([a, b]) m
A
3% A —i€
N(m,o?) | exp(im¢ — 50%¢?)

FESE/INE + TFONG B RS A R B AT L5 R D R B R 5

Bt RPRAEEDMHEGIESR F: Py — Px Z FTHREM (invariance) ©

51# 2414 @ B X B—2MA N(0,0%) HIBEHEE - A

(&) = exp (- 02252) 133

2B L BB RS B EEMNE - RAITUEE o (6) NEHESNAE - IURMAERHE

(&) —/R\/lz?e_ﬁ/zcos({x) dz.

MY EEXFMD  ARETRERE « — |2le =2 Bz — zsin(Ca)e 2 HER  IUMSE
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Chapter 2 Basics of Probability Theory

T = sin(§$)6_$2/ 2, the differential operator can be inverted with the integration operator, i.e.,

1
~ J \/ﬁace_’cz/2 sin(éx) dx

We apply the formula of integration by parts and get,

1 222 _
[ e coslew) de = —££(0)

As a consequence, f is a solution to the differential equation f/(£) = —¢£f(£) with initial condition
f(0) = 1. Due to uniqueness, we deduce that f(£) = exp(—£2/2). O

Theorem 2.4.15 : Given a random variable X. Then, its distribution can be entirely determined by its
characteristic function. In other words, the Fourier transform F : Px + Px is injective (EE§¥) on the
space of distributions on R?.

Proof : First, we start with the one-dimensional case d = 1. For all o > 0, the density function of the
normal distribution N(0, o2) writes,

() = A exp (- )
go\T) = 9702 exXp 902

If 11 is a probability measure on R, we define,

z) = /Rgv(x —y)u(dy) D g u(x),

o (dz) = fo(z) dz
We show the statement in two steps,
(1) po can be entirely defined by 7i;

(2) for any function ¢ € Cp(R), when 0 — 0, we have the convergence [ ¢o(x)us(dz) —

Je(x)p(dz).

We prove (1) now. From Lemma 2.4.14, we know that for all x € R, we have,
x2 i¢
Varog () = exp (= 55) = [ €% 10(€)de.

Then, we can rewrite f,(x) as,

2) = [ gl — uldy) = W/ ([ € g1/0(€) d€)u(ay)
= 5 [ @ anu@( [ e o) ae
= = [ e u©n-e 28)
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FRIUBERDZA - hELER

- /R \/12?3369”2/2 sin(éz) dz
R LR TS - ALED)
9-—¢[ — e cos(en) da = €1 (6).
RIULHPIBIRIE | RMAHIL /(6) = —¢/(c) BABIES £(0) = 1 H08R - ERE—1E - Tl
85 £(¢) = exp(~€/2) ° 0

I 2415 | E—REREN X WERRBTURLEBEAH - ROFER  GUEBR
F: Py o By 7 R Z LB HATHMEYZERIRESS (injective) § ©

2R Bk BRER—MNER d=1 - HRFEN o > 0 RFITUEREES M N(0,0%) BUE
FERREX

go(x) = V;T?exp (- ;;)
Hum—TERZERNEERAE > RAES :
o) = [ gala = putd) < g+ n(a),
o (dz) = f,(2) da

ZFERALLER - BRI MTER

(1) po FILASERM 11 FTES

(2) BIMEAHERE ¢ € CG(R) » B 0 — 0 EMIB TIREK [ o(@)po(dz) — [ o(z)u(dx) °

B HMIRFEEE L o EB5IE 2414 > PITUREER > BRFAEN2cR- &

2

VaraZg,(@) = exp (= 55) = [ €€%g10(6) de.
% RIFFILUE £, (o) BIEL

fo@) = [ ot =utan) = <= [ ([ €g,(6) ae)utan)

= W/R615%91/0(5)(/]1%6_i£yﬂ(dy)) dg

- @;7 [ @010 ©(-9) de. (2.)
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Chapter 2 Basics of Probability Theory

In the second-last equality, we use Fubini’s Theorem (Theorem 1.4.3), because u is a probability measure
and gy /, is integrable with respect to Lebesgue measure.
To prove (2), we note that for all ¢ € C(R), we have,

[ e@aldn) = [ ol

where we use Fubini’s Theorem and the property that g, is an even function. Next, we need other
properties of g,

([ gnly = 0)uldy)) do = [ g0 < pl)ndy). 29)

/ga(m) de =1, and lim

go(x)dr =0, Ve >0,
=0 J{|z[>e}

which gives us easily,
vy eR,  lim goxo(y) = ¢(y)- (2.10)

Since for all 0 > 0, |g, * | < sup |¢|, from the dominated convergence theorem, we obtain,

pu(dy) = / p(x
Hence, the theorem is true when d = 1.
For a general value of d, the proof is similar. We define the following function,

d
g(d) SL‘l,... H

lim/gp x) o (dz) —hm/ga*gp

o—0

and use the fact that for all £ € R%, we have,
(d) 1{ T _
/]Rd 95" () dz = H / 9o (x

Question 2.4.16: C.(R) denotes the set of functions in Cj(R) that are compactly supported (R 3Z15).
Prove that, for ¢ € C.(R), we can improve the convergence in Eq. (2.10) and replace with the uniform
convergence on R. In other words, show that,

€147 da; = (2m0?) 297 (€).
O

VSOG CC(R)7 Hga*@_‘p”oo ﬁo'

Proposition 2.4.17 : Let X = (X1,...,Xy,) be a n-dimensional real random variable. Assume that

|| X||3 is integrable, then ®x is a C* function and when & = (€1, .. .,&,) tends to 0, we have,
d
dx(6)=1+i) &E[X; Z &6 E[X; Xx] + o([1€]1).

j=1 jkj 1
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ALXMNAHEE_EEFAED ZARELEEE (€E 143) @ EHp 2EHKAER g/,
HEEMRAERER - RERRRE
BERHEE TR - 8RR HIRREW ¢ € G(R) » B

/w(x)ua(dx) = /@(I)(/ga(y — 2)p(dy) ) do = /ga *p(y)u(dy), (2.9)
HARMAZELEEEUR g, REMRBEENE - HE - HAEA ¢, R
/ go(r)dr =1, BB lim

o0 H{jz|>e}

go(x)dx =0, Ve >0,
EERMGERSTR
vy eR,  lim go #p(y) = ¢(y). (2.10)
ERBHRFTEN 0 > 0 |g, + ol < sup || » BB DIBRER » RITE
lin [ oo (de) = lim [ g0 < pn(dy) = [ ¢la)na).

Eb I ERE—HNBERTRE
£ d EBERT - RERAL - IMIEZER TR

g(d) xlw"? HgU xj
it BRSNS ¢ c RY > BIVE
[ ot @)ee do = H / 9o (27)¢5% dj = (2m0*) /201 (€. .

FIRE 2.4.16 : 1§ Cy(R) PEBZIE (compactly supported) R BB FIE S EEIE C.(R) ° FBHAE ¢ ¢
C.(R) » BIRTLGRIETN (2.10) RIS TE R _ERVHSUE ; #a5ER » 550

Vo € C.(R), g5 = ¢lloe =5 O-

B 2417 1 X = (Xo....X,) B— 0 EORRERBE - B X)) RETHOMBEE
B B 0y RAAC?HE 0 AR — (61....&,) MR 0 B » W
d
Bx(6) = 1+i 36X~ L 3 e B X + ol
7j=1 7,k=1
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Chapter 2 Basics of Probability Theory

Proof : It is not hard to check that
(a) For all ¢ € R™, the function 2 — !¢ is integrable with respect to Px.

(b) For all # € R™, the function £ ~ €!¢% is differentiable with respect to &, and its differential at £

writes . .
n= (7717--';7771) — Zinjxjeig'x or Zixjeig'x dfj
i=j j=1
(c) Forall j = 1,...,n, the partial derivative x + ix; '€ is continuous, and can be dominated by

x;, which is integrable with respect to Px, since X; € L2 C L.

Therefore, Theorem 1.2.24 allows us to invert the differential operator and the integration operator
when we compute the derivative of ® x, which is

0dx
0&;

Moreover, Theorem 1.2.22 implies that these partial derivatives are continuous.

For the second partial derivatives, we can proceed in a similar way. In particular, we need to use the
fact that E[| X; Xy |] < E[X,;]? E[Xk]? < oo to justify that the second derivative and the integral can
be inverted. O

Vji=1,...,n, (&) =1iE[X e ¢ ¥].

It is important to note that, only the characteristic function describes the probability distribution entirely,
but not the moments. In general, knowing all the moment (E[X*])>0 is not enough to deduce the probability
distribution of X. In Exercise 2.22, we will see counterexamples. In particular, we will construct (at least)
two different probability distributions having the same moments. Then, in Exercise 2.23, we will discuss the
situations in which the moments uniquely determine the probability distribution.

2.4.4 Generating Function

When a discrete random variable takes values in the set of nonnegative integers Ny, we may define its

generating function ((EREERE) .

Definition 2.4.18 : Let X be a discrete random variable with values in Ny. Its generating function
G x is defined for s € C such that

Gx(s) =E[sX] = i P(X =n)s" (2.11)
n=0

converges. Conversely, if we know the generating function of a discrete random variable X, then by
reading its coeflicients, we recover the distribution of X.
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BIE HWERER

8EA : TE=ZAMETAHEGE :
(a) BIRFAB ¢ e R » KBz — 57 BN Py BRIFEM o
(b) HRFAE z c R » REL ¢ — 67 B ¢ 2RI - MBMTE ¢ MO EM :

n=(n1,..om) = Y inae T B ixel T dg;
i=j J=1
© BREABj=1,....,n> BHD v — iz;e!*® BEER > METUE o; FESIE > BR
X; € L? C L' i5EEFIREE Py 2AIFEN o

Ft - FIF 1.2.24 BERMATURBMOBEFNELEFNIER » FRMRE ox M9 » b5k
B
0dx
0&;
teSY » IR 1.2.22 HIHRFEFIELRM D ESEER o

HRIEMS  HOTUEREUNAEE  BERYVIRR > RAEFTERD E|X;X,] <
E[X;?E[X};]? < oo 2RARFE RS AT AR o O

Vi=1,...,n, (&) =1iE[X,e'*¥].

E/ORE  FRREBREIUTE2EMEERS M T—RIBERT 0 RAEEE (E[X"))4so I
TR L X RS - EEE 222 HAITEIRA - UAER - HAGEEH (ED) W
BEREERS M - ERMMANFAEESEERBEFN - FEEEE 223 7 RFAITHHEMERDN
BERZT @ BETUR—RERERS M -

SEI/NER SRR
ERERPER S HNERRIFR B N, K - I UEZRMBIEREY (generating function) °

EE24.18 | T XA —EHEA N NFEKES  HERRE Gy EEE FIREZ WD
seC Lt

Gx(s) =E[sX] = iIP’(X =n)s". (2.11)
n=0

[RBHRER - EFRAAIFEREPEH B X FEMRE  BBEBEIMRIHRE - HFIB AT LUESR X
B9 1 o
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Chapter 2 Basics of Probability Theory

The series defined by Eq. (2.11) satisfies some properties, which are considered as prerequisites that were
studied in the calculus class. Below is a reminder on these results.

Convergence There exists a radius of convergence (I1E) 0 < R < oo such that the series Gx ()
converges when |s| < R; and the series Gx (s) diverges when |s| > R. Moreover, for any R’ < R, the series
G x (s) converges uniformly on {s : |s| < R'}. Here we note that we clearly have R > 1 because Gx (1) = 1.

Differentiability We may differentiate the series Gx(s) term by term infinitely many times on its
domain of definition {s : |s| < R}.

Uniqueness If there exists 0 < R’ < R such that the equality Gx(s) = Gy (s) holds for all |s| < R/,
then for all n € Ny, we have P(X = n) = P(Y = n). Moreover, we have

1 n
P(X =n)= mG&Q(O), ¥n > 0.

Continuity (Abel’s theorem) Since all the terms P(X = n) are nonnegative, if R < 0o, we have

lim Gx ( Z P(X =n)R".

Proposition 2.4.19 : We may compute the expectation of X using the derivative of Gx,
G%(1) := lgrllGX(s) =E[X] € [0, o).
More generally, for any positive integer p > 1, we have
GP = 1§%G§§)(s) =E[X(X -1)...(X —p+1)],

which means that from the generating function of X, we can easily obtain all the moments of X. In
particular, for X € L*(Q, P(Q),P), we have

Var(X) = G%(1) + G’ (1) — G'x(1)*.

Proof : For all positive integer p > 1, by the continuity of G )( )on {s : |s| < R} (knowing that
R > 1), we find

hmG Z]P’ nn—1)...(n—p+1) = ZIP (n),

where p(n) =n(n—1)...(n—p+ 1), as desired.
Let X € L%*(Q, P(Q),P). From the above property, we find

E[X?] = E[X(X - 1)] + E[X] = G% (1) + G (1),
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Mzl (2.11) ERHROBHERE—LEEXNLE - EHOBRMEDBHEANE - SERMEIEE -

WtE FEWRECERE (radius of convergence) 0 < R < oo 15 E |s| < REF» fRE Gx(s) B
BB |s| > RE - REGx(s) BHE - WA BWRFABE R <R B Gx(s) E{s:|s| <R} LG
BN - EEEFIEEE  BRGx (1) =1 FIEAB R>1-

Mt FEERE {s:|s| < R} £ HATU-E-IEERE G (s) MO TEDERZR -

M—4 FBEFETO<R <RERE|s|<REEFX Gx(s)=Gy(s) B> AIERFAE nc Ny »
BEP(X =n)=PY = ) s - #HME

P(X =n) = ~G0(0),  Vn>o0.
EEM  [Abel TIE)] ANTREP(X =n) BAIEE  BER< o BFE

hmGX Z]P’

iRk 2.4.19 © BFIAJLGER Gx BIMORETE X BIHAL(E ¢
Gx(1) :=lim Gx(s) = EX] € [0, 00].
E—ARKER - WRFTEERH p > 1 HMAE
G =lmGP(s) =E[X(X ~1)...(X —p+1)],

TMEREE X NEMRE > ZATUFHEAE X NAEHE- LA BN X €
L*(Q,P(Q),P) » &FIEE

Var(X) = G%(1) + G’ (1) — G'x(1)>.

PR WA EES p > 1 RGP (s) 7 {s: |s| < R} LHEMEE BHER>1 - &M
B

131%111(; ZP nin—1)..

n_p+1 Z]P) )a

Hfo(n)=nn—-1)...(n—p+1)> 1588 °
T X e L*(Q,P(Q),P) » HFIRIBFIEMEE - TLUSE

E[X?] = E[X(X - 1)] + E[X] = G% (1) + G (1),
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Chapter 2 Basics of Probability Theory

so Var(X) = E[X?] — E[X]? = G% (1) + G'x (1) — G'x(1)?, as desired. O

Example 2.4.20 :If X is a random variable following the binomial distribution Bin(n, p), then its
generating function writes,

n n B
Gx(s) =) (k;)pk(l =p)" st = (1= p) +ps)".
k=0
We may compute its expectation
E[X] = G'x(s)s=1 = [n((1 — p) —I—ps)”_lp]sz1 = np.
If we want to compute its variance, we start with
G%(1) = [n(n — 1)((1 —p) + ps)"2p*] _, = n(n — 1)p?,

then find
Var(X) = n(n — 1)p® + np — (np)*> = np — np® = np(1 — p).

When our goal is to compute the moments of X, we may directly define its moment generating function
EIELE LK) , allowing us to simplify the computations.

Definition 2.4.21 : Given a discrete random variable X with values in Ny, we define its moment

generating function (BNZELEMEKEN) , or exponential generating function (FEBERKEN) , as

Mx (t) :== Gx(e') = E[e!X],

where we denote the converging radius of G’y by R and require e! < R.

Remark 2.4.22 : If we define the moment generating function by Mx (t) := E[e!*], then we only need to
require that X is a real discrete random variable.

Proposition 2.4.23 : The moments of the discrete random variable X can be computed using the deriva-
tives of M x. More precisely, we have, for all nonnegative integer k > 0,

E[X*] = MP(0).
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AL Var(X) = E[X?] — E[X]? = G% (1) + G’y (1) — G’ (1)% » 1§58 © O

856l 2.4.20 1 B X BimE ZIEN 7 Bin(n, p) RIREHE S > AIMtbAYER R (F

Gx(s) = <Z>p’“(1 —p)" " = ((1—p) +ps)".

k=0

BTGt EMAVEREE
E[X] = G'x(s)s=1 = [n((1 —p) +ps)""'p] _, = np.
EEHEMNERY - HFILHE
G%(1) = [n(n = 1)((1 = p) +ps)"*p*] _, = n(n—1)p*,

BETA
Var(X) = n(n — 1)p? + np — (np)* = np — np* = np(1 - p).

ERMANBENERESE X NEER > BRMIPTUEEEZMAIBIZAREE (moment generating
function) ° & A] ARGILFMIRVETE

B 2421 D MMEBETE N PHBBBEKEH X - HAERMOBELEREY (moment
generating function) * AB{EIEHA RS (exponential generating function) #%

Mx(t) = Gx(et) = E[etx},

HepH I Gx BBRRFERIE R WEK ' <R

SEAE 24.22 1 ERFU My(r) = B[] RESHZERRY - RFRBESER X 5 HYEHEHEE
BB o

R 2.4.23 © BESPEMEE X NEIEZFILUER Mx NSO RETE - EREYIRIR - BRFEIE
B L >0 HAE

=

E[Xx*) = P (0).
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Proof : We have
— ik o (tk)"
Mx(t)=Y *"P(X=k) =) > ~——P(X=k)
k=0
o0 tn

k=0n=0 '
ifj(zk” = k) =3 B

n=0 """ n=0

We may also define the Laplace transform (R Z I HTEE#E) of X as follows,
Lx(\) :=E[e M].

We need to note that, similar to the exponential generating function, this is not well defined for all A € R.

2.4.5 Tail Probability

Given a random variable X, the quantities P(|X| > A) or P(|X| > \) are called tail probability (B imt%
) . Generally speaking, higher the order of the moment of X we can control, smaller is the tail probability,
and vice versa.

Definition 2.4.24 : We can classify the distribution of a random variable into different categories
depending on the tail probability.

(1) sub-Gaussian distribution (Ri@H1730) : there exist C, ¢ > 0 such that,

P(|X]| > z) < Cexp(—cz?), T — 00.

(2) heavy-tailed distribution (R4 #) : there exists C, o > 0 such that,

P(|X]|>z)~Cx™, x — 00.

Remark 2.4.25 : We may note that the Cauchy distribution is a heavy-tailed distribution. Indeed, if X ~
Cauchy(0, 1), then

P(|X|>af)~i, T — 00.
T

Moreover, a Gaussian distribution is also a sub-Gaussian distribution.

Question 2.4.26: Given a random variable X, prove that the three following statements are equivalent.
(1) X is a sub-Gaussian distribution.
(2) There exist C,c > 0 such that E[e!

X] < Cexp(ct?).
(3) There exists C' > 0 such that forall k > 1

, we have E[| X |¥] < (Ck)*/2,
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2B - B&MFIE

(t) = i S =k =33 B px

k=0n=0
z%(zw =) = 3 B

n=0 n=0 n: U

EMthaes X MR HTEE (Laplace transform) :
Lx(\) := E[e™].

EIRMRE - SHEHERRBAER - BUEARHNHAE ) c R HIRAERN -

SR Rimbgs

RERKEE X » P(1X]| > \) B P(|X| > \) BIEREWIEE (tail probability) o —fi&3K:E - HFMEE
HEIEH X BEENEE - AIRREIGERSH/) » BRZIFA -

2420 ¢ IDRRIIEE - ROEUSHISEES S
(1) Rl (sub-Gaussian distribution) : £7E C, ¢ > 0 1§
P(|X]| > z) < Cexp(—cz?), x — 00.
(2) @)% 57 (heavy-tailed distribution) : fZ7E C, a > 0 {13

P(|X]|>z)~Cx™, T — 00.

51f# 2.4.25 © BAIALOEERR > AESHEREEZEE2 M 0 HAWRE X ~ Cauchy(0,1) - 8
P(X| > 2) ~ % z — oo.
s o mttEEXESHS M

FiRE 2.4.26 : IGEFERE SN X - BITFF=ROREE :
(1) X 2 EREHSH
(2) TF1E C,c > 0 FEHMNFAA t € R » HFIE EleX] < Cexp(ct?) ;
() T71E C > 0 FEHMNEE k > 1 BfIE E[|X|*] < (Ck)¥/2 -
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Question 2.4.27: Let X be a real random variable and k& > 0. If X is in L¥, prove that when A\ — oo, we FIRE 2427 . S X ABRMEEE L >0 - BEXEL P BHEE )\ — o K &ME
have that
MP(IX| > \) — 0. M P(IX| > \) — 0.
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