Discrete Time Markov chains

7.1 Definitions and Basic Properties

In this section, we discuss the discrete time Markov chains. These are special stochastic processes satisfying
the property that at a given time, the future evolution depends only on the state at the current time instead
of the past of the whole process.

We take E to be a finite or countable set equipped with the o-algebra P(E).

Definition 7.1.1: A function Q : E x E — R is called transition matrix (EF5%EE) or stochastic
matrix (FEFSXEPE) on F if it satisfies

(1) 0<Q(x,y) < lforallz,y € E;

2) YyepQz,y) =1forallz € E.

Remark 7.1.2 : The notion of transition matrix on £ is equivalent to the notion of transition probability
from E to E. Indeed, given a transition matrix () on F, we may define v : E x P(FE) — R by

viz,A) = Z Q(z,y), Vre E,ACE.
yeA

Then, one can easily check that v is a transition probability from E to E. Conversely, given a transition
probability v, we can obtain a transition matrix on E by letting Q(z,y) = v(x, {y}).

Definition 7.1.3 : We define ),, = Q" for all positive integer n > 1. In other words, @)1 = @ and
the following recurrence relation holds for all n > 1,

Qn+1 (:an) = Z Qn(l'a Z)Q(Z,y). (7.1)

zeE

This equality is called Chapman-Kolmogorov equality (Chapman-Kolmogorov ). We can check
that @, is still a transition matrix on E. In order to extend the validity of to the case n = 0, we may
define Qo(z,y) = 1,—,, which is a diagonal transition matrix.

Definition 7.1.4 : For any function f : E — R>(, we define Q f : E — R to be

Qf(x)=>_ Qz,y)f(y), VzecE. (7.2)
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Remark 7.1.5:
(1) The summation in (7.2) is always well defined, being a countable summation of non-negative terms.

(2) If we see f as a column vector, then the way the function @ f is defined is exactly through a matrix
multiplication.

Definition 7.1.6 : Let ) be a transition matrix on F and (X}, ),>0 be a stochastic process with values
in E. We say that (X, ),>0 is a Markov chain (§B]XE&) with transition matrix Q if for all n > 0, the
conditional distribution of X,,1 knowing (X¢, X1,...,X},,) is Q(X,, ). Since F is a discrete space,
this condition is equivalent to the follows,

]P)(XnJrl =Y ’ Xo=z0,..., X, = mn) = Q(l‘n,y)’

for all zg, z1,...,xn,y € E with P(Xg = zg,..., X, = z,,) > 0.

Remark 7.1.7:

(1) In general, the conditional distribution of X,,; knowing (Xo, X1, ..., X,) does not only depend on
X,, but on Xy, X1,...,X,. In the case of a Markov chain, the fact that the above conditional dis-
tribution only depends on X, is called Markov property (FEBIX1$E) . This should be understood
as follows: knowing the whole past (X, X1,..., X,) does not give more information than knowing
only the current state X,.

(2) The conditional distribution Q(x, -) mentioned above does not depend on the time n. In this case, we
say that the Markov chain is homogeneous (¥3%]) . We may also consider a transition matrix that
evolve with time n.

Proposition 7.1.8 : Given a stochastic process (Xy,)n>0 with values in E. Then, (X,)n>0 is a Markov
chain with transition matrix Q) if and only if for alln > 0 and xg, 1, . .., x, € E, the following holds,

P(Xo =20y .- ,Xn = a:n) = IF’(X() = l‘o)Q(l‘o, 331) cen Q(l’n_l, Qj‘n). (7.3)
Besides, when P(Xo = xo) > 0, we have

P(X,, = zn | Xo = z0) = Qn(x0, zp). (7.4)

Proof : Let (X,,)n>0 be a Markov chain with transition matrix (). Then, we have
P(XO =Ty -+, XTH—l = .an+1)
:P(X() :.I'(),...,Xn :(Bn) X P(Xn+1 = Tn+1 ’XQ :xo,...,Xn :mn)
= P(XO = X0y Xn = .’En) X Q(acn,xn+1).

Hence by induction, we obtain Eq. (7.3). Conversely, if Eq. (7.3) holds, we can check

P(X, =y, Xo=1x9,...,Xp =2
- yeeyAn — L
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Finally, the marginal distribution Eq. (7.4) can be obtained from the following,

Qn(xo,xn) = Z Q(zo,x1) ... Q(zp—1,p).

1, Tn—1€E

Remark 7.1.9 : We know from Eq. (7.3) that the initial condition, or the distribution of Xy, along with the
transition matrix @), determines the distribution of the whole Markov chain (X},),>0.

The following proposition contains different properties of a Markov chain.

Proposition 7.1.10: Let (X,,),>0 be a Markov chain with transition matrix ().

(1) For alln > 0 and non-negative measurable function f : E — R, we have
E[f(Xnt1) [ Xo, X1, ..., Xu] = E[f(Xnt1) [ Xn] = Qf (Xn).
More generally speaking, for any finite subset {i1, ... ,ix} of{0,...,n — 1}, we have
E[f (Xn41) | Xiy, - -+, Xy, Xn] = QF (Xn).
(2) Foranyn > 0,p > 1 andy1, ...y, € E, we have

HJ>(Xvn+1 =Yi--- 7Xn+p =Yp ’ iy oa: vXn) = Q(Xna yl)Q(yla y2) cee Q(ypfl, yp), (7.5)

and in consequence,
P(Xn+p = Yp ’ Xn) = Qp(Xna yp)- (7.6)
If we set Y, = X, 1p, forallp > 0, then (Y},)p>0 is still a Markov chain with transition matrix Q.

Proof :

(1) From the definition, we have

E[f(Xn—i-l)’XOw--v ZQ nyy Qf( )

yeE

Moreover, if {i1, ..., } is a finite subset of {0,...,n — 1}, we have

Elf(Xpn41) | Xiy, - s Xips Xn] = E[E[f (Xpp1) | X1y, Xn] | Xiys -0 Xy, X5
=E[Qf(Xn) | Xiy, - Xip» Xn)
(2) Eq. (7.5) is a direct application of Eq. (7.3). Similarly to the proof of Eq. (7.4), Eq. (7.6) can be

obtained by summing all the possible values taken by ¥1,...,y,—1. To conclude, we obtain the
following from Eq. (7.5),

]P)(Yb = Yo, - - - 7Yn = yn) = P(XTL = yU)Q(y07 yl) s Q(ypfla yp)a
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and use Proposition 7.1.8.

Example 7.1.11: Below are examples of Markov chains.

(1) (Independent random variables) If (X, ),>0 is an i.i.d. sequence of random variables with values
in E, let us denote by p the distribution of any term, then (X,),>0 is a Markov chain with
transition matrix

Q(z,y) = pw(y), VYr,yek.

(2) (Random walk on Z%) Let n,£1,. .., &, be independent random variables with values in Z¢.
Assume that (;,),>1 is an i.i.d. sequence with distribution x. For all n > 0, let

Then, (X,,)n>0 is a Markov chain with transition matrix

Q(l',y) :M(y—l‘), Vm,yEE
Using the independence of §,,1 with (Xo, ..., X,,), we have
P(Xn—i-l = y|X0 :x(]’"')Xn = l’n)

:P(£n+1:y_xn|X0:x07---aXn:1'n)
=P(€nt1 =y — Tn) = p(y — zn).

Let (e1,...,eq) be the canonical basis (IEBIIEJEK) of R%. The Markov chain (X, ),>0 is called
symmetric simple random walk (¥TBRIEREREED) on Z7 if u satisfies

ules) = pl(—ei) = %, Vie{l,...,d).

(3) (Simple random walk on graphs) Let E be any set, P2(F) be the set consisting of all the pairwise
disjoint elements from E and F' be a subset of Py(E). For all x € FE, set

F,={ye E:{x,y} € F}.

We assume that the set F}, is not empty and is finite for all x € E. Let us define () to be the
transition matrix on F,

F.|=' if{z,y} € F,
Vm,y S E7 Q(xay) = { ‘0 x| OtlierWi}Se-

A Markov chain with transition matrix Q is called simple random walk (BIEEREHE24) on the
graph (E, F').

(4) (Branching process) We recall the branching process discussed in Example  6.3.8
and Exercise 6.24.

Let 1 be a probability distribution on non-negative integers. Assume that 4 is integrable and
denote its expectation m < oo. We exclude the special cases where p1 = ¢ or d;. Consider an
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iid. sequence (&, j)n, >0 of random variables with distribution y. Fix an integer £ > 1, and
define another sequence (X, ),>0 of random variables by induction,

Xo =14,

Xn
Xn+1 = an,j7 Vn = 0.
j=1

The random process (X, )n>0 can be understood as the evolution of a parthenogenetic popula-
tion where p is the distribution of the offspring of each family member, and the population at
the n-th generation is given by X,,. In this case, (X, )n>0 is a Markov chain on E = Ny with
transition matrix

Q(z,y) = w*(y), Va,y € Ny, (7.7)

where 11** is the z-fold convolution (3#&) of 1 with itself, which can also be interpreted as the
distribution of the sum of z i.i.d. random variables with distribution . Eq. (7.7) is a consequence
of the below computation,

P(Xns1 =y|Xo=20,...,Xn =xp)

P(ign,j:y‘XOZxO,...,Xn:xn)
j=1

P (i &ng=Y) = 1 (),
j=1

where in the second equality, we use the property that (&, ;);>1 and X, ..., X, are indepen-
dent.

7.2 Canonical Markov Chain

In Definition 7.1.6, we gave the property that a Markov chain needs to satisfy. In the below proposition,
we explain, given a transition matrix, how to construct a corresponding Markov chain. Later in Theorem
7.2.3, we will see the uniqueness of the distribution of such a Markov chain. Thus, we can say the Markov
chain instead of a Markov chain when the transition matrix is given.

Proposition 7.2.1: Let ) be a transition matrix on E. We can find a probability space (', F', ') such
that for any x € E, we can construct a Markov chain (X)), >0 with transition matrix ) and initial state
X5 ==

0

Proof : Take ' = [0,1), 7/ = B(€) and ' to be the Lebesgue measure. For any real number
w € [0, 1), we have the dyadic expansion,

w=Y en(w)27"",  en(w) € {0,1}.
n=0

The above provides us with an iid. sequence (&,,)n>0 of random variables such that P(e,, = 1) =
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P(e, =0) = % If ¢ : Ng x Ng — Ny is an injective function, define 7; ; = Eo(i,f) for all 4, j € Ny,
then (7); ;)i j>o is still an ii.d. sequence of random variables. Let

Vi 2 0, Ul = Zni,j2_j_1-

>0

Then, (U;)i>0 is an i.i.d. sequence of random variables with the uniform distribution on [0, 1].
Since E is countable, we can enumerate the elements by y1,y2,.... Given x € E, let X§ = x and
we define the value of X7 using the uniform random variable U,

Xt =y if ) Qoy)<Uo< > Qz,y)).

1<j<k—1 1<j<k

We can easily check that we do have P(XT = y) = Q(z,y) for all y € E. Then, similarly to the
definition of X{, we define the Markov chain (X'),>0 by induction: for all n > 0, define

qu-}-l:yk if Z Q ,yj n < Z Q(nyayj)

1<j<k—1 1<i<k

Then, using the independence of (U;), we reach at

P(Xyi =k X5 =20,..., X, = xn)

:p( > Qany) <Un< ). Qn,y))

1<j<k—1 1<j<k

XSCZJ?(),...,X;U:%‘”)

—P ( Y Qan,y) <Up< ) Q(wmyj))

1<j<k—1 1<j<k
As a consequence, (X)), is a Markov chain with transition matrix Q. O

In what follows, we will choose a canonical space on which the Markov chain is defined. If the state space
is I, the sample space is {2 = EN°. An element w €  in the sample space is written as w = (wp, w1, - - . ),
which is a sequence in F. For all n > 0, we can define the coordinate function (@1‘?@%{) X, to be

X, : Q= EMNo - F
w=(wo,wi,...) = Wy

On (2, we consider F to be the smallest o-algebra that makes all the coordinate functions X, measurable,
that is

F:=o(X; (z):Vn>0Vz € E).
This o-algebra can also be generated by the following cylindrical events (ElI#FZE4)

Yn >0, Vzo,...,zp,€FE, C={weQ:wy=u1xp,...,wn=2=Tpn}.
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In the rest of this section, we will define a probability measure on €2 so that we can talk about the uniqueness
of the Markov chain in the sense of distribution.

Proposition 7.2.1 above gives the existence of the Markov chain once the transition matrix and the initial
state are given. The uniqueness, however, does not hold in general. As discussed in Section 2.1.2, the random
variable itself is not unique, what is unique is its distribution.

Lemma 7.2.2: Let (G,G) be a measurable space and ) : (G,G) — (2, F) be a function. Then, the
two following properties are equivalent.

(1) X, o is measurable for alln > 0.

(2) 1 is measurable.

Proof : We only need to prove that (1) = (2). Let
F ={AcF:y YA eg}

It is not hard to check that 7 is indeed a o-algebra on . For any fixed y € F, since E is discrete, {y}
is measurable. By (1), we know that v 1 (X, 1 ({y})) = (X, o¥) t*({y}) € G,s0 X,;'({y}) € F.

Therefore, ' makes all the coordinate functions X,, measurable, giving the equality 7' = F. U
/
(G:g) N 0 (Qlw’rl) L) [07 1]
Xnowi (2, F) XpoW Py
(B, P(E)) ’ X, ’

Figure 7.1: Left: The coordinate function X, is measurable for all n > 0.
Lemma 7.2.2 states that v is measurable if and only if X,, o ¢ is
measurable for all n > 0. Right: For the construction of the canon-
ical Markov chain in Theorem 7.2.3, we push forward the measure
defined on (', F') to the canonical space (2, F).

Theorem 7.2.3 (Canonical Markov chain) : Let () be a transition matrix on E. Then, for allx € E,
there exists a unique probability measure P, on Q@ = ENO such that the stochastic process defined by the
coordinate functions (X, )n>0 is a Markov chain with transition matrix Q) and P, (X9 = z) = 1.
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Proof : Let x € E. Proposition 7.2.1 gives the existence of a probability space (€', ', ') on which
we can construct a Markov chain (X7),,>0 with transition matrix () and X§j = x. From Lemma 7.2.2,
the below function is measurable,

T: Q — Q= FE®h

W= (X5 (W)nzo

Let us define P, to be the image measure of P’ under VU, thatis P, =P’ o U~ then we have
P (Xo=2)=P oV 1 (Xg=2)=P (X =2)=1.
Then, for all xg, z1,...,x, € E, we also have

P.(Xo = 20,..., Xpn =) = P(X§ =w0,...,XF = z,)
=P(X§ = 20)Q(z0, 1) ... Q(zn—1,2n)
=P, (Xo = 20)Q(x0,21) ... Q(@p—1, Tn).

Hence, from Proposition 7.1.8, under P,, (X,,)n>0 is a Markov chain with transition matrix ) and
initial position x.

Then we discuss uniqueness. If P, and P, both satisfy the properties required by the theorem, then
they take the same value on all cylindrical events. Since the set of cylindrical events is closed under
finite intersections and generate the o-algebra F, the monotone class lemma tells us that P, = P/,
(see Corollary 1.1.19). O

Remark 7.2.4:
(1) From Proposition 7.1.8, we know that we have, for alln > 0 and z,y € FE, that

Px(Xn = y) = Qn(xa y)
(2) If p is a probability measure on F, denote

]P),u = Z ,U(:E)]P)xa

Tz€E
which is a probability measure on (2. We can check that under P, the process (X, ),>0 of coordinate
functions is a Markov chain with transition matrix () and Xg has distribution p.
(3) On the probability space (€', F', '), if (X, )n>0 is a Markov chain with transition matrix ) and initial
distribution p, then for any measurable set B C ) = ENo_ we have

P((X;)nz0 € B) = Pu(B).

In the proof of Theorem 7.2.3, we know that the above holds for all cylindrical events, hence for all
the measurable events from the monotone class lemma. This equality tells us that any statement that
holds for the canonical Markov chain will also be valid for any Markov chain with the same transition
matrix, and the same initial condition.
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Next, we will discuss the Markov properties (BRI XM H) , and some more notations need to be intro-
duced.

Definition 7.2.5 : First, we define the translation operator (‘F# % F). For all non-negative integer
k > 0, define 0, : 2 — Q to be

Ok ((Wn)n=0) = (Wk+n)n>0-

From Lemma 7.2.2, we know that these operators are measurable.

Also, let us write F,, = (X, X1,...,X,) for all n > 0, meaning that (F,,),>0 is the canonical filtration
(IERIEEE) of (X,,)n>0. Besides, we write E, for the expectation under the probability measure P,.

Theorem 7.2.6 (Simple Markov property) : Let G be a non-negative measurable function on (2. Fix
n > 0. Then, for any fixed x € E, we have

Ex[F -Go en] =E, [F EXn [GH’ (7.8)

for every non-negative J,,-measurable function F'. Equivalently, for any fixed x € E, the above can be

reformulated as follows,
E.[G 06, | F,] = Ex, [G], (7.9)

which can be interpreted as: the conditional distribution of 0,,(w) knowing (Xo, ..., X,) isPx,,.

Proof : The second part of the theorem is equivalent to the first part, so we only need to show the first
part. To prove Eq. (7.8), we only need to check it for all g, x1,...,z, € F and F of the form

F= ]lXo:ﬂﬁm---,Xn:xm
Similarly, for p > 0 and yo, ..., ¥y, € F, consider
G = ]]'XO:yOyn-sz:yp' (7.10)

Given y € F, we have
Ey[G] = 1yo=yQ(yo, y1) -+ Q(Yp-1,Up),

and

]EI[F Goen] :PI(XO = ‘TOa"'uXTL :xn’Xn = Z/O>Xn+1 = yl)”'aXn-i-p = yp)
= ﬂx():xQ(:p07 .’Bl) o Q(xn—h xn)]lyo:$nQ(y07 yl) e Q(yp—17yp)7

so Eq. (7.8) is true for GG of the form Eq. (7.10). The monotone class lemma then allows to conclude that
Eq. (7.8) holds for all G = 1 4 with A € F. O

The above theorem is a general form of the simple Markov property, meaning that knowing the past
(Xo,...,X,), the distribution 6,,(w) of the Markov chain in the future time only depends on the current
state X,,. Below we will talk about the strong Markov property (3RFERIKXME), in which case the “current
time” needs not to be a deterministic time n but is given by a random variable 7T'. Later in Section 7.3, we
will see some applications of the strong Markov property.
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Theorem 7.2.7 (Strong Markog property) : Let T' be a stopping time with respect to the filtration
(Fn)n>0 and G be a non-negative measurable function defined on Q). Then, for any fixed x € E, we
have

IEJ:[]lT<c>o-F -Go QT] = IEac[]1T<oo-F ]EXT [GH7 (7-11)
for every non-negative Fr-measurable function F'. The above can also be reformulated as below for any
fixedz € E,

Ez[l7<ooG 0 07 | Fr] = L1<oo Ex, [G]. (7.12)

Remark 7.2.8 : We can note that the random variable X7 is defined on a Fr-measurable set {T' < oo} and
is Fr-measurable. The expectation Ex, [G] is a random variable which is also defined on {7" < oo}. It can
be seen as the composition between the functions w — X7 (w) and z — E;[G].

Proof : Given n > 0, since 17—, F is F,,-measurable, we can apply the simple Markov property stated
in Theorem 7.2.6, giving

EI[]IT:nF -Go QT] = Ex[]lT:nF -Go Gn] = Ex[]lT:nF EXn [GH

Then, we take the summation over n € Ny and obtain Eq. (7.11). O

Corollary 7.2.9: Let T be a stopping time satisfying P, (T < oo) = 1. Suppose that there existsy € E
such that P, (X1 = y) = 1, then under the probability measure P,, 07 (w) is independent of Fr and has
the same distribution as IP,,.

Proof : It is a direct application of Theorem 7.2.7,

Eo[F - G(0r())] = Eo[F' Ex,[G]] = Ex[F Ey[G]] = E.[F]E,[G].
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