Ergodic Theorem

We have seen in Corollary 7.5.3 that a recurrent and irreducible Markov chain has ergodicity, in this
chapter, we will going to discuss the ergodic theory in a more general setting. This can be understood as the
strong law of large numbers discussed in Theorem 4.3.1 where we extend the result to sequences of non i.i.d.
random variables.

8.1 Measure-Preserving Transformations and Properties

Definition 8.1.1: A random process (X,,),>0 is a stationary sequence (FF4&F5!) or a stationary pro-
cess (FIZBIR) if for all non-negative integer k£ > 0, the random processes (X, )n>0 and (X, 4% )n>0
have the same distribution.

Example 8.1.2: Below are a few examples of stationary processes.
(1) Any iid. sequence (X, ),>0 of random variables is a stationary process.

(2) Let (X}, )n>0 be a Markov chain with transition matrix Q. If it possesses a stationary probability
measure 7, then when X ~ 7, the random process (X, ),>0 is stationary, see Remark 7.4.3.

Then, we introduce the notion of measure-preserving transformations, generalizing the notion of stationary
processes.

Definition 8.1.3 : Given a probability space (€2, F,P). A measurable function ¢ : Q@ — 2 is said
to be a measure-preserving transformation (RIEESFIEEHR) on (Q, F,P) if P(¢~1(A4)) = P(A) for all
A € F. In this case, we also say that PP is an invariant measure (RERIE) for .

More generally speaking, we do not need to assume that (€2, 7, P) is a probability space in Definition
8.1.3, it is enough to have a o-finite measured space. Since our class is about probability theory, we will only
focus on the case of probability spaces in what follows.

Example 8.1.4 : Below are a few examples of measure-preserving measures.

(1) Consider the measured space (R%, B(R%), A%), then for any y € R, the translation function
Oy: o — z+y

is a measure-preserving transformation.
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Chapter 8 Ergodic Theorem

(2) Consider the unit circle S! = {x € C : |z| = 1} and the uniform probability distribution x
defined above. For any 3 € R, we can define the rotation operator

95 . e27ria — 627ri(a+/3’).

which is a measure-preserving transformation on (S*, B(S'), ).

(3) Consider the probability space ([0, 1], B([0, 1]), P), where P is the Lebesgue measure on [0, 1].

Then,
2x ifx €0,
0(x) = { [l
2

is a measure-preserving transformation.

The below proposition shows that, the notion of a stationary sequence defined previously is indeed a
special case of invariant measure with respect to a properly chosen measure-preserving transformation.

Proposition 8.1.5: Let E = R or R? be the state space, 2 = EN0 be the sample space, F = B(E)®No
be the smallest o-algebra making all the coordinate functions measurable, P be a probability measure

n (Q, F). Ifw ~ P is a stationary process, then the shift operator (HEFBH F) 0 := 0, defined as
0((wn)n>0) = (Wn+1)n>0 is @ measure-preserving transformation on (2, F,P).

Proof : First, let us check that 6 is measurable. For any cylinder event A in F, we have §~}(A) = Ex A
which is also a cylinder event. At the same time, we know that the cylinder events generate F, so 0 is
measurable. Then, due to the stationarity of P, we have P(A) = P(§~!(A)) for all cylinder event A, so
the measures IP and P o ! take the same value on the collection of cylinder events which generates
F. We are done with the proof. (]

Proposition 8.1.6 : Let (2, F,IP) be a probability space. If ¢ is a measure-preserving transformation
on (0, F,P), then for any random variable X : (Q, F,P) — (G, G) taking values in a measurable
space (G, G), we can define X,,(w) = X (¢"(w)) for any non-negative integer n > 0, and we have that
(Xn)n>0 is a stationary process.

Remark 8.1.7 : In Proposition 8.1.6, if we choose (2, F) = (EYo, B(E)®No) and (G,G) = (E,B(E))
and assume that the shift operator 6 is measure-preserving, then by taking X = X, we get the converse
of Proposition 8.1.5. This tells us that a stationary sequence is indeed a special case of invariant measure
with respect to a properly chosen measure-preserving transformation.
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Proof: Givenn > 0 andlet B € G®*D and A = {w € Q: (Xy(w),..., X, (w)) € B}. Then,

P(X(), - Xeyn(w)) € B) = Pl 9*(w) € 4)
(weA)

=P
= P((Xo(w), ..., Xn(w)) € B).

Definition 8.1.8 : Let ¢ be a measure-preserving transformation on the probability space (€2, F, P).
The invariant set (TE5H) of p is defined as

I=TI,={AcF:p (A=A} (8.1)

We can check that Z,, is a o-algebra, so it is also called invariant o-algebra (F% o XE) of ».
Additionally, if Z,, is a trivial o-algebra, we say that ¢ is ergodic (BEETE) .

Question 8.1.9: Check that the invariant set Z defined in Definition 8.1.8 is indeed a o-algebra.

Remark 8.1.10: If p is not ergodic, then we can find A € Z such that p(A) = A, ¢(A¢) = A°andP(A) > 0,
P(A°) > 0. In other words, ¢ is reducible.

Question 8.1.11: Let (£2, 7, P) be a probability space on which we consider a measure-preserving transfor-
mation ¢.

(1) A random variable X : (2, F,P) — (R, B(R)) is Z-measurable if and only if X o p = X.

(2) ¢ is ergodic if and only if all the Z-measurable random variables X : (2, F,P) — (R, B(R)) are
P-a.s. constant.

For a given sequence (X,,),>0 of random variables, we recall the asymptotic c-algebra (Fi o X))
defined in Definition 4.2.1, which we also call tail o-algebra (Bl o X&), detnoed T,

T=F" F'=0(Xp, Xps1,...), ¥n>=0.

n=0

Proposition 8.1.12: Let E = R or R? be the state space and Q@ = E™° be the sample space. Take
F = B(E)®Yo and assume that the shift operator 6 is measure-preserving. Then, T C T.

Remark 8.1.13: Consider the case where (X, ),>0 isanii.d. sequence. By Kolmogorov’s 0-1 law (Theorem
4.2.2), we know that 7T is a trivial o-algebra, so Z is also trivial. In other words, for any ii.d. sequence of
random variables, the shift operator is ergodic.
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Chapter 8 Ergodic Theorem

Proof : Given an invariant set A € 7, we have
A=0"YA)={w:0w) € A} € FL.

If we keep iterating, we obtain A € F" for allm > 0, thatis A € 7. |

Question 8.1.14: Please find an example with Z C 7.

Definition 8.1.15 : We keep the notations in Proposition 8.1.5. If w ~ P is a stationary process and
the shift operator 6 is ergodic, we say that w = (wy, )n>0 is an ergodic process (BEFIBIE) .

Remark 8.1.16 : We note that, according to Definition 8.1.15, for a random process to be called ergodic,
it needs first to be stationary. If we come back to the setting of Markov chains, Remark 7.4.3 says that if a
Markov chain evolves from the initial state given by its stationary probability measure (assuming existence),
then we do have a stationary process. However, for a recurrent and irreducible Markov chain, even without
the assumption of stationarity, for any given initial state P and bounded (or non-negative) function f : £ —
R, the ergodic theorem (Corollary 7.5.3)

1 n

- Z f(Xg) — p(f), P-a.s.

" =0

holds and sometimes we also say such a process is ergodic.

Now, let us discuss the ergodicity of Markov chains in the sense of Definition 8.1.15.

Proposition 8.1.17 : Given a Markov chain (X,,),>0 defined on a countable state space E and assume
that it has an invariant probability measure T such that w(x) > 0 for allx € E. Then, the Markov chain
(X )n>o is irreducible if and only if it is ergodic.

Proof : First we note that, by Example 8.1.2 (2) and Proposition 8.1.5, we know that the shift operator
6 is a measure-preserving transformation for P.

We can show that all the states are recurrent by adapting the proof of Proposition 7.4.15. Moreover,
Theorem 7.3.6 says that ' = LIR,; where R;’s are disjoint irreducible sets. Besides, we also know that
if Xg € R;, then X, € R; for alln > 1, implying

{w : Xo(w) € Rz} er, V1.

In consequence, this tells us that if a Markov chain is not irreducible, then the shift operator 6 is not
ergodic.

Conversely, consider A € 7y, then for any iteration of the shift operator 6,, = 6", we have 1 406,, =
1 4. Hence, if we define F,, = o(Xy, ..., X,,) for n > 0, the simple Markov property gives

Eﬂ[]lA | Fn] = Eﬂ[]lA obp | ]:n] = EXn[]lA] = h(Xn)v
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Chapter 8 Ergodic Theorem

where h(z) = E,[14]. Since A € 7 and the left side of the above formula is an uniformly integrable
martingale, Theorem 6.5.6 implies that it converges almost surely to E;[1 4 | Fx] = 1 4. Besides, since
(Xn)n>o0 is irreducible and recurrent, for any y € FE, the right side of the above formula can take the
value h(y) infinitely many times, so h = 0 or h = 1, thatis P,(A) =0 or 1. O

Below is a useful criterion to check whether a measure-preserving transformation is ergodic.

Definition 8.1.18: Let  be a measure-preserving transformation on the probability space (€2, F, P).
We say that ¢ is mixing GEEM) if forall F,G € F,

P(FNe™™(G)) — P(F) P(G),

n—oo

Lemma 8.1.19 : Let ¢ be a measure-preserving transformation on the probability space (2, F,P). If ¢
is mixing, then o is also ergodic.

Proof : Let ' € 7. Then, we have
P(F) =P(F Ny "(F)) — P(F)>.
This gives P(F) = P(F)?, that is P(F) € {0, 1}. Hence, ¢ is ergodic. O

Exercise 8.6 is an example where we use Lemma 8.1.19 to check that a measure-preserving transformation
is ergodic. Exercise 8.14 also gives another useful lemma to check the ergodicity.

8.2 Birkhoff’s Ergodic Theorem

In this section, we fix a probability space (€2, F,P) on which we consider a measure-preserving transfor-
mation ¢. Let X : (2, F,P) — (G, G) be a random variable and define the random process (X}, ),>0 with

Xn(w) = X(¢"(w)).

Theorem 8.2.1 (Birkhoff’s ergodic theorem) : Let X € L'(Q, F,P) be an integrable random variable
and  be a measure-preserving transformation on (S, F,IP). Then, the following convergence holds P-a.s.

and in L1,
n—1
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Chapter 8 Ergodic Theorem

Lemma 8.2.2 (Hopf’s maximal ergodic lemma) : If we define

So =0, Sn:ZXocpk, Vn > 1,
k=0

M, = max Sy, Vn > 1,
0<k<n

then for alln > 1, we have

Proof : Given a positive integer n > 1. First we note that
Si+1 =X + Sk 0 ¢, Vk > 0.
Thus, we have, for 1 < k < n,
Se=X+Sg 10p< X+ M,o.

On the event {M,, > 0}, we have M,, = maxj<r<, S (note that the index k starts from 1 instead of
0). We can multiply the above formula by 1/, ~o and take max on the left side for 1 < k& < n to obtain

MnTaz,>0 < (X + My o)L, 0.
Finally, we conclude by writing

E[XTar,>0] [Mn1 1, 0] — E[(Mp 0 0) 1z, >0]

>E
> E[M,] - E[My 0 ¢] =0,

where in the inequality in the second line, we use the fact that M,, = 0 and M,,0p > 0 on {M,, > 0}°,
and in the last equality, we use the assumption that ¢ is a measure-preserving transformation. (]

Now we are ready to prove the ergodic theorem in Theorem 8.2.1.

Proof : We can assume E[X |Z] = 0 since without loss of generality, we can replace X with X —
E[X |Z]. Now we want to show
1 n—1
=3 Xp——0. (8.2)
=0 n—oo

Given € > 0 and let g
L. = {limsup—n > E}.

n—oo N

To prove Eq. (8.2), it is sufficient to show P(L.) = 0 then replace X with —X by symmetry to conclude,
since ¢ is arbitrarily small.
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Chapter 8 Ergodic Theorem

Define the following notations
VkZO, X}z:(Xk—{f)]lLs,

n—1
vn>0, S;=> X  M;= max S;.
k=0

We note that L. = ¢~ (L), hence L. € Z and (X} )= is a stationarity process. Using Lemma 8.2.2,
we obtain

¥n>0,  E[Xly:s0] > 0.

Taking the limit n — oo in the above formula, we get

E[X(E)]lsupn>o SZ>0] 2 0.

But at the same time, we have

S
SE>0p = L >setnL, =L,
{sup s >0} = {sup= > ef 0L = L.
SO

0< IE[(XO — E)HLS} = IE[]IL8 IE[X \I]] — EP(LE) = —eP(L,).

This tells us that P(L.) = 0, giving the a.s. convergence in the ergodic theorem.

Next we discuss the L' convergence. We may show that (S—;)n% is uniformly integrable to deduce
the L' convergence. But we will use the following more straightforward method.

Given M > 0 and define

X' =X1ljx<y and X"=X - X'
Using the a.s. ergodic theorem above, we have
1 n—1
- > X' ogh —— EX'|Z], as.
k=0

Since X’ is bounded, from the dominated convergence theorem, the above convergence also holds in
L'. Then we note that

1 n—1
E ’( > X"o*) —E[X" yz]‘ <2E[X"|] —— 0.
™ k=0

M—o0

Therefore, for any € > 0, we can choose a large enough M such that E[| X”|] < &, then a large enough
n such that

1n71
E|=S X’ k—EX’IHg
|n Zx/oe - Bx ]| <

to deduce the L' convergence of the ergodic theorem. ]
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EHEFARMP(L.) =0 FLIEE as. WHAGERETEIE -
BERPIRETER L' PRI - MATTLUER (52),, AT HE - RMEESE L' 08
BRI LUEA TR EERN G A -
BT M >0 EfIE&E

X'=Xlxey B X'=X-X

FAFIEFREN as. BETEIE  BRMHEE

1 n—1
=Y X'oypf — 5 E[X'|T], as.
n =0 n—oo

MR X' B RIESH EREFIRERE - BRREEETE L il - H#ERFPERE

E <2E[X"|] —— 0.

M—o0

n—1
’(Tll ZX”OSOk) —E[X” ’I]‘
k=0

FEEHRER ¢ > 0 ° RFITLCERHAN M FEB E[ X)) < ¢ » BEBHAN » - F15
1 n—1
E||=Y X oo —E[X'|T]|| <,
32 |

EMFE L' WHAEREERE - O
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Chapter 8 Ergodic Theorem

Question 8.2.3: We keep the notations in Theorem 8.2.1 and assume additionally that X € LP(Q), F,P).
Prove the LP convergence of the ergodic theorem.

Example 8.2.4 : Below are a few applications of Theorem 8.2.1.

(1) If (X&)x>0 is an i.i.d. sequence of random variables in L!, Remark 8.1.13 says that Z is a trivial
o-algebra, giving the following a.s. convergence and L' convergence,

1 n—1
=Y X, —— E[Xq).
n =0 n—oo

(2) Consider an irreducible Markov chain (X,,),>0 on a countable state space F with invariant
probability measure . In Proposition 8.1.17, we have seen that the shift operator 6 is ergodic
with respect to .. Let f : E — R with u(|f|) < oo, then we have the following P,-a.s.
convergence and convergence in L',

n—1
LS FX) o Byl Za) = ().

=0

(3) We carry on the discussion of the rotation operator on the unit circle from Example 8.1.4 (2).
According to Exercise 8.12, when 0 is irrational, 64 is ergodic. Thus, given A € B(S'), we have

1 n—1

o g::o ]leg(w)e,q —— u(A),

n—0o0

where 1 is the uniform probability measure on S'. This is Weyl’s equidistribution theorem (5

DEEIR).

8.3 Recurrence of Stationary Sequences

In this section, we discuss the recurrence of stationary sequences using the ergodic theorem seen in Section
8.2.

Below, we want to consider random processes indexed by time steps in N with values in R%. We define
the sample space to be Q = (R?)N and the usual o-algebra F := B(R%)®N, which is the smallest o-algebra
making all the coordinate functions measurable. Let P be a probability measure such that the shift operator
6 is measure-preserving on the probability space (£2, F,P).

Take w ~ P, that is the sequence (Xj(w))r>1 given by the coordinate functions is stationary with values
in RY. For all positive integer n > 1, let
Sn=X1+ -+ Xp,
Ry = {51, Sn}l-
If we interprete (X )x>1 as increments of a random walk, then S,, represents its position at time n, R,, the
number of sites visited by the walk up to time n.

We have the following result.
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BNE BEEE

fRE 8.2.3 : FFPHAERE 8.2.1 FRVECHE » BHIREK X € LP(Q, F,P) - 5% LP WHBIEEEE -

&0 8.2.4 : TYERETIE s.2.1 BIFER -

(1) & (Xp)rso =f8 iid. BE L' PRIBEHEEFS » BHEEE 811318/ » Z /FN o KB
FITIE as. WRKRTE L' IR

n—1
! > Xk —— E[X)].
" k=0
(2) EREAHZER F ENATNEETRE (X,,)ns0 @ LRRMEFREERAE 1 - BT
G117 BRETHBET (HRP, BEBEE -8 1 F — REE u(|f]) < 0o °
AIFEME T Pyas. K& LT WK :

n—1
% > f(Xk) ——= Bulf | Zg] = u(f).
k=0

(3) FIHERBSTEREED 8.1.4 (2) PEBHIENE LRRBETF - RIFEE 8.12 » HFIETE 0
RHEIBHET - 0; AEBEE - Bt - 187 A € B(S) » &HMEH

n—0o0

1 n—1
o 1;) ]lag(w)eA — u(4),

Hrh B S' LRI EKAIE - 8- Weyl WEDMEIR (equidistribution theorem) °

F=H FRFIINERME
FENET - RFMEMSE 8.2 HTHSEETERRN TEFSINERM -

UTHEMEZENEREE N £ » BETE R? PRFEEETRE - BOIEREAZTZR[ Q= R)Y » E&
o K8 F .= B(RY)®N BEEEZREAANR) o KB » RIEKRAE P FEHBEF 0 2B KT
B (Q, F,P) LRVRIESFEE R -

£~ P REER  ERRBRENFT (X)) ARELE R RHTEFS  HRFAE
BHn>1"%

Sp=X1+-+X,,

Ry =|{S1,-++, S}l
SIS (X,)1o1 BIERISES OS2SR A 5, BRHSES RN« WE R, BREESER
B0 AL - BEBRIENE -
BTG TAUER -
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Chapter 8 Ergodic Theorem BNE EETIE

Theorem 8.3.1: Let T 831

A={S,#0, Vk > 1}.
{Sk # } A={S,#0, Vk > 1}.

Then we have the following convergence,

AT FIE THIUER
B as, pia|1) T as
n : o — P(A|Z).
Proof : First, we note that R,, can be represented as R,, = | B,,| with 2 BARMERR ) R, IUBE R, = |B,| E¥ B, &M :
By ={m=1:5u1k #Sm, V1<k<n—m},  Vn>1 By={m=>1:Sp1#Sm, V1<k<n—m}, VYn>1
Since the following equivalence holds for all integers m > 1, RS E R > 1 0 BRI9E T @RS :
~ ~ prn = = B 7N =
07(w) € A& w € {Smpk = S £ 0, Yk 2 1}, 07 (w) € A5 w € {Sph — Sm #0, VE > 1}
m-+k — “m ) = )
we have s
]2 alSE=]

R, 2 > 14(0™(w)), Vn > 1. .
m=1 R, > Z 1A(0™(w)), Vn > 1.
From Birkhoff’s ergodic theorem (Theorem 8.2.1), we have m=1

R RIE Birkhoff BEEE (EXEs21) - HKFISE
lim inf 7” > E[14]|7Z], a.s.

n—o0

n—o0

R
lim inf — > E[14 | Z], a.s.
Next, we consider, for a given integer k > 1, n

#”%ﬁg = 3R 2
Ap={S; #0, V1 < j < k}. BE REEH L > 1 RAEE

Similar to the above discussion, we have Ap=1{8;#0, V1 < j <k}

n—k B FERYETSRABEL - BRI USR]
Ry <k+ ) 1a,(0™(w). n—k
m=1
R, <k+ Z 14, (6™ (w)).
We use Birkhoff’s ergodic theorem again to obtain m=1
_ R, HBRARIR Birkhoff SBEEIE - HME
lim sup o < E[lg4, | 7], a.s.
n—oo
lim sup Bn < Elg, |Z], a.s.
Due to the monotonicity of the sequence (Ag)r>1 and the fact that Ay decreases to A when k — oo, n—oo M
we conclude using the monotone convergence theorem. (] BRFES) (Ay)is1 BB » BE k — co BEERE A BRAMUEARKTIEBLERS o 0
The below theorem extends the results on random walks with i.i.d. increments (Example 7.3.9 and Exercise TOIEIRY iid SEMNREKSES ISR (81 739 REBE 79) HEETTERIINSE -
7.9) to random walks with increments given by a stationary sequence.
Theorem 8.3.2 : Consider a stationary sequence (X)x>1 in L' with values in Z. Then, we have the FIE 8.3.2 ¢ BER (Xp)e>1 BUETE Z H8Y L! F12FT > BIFRME -

following properties.
(1) BEEX|Z]=0"BJPA)=0-°
(1) IFE[X; |Z] = 0, then P(A) = 0. [X1]Z] (4)
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Chapter 8 Ergodic Theorem

(2) IfP(A) =0, thenP(S,, =01i.0.) = 1.

This means that if the conditional expectation of the increments of a random walk is zero with respect to
the invariant o-algebra, then it is recurrent.

(2 &PA)=0>8IP(S,=0i0)=1c°

WELERR - BREET T ERNTE o REHEHHLEEX, 7] & 0 - AR EIRAY

Proof :

(1) fE[X; |Z] = 0, then the ergodic theorem says that %" converges to 0 almost surely. Thus, we
have

|5k |

S S
limsup< max ’k‘) = limsup( max ) ’ d — 0,

n—s00 1<k<n N n—»00 K<k<n n k>K k Ko

that is

lim ( max ’k|) =0.
Since R, < 1+ 2maxi<i<y |Sk|, we get % — 0 and Theorem 8.3.1 implies P(A) = 0.

(2) We note that A = {In > 1: S,, = 0}, which means that if P(A) = 0, then (S,,),>1 visits 0 at
least once with probability 1. According to the first visit time of (S,,)n>1 to 0, we decompose A°
into a disjoint union of events A = L~ F}, with

Fr, ={S;#0foralll <i < kand Sy =0}, VEk > 1.

Since we want to look at the probability that (S),),>1 visits 0 at least two times, we define the
following events,

Gjx=0(F)={Sj1i—S; #0forall1 <i<kandSj,x —S; =0}, Vjk=>1

Due to the stationarity of (Xj)x>1, we know that P(G, 1) = P(F},) for all j,k > 1 and when j
is fixed, (G 1) x>1 is a collection of disjoint sets with total measure 1. In other words, we have

> P(FjNGjp) =Y P(F)) =

Jk=1 jz1

The event F;j N G, i, represents S; = 0 and Sj;; = 0, hence we have shown that (.S,,),>1 visits
0 at least twice with probability 1. We can repeat this technique to show that for any m > 1,

(Sn)n>1 visits 0 at least m times with probability 1. -

To close this section, we extend the result of Corollary 7.4.13 to stationary sequences.

Theorem 8.3.3 : Consider a stationary sequence (X,,)n>0 in the probability space (2, F,P), a measur-
able set A € F and define the stopping times Ty = 0 and

Th+1 =inf{k > T, : X, € A}, Vn > 0.
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5HPA :
(1) BE[X, |Z] =0 BIEEEEREHREM = & as. WHE o - @Ik - HME

. 1Skl .. | Skl
limsup | max — | =limsup | max ——

Sk
| ’ 0’
n— oo 1<k’<n n n—oo K <k<n n

k>K k Koo

HELEER

=) R, <1+ Qmaxlgkgn |Sk’ Mg ER) Rn — 0 FIEE 83.1 & IP)( ) (U

QBEEEMBA =3En>1:65,=0"HBHEBEPUA) =08 (S))w1 BHOED
—RIBEERZD 1 BPIBIR (S,)n>1 E—XRFFH 0 NS A RBERSBHHNEE
A = Ug>1F% Hrh

Fo={S;#08RFB1<i<kBS, =0}, Vk>1
BE > RPIEEERE (S))n1 Fih 0 EVMRIIKE - ALLRMERTIIEH
Gir=01(F) ={Sjri —S; #0HMRAAB1<i<k B Sjx—S5; =0}, Vjk=>1
AR (Xp)r>1 BVFERMY - BPIFLEHRAE 5,k > 1 88 P(G,) =P(F,) BE j BIEHE
(Gjr)is1 MEFREEEBAESR 1 - BO5ER - ZME
SO P(F; NGk = P(F,

7,k>1 7=1

HAREH NG KRS, =0& S, =0" IJH:WFE ST » (Sp)ns1 FEEH 0 EDRMR
BIMEERA 1 - RFIERULETS - ATLEEBEHEREE m > 1 (S))ns1 Fih 0 B m RV
KA1 0

TEfE R LS E R - FAMGRIE 7.4.13 NEREBEEFLRFIIL -

EIE 833 ¢ FEMEMELR (Q, F,P) LWFIEBRET (X,)ns0 * FTRIES A c Fr HEHRFLE
BffE Tp = 0 &
Toy1 =inf{k > T, : X} € A}, Vn > 0.
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Chapter 8 Ergodic Theorem

If we have T1 < oo P-a.s., then under the conditional probability P(-| X € A), the sequence of random
variables (1, := Tp41 — Ty)n>0 is stationary and

1
E[TO|X06A]:]P>

P(Xp € A)’ 63)

Remark 8.3.4 :If (X,,),>0 is a positive recurrent and irreducible Markov chain with the unique invariant
probability measure j, then under P,,, the process (X, )0 is starionary. For any z € E, if we take A = {z},
then Eq. (8.3) simplifies to Eq. (7.19). Thus, Theorem 8.3.3 can be seen as an extension of Corollary 7.4.13,
where the assumption of the Markov chain is removed and the starting point needs not be a fixed point
almost surely.

Proof : Since we need to take conditional probabilities and conditional expectations with respect to
Xo € A, we can use the following trick to simplify the computations. By Exercise 8.2, we can extend
(Xn)n>0 to a stationary sequence (X,,),cz indexed by Z. Then, define the following disjoint events

Cy = {X_l ¢ A, R 7X7(k71) §é A,X,k S A}, Vk > 1.

We have P
(L)) = {Xu ¢ Aforall - K <k< -1},
k=1

By stationarity, the above event on the right side has the same probability as { X} ¢ A forall 1 < k <
K}, taking K — oo and using the assumption of the theorem, we have

P <£|1 ck) = 1. (8.4)

Now, we are ready to show that under the conditional probability P(-| Xy € A), the sequence
(Tn)n>0 is stationary. Given a positive integer j, non-negative integers n; < ng < --- < n; and
positive integers mq, - - - ,m;, we have

P(Tnl-i-l =M1y, Tpj+l = mj,X() S A) = Z]P’(To = vanﬁ-l =M1, Tnj4+1 = mj,Xo S A)
k>1
= ZP(CIWXO € AaTn1 =mi,...,Tn; = m]):
k>1
=P(Xo € A, T, =m1,...,Tn,

J = m])’

where we use the assumption of stationarity in the second equality, and Eq. (8.4) in the last equality to
conclude.

Last modified: 15:11 on Sunday 12" April, 2026

11

BNE BEEE

BHPas HIE T < oo AIEIRIFHEERP(- | Xo € A) 2T BEREEFS (1, := Tr1—Tn)nzo
gREFRFYIA

Efrm| Xo € 4] = 5 ! (8.3)

(Xo S A)

2834 1 B (X))o AEERBARTHNERI RS » SHME—FERSAEREL BIEP, &
T (X)) nso REFREFEY c HRERE 2 € B HIE A = {2} » B 8.3) (LA (7.19) - AILE
12 833 AJLUIRARIE 7.4.13 BHRE - BMBREAIXENGRS > LB HBEERNE as. BEIER o

WA RUEEH X, € A MIESREREAIEE - RETMUER TR » RELERE
BOSHE - FIBEE 52 » BFVETLUE (X,.).m0 IRER FIZHE Z LTS (X, )0er © BE -
EETIEREH

Cy = {X_l ¢ A, R 7X—(k—1) ¢ A,X,k S A}, Vk > 1.

HME
K C
(L Cr) ={Xk ¢ AHRFA - K <h<-1}.
k=1

FRTFERIINGEE XGRS GEEG (X, ¢ AHRAE 1 <k < K} BHEANEE B
K — oo » IRIREIRRE > BRFIE

P (kﬁl ck) ~ 1. (8.4)

HPIRFBRATEEFERP(|Xo€c AZT () BFEM - IGEERE j~ FEEE
n <mng < - <n; RIEB& my, - ,m; » HME

P(Tn1+1 =mi,...;Tn;j+1 = mjaXO € A) = ZP(TO = vaTn-‘rl =mi,...sTnj+1 = mj7X0 € A)
k>1

= ZP(CIWXO € A77—’n1 =mi,...,Tn; = mj):
k=1

=P(Xo€ A Tn, =m1,...,Tn,

J = m])’

HepEB —EFAF - HKfIER T FREFFIIIRE ; TR =@EFNF - FATI (8.4) 1845 -
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Chapter 8 Ergodic Theorem

Finally, let us prove Eq. (8.3),

Elro|Xo€ A=) P(ro > k| X € A)
k>1
=P(Xoe€ A) ") P(ro >k, X € A)
k>1
P(Xo € A1) P(Cy) =P(Xo € A)!
k>1

where in the third equality, we use the property of a stationary sequence,

Plro >k, Xo€ A)=P(Xo€e A, X1 ¢ A,.... X1 ¢ A)
—PO M Xoe A X1 ¢ A,... . X1 ¢ A)=P(Cy).

Question 8.3.5: We keep the notations from Theorem 8.3.3. Let B € F satistying A N B = &. Show

Th—1

Z Ix,eB

k=0

_ P(Xp€ B)

Xoe A .
0 P(Xo € A)

How to compare this to the case of a Markov chain in Theorem 7.4.10?

8.4 Subadditive Ergodic Theorem

In this chapter, we will discuss a generalization of Birkhoff’s ergodic theorem. In Theorem 8.2.1, the
assumption on the stationarity of the sequence of random variables was necessary to obtain the ergodic
theorem. However, in real-world problems, this assumption is still too restrictive and hence unrealistic.
Later, we will see in Theorem 8.4.3 that under appropriate conditions, even without stationarity, we are still
able to get a similar result as Birkhoff’s ergodic theorem.

A real sequence (x,,),,>1 is said to be subadditive (SAAME) if it satisfies

Tn+m < Ty + T, Vn,m > 1.

Lemma 8.4.1 (Fekete 5|¥E) : The following limit exists for any subadditive sequence (T, )n>1,

lim 2 = 1nf—€]RU{ 00}.
n

Proof : First note that we have
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&% - FFIZREEEAR (8.3)

]E[T0|X0 EA] = Z]P)(TO = k‘X() EA)
k>1
=P(Xo€ A" P(ro >k, Xo € A)
k>1
P(Xo€ A) 'Y P(Cr) =P(Xp € A)*
k>1
HpZEE=EREFRF - RPIERT FEFFINMUEE
Piro 2k, Xo€ A) =P(Xo€ A, X1 ¢ A,..., X411 ¢ A)
=P (Xo€ A, X1 ¢ A,..., X1 ¢ A) =P(Cy). 0

fIRH 8.3.5 : VAT 833 PRI - H Be FimE ANB =0 ' &

T —1
P(X, € B)

]lX B X() CA|l = ——~—=.

kZ:% wE P(Xy € A)

SNMAIERRERE 7.4.10 RS A R EERYIR IR LI 2

SME HNEERERE

ELEEPR » FRFIZERETHIZE Birkhoff & EEIERVMNGRIR « EEIE 8.2.1 - HKPIHFEHREEFT)
WEBRFEREMNRE  7AMWERIEREE  BARSHEHANMES - EXNREER
58 FALLBERAUIER - TEIE 843 PRMEED  BELIFNEBRRCT @ BIELEFRM - M
AT LUS )R Birkhoff & FE EIEAIRL o

EEEFY (1)1 WE
Vn,m > 1,

Tpgm K Tp + T,

BIFEMRMEBELIMME (subadditive) ©

5|32 8.4.1 [Fekete 5/32] : BWREZLMERS (z,)n>1 KER » FHIEREFE

lim " = fi e RU{—o0}.

In

A BAERER  &fIE

liminf — > inf —.
n—,oo n n=zl n
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Chapter 8 Ergodic Theorem
Given € > 0, take N > 1 such that

For any n > N, we can write n = kN 4+ r with k € Nand 0 < r < N — 1. By subadditivity, we have

Taking lim sup in the above formula, we get

. x eTN
limsup —* < ==

f
n—oo N N >1

J
n

Since € > 0 can be arbitrarily small, the proof is complete. (]

Example 8.4.2 (self-avoiding walk) : We are given a path (z3)o<p<n of length n > 1 on Z9. 1t is
called a self-avoiding walk (B3R EEE) of length n if

« we have z, ~ xpy1 foral0 < k< n—1;
« wehave x; # xp forall0 < j <k < n.

Let us denote by SAW(n) the set of all the self-avoiding walks starting from 0 of length n and denote
its cardinal by ¢,, = [SAW(n)|. The sequence (In ¢;,),,>1 is subadditive and one can apply Lemma 8.4.1

to obtain
. Ine, . L lne,
v := lim =

n—oo n n=1 n

The constant p = €7 is called connective constant (GEBEE) .
On any periodic lattice in any dimension, we can use Lemma 8.4.1 to show the existence of the
connective constant but it is highly non trivial to compute its exact value. The only exact computation

available at the current moment is on the planar hexagonal lattice with value y = /2 + /2. !

WBWEe>0 BN >1H5
TN inf
W\ >1
HREEn > N B UBMEEr =N +r  EF ke NROSr < N -1 EHAEM

- HFIFTLUSE)

Tn
n

x kxn
lg _i_i
n n

¥ FZLEY lim sup » 1S

. Tn Q?N
limsup — < — <
n—oo N N

B e > 0 ATLUEERR/N » 1858 - 0

f
>1

J
n

The below theorem is the stochastic version of Fekete’s lemma.

Theorem 8.4.3 (Subadditive ergodic theorem) : Let (X, 1,)n>m>0 be a sequence of random variables
satisfying

(@) Xon < Xom + Xmp foralln >m > 1.
(b) The sequence (X, (nt1)k)n>0 is a stationary sequence for all integers k > 1

(¢) The distribution of the sequence (X, m+k)k>1 does not depend onm > 0.

gl 8.4.2 [BEEES) : E7Z L RERES n > 1 BB (21)ochen * BIMIE
%ﬁAﬁﬁﬁ 0 k‘ n—1- ?‘Zﬂaﬂﬁ Tl ~ Th41 ;
BB O j<k<n BB 2, # 2y 0

BUFRPIER (zr)o<ken BERES n WHBEIETE (self-avoiding walk) ° FRPIAFGHEERES o H3E
REA n HBEEBRECEENESIE SAW(n) » MEEHTRBEEEEE ¢, = [SAW(n)|  BIEF
(Inc,)n>1 EBELIMN B UERS I 8.4.1 53

Inc, . Ine,

v := lim = inf

n—oo n n>1

€ RU{—o0}.

B8 u=¢ ﬁ{"ﬁi_?ﬁﬁ?ﬁ (connective constant) °
EESMERBERMRENE L RO URAG1E .41 REFEBEREFT  B51EMH
BEAFRZRHBRZNES - BRifNEEE B H—NRYFTESE /N AfRE% L HE

?.%,u:\/Q—F\ﬁ“

B TEEZZRTNEEZFREHE BARARY Fekete 5|32 -

"Duminil-Copin, Hugo and Stanislav Smirnov (2012). The connective constant of the honeycomb lattice equals \/2 + v/2”. Annals
of Mathematics, 1653-1665.
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TE 843 [HMMEEEEE] | B (Xnn)nsmso B FHIEENEREEEEFT)
() HIRFAEEH: n>m > 1> HFE Xon < Xom + Xmm ©
(b) HRETEEE k> 1 B (Xuk (n1)k)ns0 BIEFRFES) o
©) B (Xommik)r>1 B MREL m > 0 #ERH -

'Duminil-Copin, Hugo and Stanislav Smirnov (2012). *The connective constant of the honeycomb lattice equals \/2 + 1/2”. Annals
of Mathematics, 1653-1665.
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Chapter 8 Ergodic Theorem

(d) Xon € L' foralln > 1.
inf L [XO,n] > —
n=1 n

Then, the following statements holds.

(1) The convergence holds almost surely and in L*,

Xoo := lim Xon
n—oo n
(2) The following equality holds,
E[Xs] = lim EXon] _ ;¢ EXon]
n—>00 n n>1 n

(3) If the sequences in the assumption (b) are ergodic for all k > 0, then X oo = E[X ] a.s.

Remark 8.4.4:

(1) This theorem was first proved in 1973 by Kingman, then improved in 1985 by Liggett. The statement
here is the version from Liggett. The difference between two versions lies in the assumption (a), King-
man required the stronger assumption below,

Xl,n < Xl,m + Xm,na VO<I<m<n.

(2) If we use the notations from Theorem 8.2.1 and define
n—1
X = X ook, Vn >m >0,
k=m

then the subadditive ergodic theorem gives the below almost sure convergence and convergence in
Ll
n—1

1
X = lim —ZXonpk,
k=0

n—oo n,

where E[X | = E[X]. Additionally, for all A € Z,, we have

' 1 n—1 ' 1 n—1
E[Xool4] = lim E [nkgxwkh} = lim E [nk;xn“(“)} = E[X1 4],

giving that X, = E[X | Z,], which is the result from Theorem 8.2.1.

Before proving Theorem 8.4.3, we still need the following Definition 8.4.5 and Lemma 8.4.6.
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14

ENE BEEE

d BRFAE > 1> & ME Xo,c L' B

inf ElXon] [Xon] > =

n=1 n

AIFAFIE -

(1) 3IE as. WEHETE L' PRS-
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(1) LEEZR PR 1973 £ H Kingman AR - E R 1985 FH Liggett R » BEMIRGLER
Liggett BYARZA ° Kingman BIRERZERITER (a) » WEKAVREREGR - 40T

Xl,n < Xl,m + Xm,ny VO<TI<m<n
(2) BEMEDIEEE s.2.1 R TEES

n—1
X = Y X oo, Vn >m >0,
k=m

AlEntREEIEEREFPI TR as. WBIRTE L' FHIKE :
n—1

1
Xoo = lim — Xo (pk,
n—oo n kz:;)
HAPE[X,] =E[X]° A HRFAEWN Ac 7, BFIEH
n—1 n—1
E[Xo14] = lim E [l > Xogh,] = lim E [1 > Xl orgny| = E[X14),
n—o0 n prt n—oo n =0

IR PHE AT LIS X — E[X |Z,) - HSEEIE 5.2.1 1HAHEE -

EEAEIE 843 ZHI » HMIEFE TIIER 8.4.5 &5|1IE 8.4.6 ©
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Chapter 8 Ergodic Theorem

Definition 8.4.5:Let X and Y be two random variables with values in R%. We say that X stochas-
tically dominates (FEVEBES) Y if
E[f(X)] = E[f(Y)],

for all non-decreasing measurable functions f : R? — R, where we consider the partial order <
on R? to be defined as

($17“'7xd)<(y17‘-'7yd) ~ ngyz vz:177d

We may also write X >~ Y.

If we make use of the notion of coupling introduced in Definition 7.5.9, then we can find random variables

X' and Y’ defined on the same probability space satisfying X @ xr Y Wy’ and X >Y as.

Lemma 8.4.6 : Given a sequence (Xy,)n>1 of real-valued random variables and assume that the sequence
(X, )n>1 of negative parts is uniformly integrable. Then, Fatou’s lemma still holds,

E | liminf X,,| < liminf E[X,].
n—oo n—oo

Proof : Let ¢ > 0 and a > 0 such that

E[(X,)1y--,] <e.

n =

First, we apply Fatou’s lemma to (X,, + a)™,
E |liminf(X, + a)| <E [lminf(X, + a)*| < liminf E[(X,, +a)].
Besides, we have, for all n > 1, that
(Xn+a)" = (X, +a)+(Xn+a)” <(Xn+a)+ Xoly—o,
We combine the above three inequalities together to obtain

E [liminf(X, + )| <liminf B[(X, + a) + X, 1y—. ] = iminf E[(X, +a)] + .

n—o0 n—oo n—oo

We substract a from both sides and take € — 0 to complete the proof. |
Now we are ready to prove Theorem 8.4.3.

Proof : We define the following notations,

_ X X
Vn>1, ap=E[Xyn.], X oo = limsup ﬂ7 X = liminf O’n,

and decompose the prove into four steps.
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B SR — AR e Y BY  BEX X RYYY B X >V as o

5| 8.4.6 : WBREBEPEREAFT (X)) MRFHBEESHBEGERIFEY (X,))1 BF5
B]f& » AUFRIHFAE Fatou 5118 :

E [ lim inf Xn} < liminf E[X,,).

n—00 n—oo

A S e>0RKa>0FF
E (X)) 1x-2,) <e

B B (X, + o)t {£ Fatou 5[3 :
E [liminf(X, +a)| <E [lminf(X, +a)*] <liminf E[(X, +a)*].
L5 BB n > 1 &ME
(Xn+a)" = (Xp+a)+ (Xp+a)” < (Xp+a)+ X1y
B L E=EAEXESHMSE
E [lim inf(X, + a)| <liminf B[(X, +a) + X, 1y— ] = liminf B[(X, + )] +&.

n—00 n—oo n—oo

BEEMESHR o B — 0 1555 O
IREERFIRFERATEIE 843 ©

2B - JZFIEZ TR

_ X X
Vn>1, an=E[Xon], Xoo=limsup =22  X__ =liminf 22"

’ n—00 n n—0oo n
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Chapter 8 Ergodic Theorem

(i) Use Fekete’s lemma to show that a,,/n a.s. converges and denote this limit by .

(ii) Show that E[X o] < 7.
(iii) Show that E[X ] > v and hence from (ii) we obtain X, := X = X as. and E[X o] = 7.
(iv) Show that Xy ,,/n converges in L.

We start with the prove of (i). From assumptions (a) and (c), we have

Gn4+m < ap + Am,, Vn,m > 1.
So Fekete’s subadditive lemma (Lemma 8.4.1) gives
a a
lim — = inf = =: ~. (8.5)

n—oo n, n=zl n

Then, let us prove (ii). Given a positive integer m > 1, use the assumption (b) and Birkhoff’s ergodic
theorem (Theorem 8.2.1), the following converges a.s. and in L,

k—1

1

= 2 Xim.+0m 755 ElXom | Zn] = Am,
j=0

where 7, is the invariant o-algebra for the m-th iterated shift operator 6. We make use of the
assumption (a) to obtain

X A
lim sup 0,km < 2. (8.6)
k—o0 km m
However, the quantity we want to look at is Xo = limsup Xz’", so we need to estimate the corre-

sponding missing terms in Eq. (8.6). Any positive integer n > 1 can be written as n = km + [ with
1 <1 < m,so we have
XO,n < XO,k;m + ka,k:m—l—l' (8~7)

If | is fixed, the assumption (c) guarantees that X}, 1,4+ has the same distribution as X¢; € L' and
we have, for alle > 0,

1
D P X pmrt] > ke) =D P(|Xoy| > ke) = = E [|X,]] < oo.
k>1 k>1 €

By the Borel-Cantelli lemma, this implies that almost surely, we have

. Xkm km+l
hmw

=0, Vm=>=1,1<£f<m.
k—o0 k

Therefore, along with Eq. (8.6) and Eq. (8.7), we find

— A,
X < 21, (8.8)
m
This also implies
— E[A,, m
E[X.) < odml _ am
m m

We can take inf in m in the right side of the above formula to conclude E[X o] < 7.
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BEFEIREEH () - RBRE 0 & (o) ' &ME

Antm < Gn + G, Vn,m > 1.

EItEARIR Fekete F9SINMSIE (513 s.4.1) - HMBE

. an, . a
lim — = inf
n—oo n, n=1

HEFE (i) - REEEH m > 1 FA (b) BIRFRK Birkhof BEEE (EHEs.2.1) » T7!
TG as. WHETE L' UL

;’"‘ =: 7. (8.5)

=
% > X (j+1)m —— E[Xom | Zim] =: Am,
=0
Hp 7, @ m REREF 0™ WA E o KB - BREARE () HMEFE]
lim sup Xom < A—m (8.6)

k—o0 km = m
EENEMBEAENE X = limsup X# » RPIMABAEER 8.0) PREMIEMEET - KM
AMIBEBERB# > 1B n= kn+1BEF 1< <m  ALEME

Xon < Xokm + Xkm kmti- (8.7)

EHMEE | R () FIFREM * X pm DR X0, € L' 48R - BHIRAE ¢ > 0 3
B

1
ZP(;XWWH\ > ke) = ZP(;XO,N > ke) = . E [|Xo,|] < o0.

E>1 E>1
FrLAT4 Borel-Cantelli 5 | ERFME T RAEE
lim M:o, Ym>=1,1</4<m.
k—o00 k
&tk - EXEMLER (8.6) BT (8.7) » FIRT LR
X < Am (8.8)
m
EWEH T THIRMR
m m
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Chapter 8 Ergodic Theorem

We can note that, if in the assumption (b), the sequence (X, (n+1)x)n>0 is ergodic for all & > 1,

then we can deduce directly X ., < 7 a.s.
Next, let us prove (iii). If we can construct a stationary sequence (Y%)r>1 satisfying

{E[Yk] >y, Vk>1 (59

(Xog)i<k<n = Y1+ ... Yi)i<k<n, as., Vn > 1,

then we can easily get (iii).

Given a positive integer p > 1, let U, be a random variable with uniform distribution on {1, ..., p}.
Let us assume that (U,),>1 is an independent sequence and that it is independent of ( m,n)n>m>0 as
well. For any positive integers k, p > 1, we define

(p)
Y," = Xok+rv, — Xok+U,—1,

then we have ) ,
E[Y,"] = , E[Xoxtp — Xok] = Z;<ak+p — ay).

Then, the assumptions (a) and (c) give that

1 p
D E[(Xok+t — Xowri-1) 1 < =D EIXE ] = EIXG)

E[(Y\P)*] =
=1 P4

@M—‘

In consequence, when £ is fixed, we obtain

sup E[[Y,"”]] = sup (2 B[(v,") ] - E[Y,")])

p=1 p=1

1
<2E[Xg,] —- 11?>f1 (g(ak—i-p — ay)) < oo,

and also the following using Eq. (8.5),

pli)ngo ]E[Y( )] .
By Exercise 1.26, we know that an L'-bounded sequence of random variables has an almost surely
converging subsequence, moreover, the a.s. convergence implies the convergence in distribution, so
Cantor’s diagonal argument (¥1 5% 5% /%) provides us with a subsequence (p;);>1 such that the se-
quence (Yk(p i)) i>1 of random variables converges in distribution with limit denoted by (Yj)x>1. This
is equivalent to saying that for any k£ > 1 and a bounded measurable function f on R¥, the following
convergence holds,

E[f(yl, . , = hIIl — ZE XO,H—I — X()’l, e 7X0,l+k — XO,l+k—1)]~

=00 Pj

From this formula we can also conclude that (Y )x>1 is stationary.
Now let us check that the sequence (Y})r>1 constructed above satisfies Eq. (8.9). First, the assump-
tions (a) and (c) give us

(d)
Yl(p) — XO,Up-i-l — X07Up < XUP7UP+1 = X(],l?
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BEBRBRER () & (o) ' &ME
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=1 =1

Fik - EEIE £ ERT - ISR
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EM—‘
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p=1 p=1

<2E[Xg,] - f1

mBBFAX 8.5 » HKME
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p—o0
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Chapter 8 Ergodic Theorem

so the sequence ((Yl(p ))+)p>1 is uniformly integrable. From Fatou’s lemma (Lemma 8.4.6), we have

Efy] = [ lim Y(p )} > lim supE[Yl(pi)] =7,

i—00 i—00

Again using Birkhoff’s ergodic theorem (Theorem 8.2.1), we conclude that the limit
1 n
Y = nll_)n;o - ;Yk, a.s.

existsand E[Y] = E[Y1] >~

In the end, we still need to check that the sequence (Xg 1, Xo2, ..., Xo,) stochastically dominates
1,1+ Ys,....Y1 +---+Y,). Givenn > 1 and a non-decreasing and non-negative measurable
function f on R", we have

E[f(yvlaifl+Y2,...7Y'1+...+Yn)]
pi

. 1
= lim — > E[f(Xou41 — Xop, Xogr2 — Xogs - - - Xogan — Xoy)]

< lim *ZE (X141 Xi 425+ Xig4n)]

7,—}00 pl

= E[f(Xo,1, X0,2, oo Xom)l-

Finally, let us prove (iv). From the assumption (a), we have

n—1

(Xon — 1Xoo) T <D (X1 — Xoo) ™,
k=0

and since the assumption (c) says that the terms in the sequence ((Xj x+1 — Xoo))k>0 of random

variables are identically distributed, ((%

the fact that X,

— Xoo))n>0 is an uniformly integrable sequence. Using

B[220 - x.) ] —0

n n—00

XSL’”] — E[X], using the identity |z| = 22" — z, we find

Since we also have E[

XO,n

B[S

~Xoof] 0
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