Ergodic Theorem

We have seen in Corollary 7.5.3 that a recurrent and irreducible Markov chain has ergodicity, in this
chapter, we will going to discuss the ergodic theory in a more general setting. This can be understood as the
strong law of large numbers discussed in Theorem 4.3.1 where we extend the result to sequences of non i.i.d.
random variables.

8.1 Measure-Preserving Transformations and Properties

e N

Definition 8.1.1: A random process (X,,),>0 is a stationary sequence (FFA4&F3!)) or a stationary pro-
cess (FIZBFR) if for all non-negative integer k£ > 0, the random processes (X;,)n>0 and (X, 1% )n>0
have the same distribution.

Example 8.1.2 : Below are a few examples of stationary processes.
(1) Any iid. sequence (X;,),>0 of random variables is a stationary process.

(2) Let (X;,)n>0 be a Markov chain with transition matrix Q. If it possesses a stationary probability
measure 7, then when X ~ m, the random process (X,,),>0 is stationary, see Remark 7.4.3.

L J

Then, we introduce the notion of measure-preserving transformations, generalizing the notion of stationary
processes.

Definition 8.1.3 : Given a probability space (€2, F,P). A measurable function ¢ :  — 2 is said
to be a measure-preserving transformation (RIEESFEER) on (Q, F,P) if P(¢ ! (A4)) = P(A) for all
A € F. In this case, we also say that PP is an invariant measure (REHIE) for .

More generally speaking, we do not need to assume that (€2, 7, P) is a probability space in Definition
8.1.3, it is enough to have a o-finite measured space. Since our class is about probability theory, we will only
focus on the case of probability spaces in what follows.

e N

Example 8.1.4 : Below are a few examples of measure-preserving measures.

(1) Consider the measured space (R?, B(R?), A\%), then for any y € R, the translation function
O,: z — T4y
is a measure-preserving transformation.

(2) Consider the unit circle S' = {z € C : |x| = 1} and the uniform probability distribution p
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defined above. For any 3 € R, we can define the rotation operator

05 ce2mia 62771(04—4—5).

which is a measure-preserving transformation on (S*, B(S'), ).

(3) Consider the probability space ([0, 1], B([0, 1]), P), where P is the Lebesgue measure on [0, 1].

Then,
2x if z € [0, 1),
o)~ { v
2

is a measure-preserving transformation.

The below proposition shows that, the notion of a stationary sequence defined previously is indeed a
special case of invariant measure with respect to a properly chosen measure-preserving transformation.

Proposition 8.1.5: Let E = R or R? be the state space, 2 = EN0 be the sample space, F = B(E)®No
be the smallest o-algebra making all the coordinate functions measurable, P be a probability measure

n (Q, F). Ifw ~ P is a stationary process, then the shift operator (HEFBH F) 0 := 0, defined as
0((wn)n>0) = (Wn+1)n>0 is a measure-preserving transformation on (2, F,P).

Proof : First, let us check that 6 is measurable. For any cylinder event A in F, we have §~!(A) = Ex A
which is also a cylinder event. At the same time, we know that the cylinder events generate F, so 0 is
measurable. Then, due to the stationarity of P, we have P(A) = P(§~!(A)) for all cylinder event A, so
the measures IP and P o §~! take the same value on the collection of cylinder events which generates
F. We are done with the proof. O

Proposition 8.1.6 : Let (2, F,IP) be a probability space. If ¢ is a measure-preserving transformation
on (2, F,P), then for any random variable X : (0, F,P) — (G, G) taking values in a measurable
space (G, G), we can define X,,(w) = X (¢"(w)) for any non-negative integer n > 0, and we have that
(Xn)n>0 is a stationary process.

Remark 8.1.7 : In Proposition 8.1.6, if we choose (2, F) = (EYo, B(E)®No) and (G,G) = (E,B(E))
and assume that the shift operator  is measure-preserving, then by taking X = X, we get the converse
of Proposition 8.1.5. This tells us that a stationary sequence is indeed a special case of invariant measure
with respect to a properly chosen measure-preserving transformation.

Proof : Givenn > 0 and let B € G®("t1) and A = {w € Q: (Xo(w), ..., Xn(w)) € B}. Then,

P((Xp(),- -+, Xpsn(w)) € B) = P(w: ¥ (w) € 4)
(we A
(Xo(w),..., Xp(w)) € B).
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Definition 8.1.8 : Let ¢ be a measure-preserving transformation on the probability space (2, F, P).
The invariant set (FEER) of o is defined as

I=TI,={AcF:p (A=A} (8.1)

We can check that Z,, is a o-algebra, so it is also called invariant o-algebra (%8 o fNBY) of .
Additionally, if Z,, is a trivial o-algebra, we say that ¢ is ergodic GREEME) .

Question 8.1.9: Check that the invariant set 7 defined in Definition 8.1.8 is indeed a o-algebra.

Remark 8.1.10: If ¢ is not ergodic, then we can find A € Z such that p(A) = A, p(A°) = A°and P(A) > 0,
P(A¢) > 0. In other words, ¢ is reducible.

Question 8.1.11: Let (2, 7, P) be a probability space on which we consider a measure-preserving transfor-
mation .

(1) A random variable X : (2, F,P) — (R, B(R)) is Z-measurable if and only if X o p = X.
(2) ¢ is ergodic if and only if all the Z-measurable random variables X : (2, F,P) — (R, B(R)) are

P-a.s. constant.

For a given sequence (X,,),>0 of random variables, we recall the asymptotic o-algebra (#ii o X))
defined in Definition 4.2.1, which we also call tail o-algebra (Bi% o K8 , detnoed T,

T=)F" F'"=0(Xn, Xni1,...), VYn=0.

n=0

Proposition 8.1.12: Let E = R or R? be the state space and Q = E™° be the sample space. Take
F = B(E)®Yo and assume that the shift operator § is measure-preserving. Then, T C T.

Remark 8.1.13: Consider the case where (X}, )>0 isanii.d. sequence. By Kolmogorov’s 0-1 law (Theorem
4.2.2), we know that T is a trivial o-algebra, so Z is also trivial. In other words, for any i.i.d. sequence of
random variables, the shift operator is ergodic.

Proof : Given an invariant set A € Z, we have
A=0"1A) ={w:0w) e A} € FL.

If we keep iterating, we obtain A € F" foralln > 0, thatis A € T. O

Question 8.1.14: Please find an example with Z C 7.

Definition 8.1.15 : We keep the notations in Proposition 8.1.5. If w ~ P is a stationary process and
the shift operator 6 is ergodic, we say that w = (wy,)n>0 is an ergodic process (EFEBIZ) .
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Remark 8.1.16 : We note that, according to Definition 8.1.15, for a random process to be called ergodic,
it needs first to be stationary. If we come back to the setting of Markov chains, Remark 7.4.3 says that if a
Markov chain evolves from the initial state given by its stationary probability measure (assuming existence),
then we do have a stationary process. However, for a recurrent and irreducible Markov chain, even without
the assumption of stationarity, for any given initial state I’ and bounded (or non-negative) function f : £ —
R, the ergodic theorem (Corollary 7.5.3)

1 n

S F) (), Pas

k=0

holds and sometimes we also say such a process is ergodic.

Now;, let us discuss the ergodicity of Markov chains in the sense of Definition 8.1.15.

Proposition 8.1.17 : Given a Markov chain (X,,),>0 defined on a countable state space E and assume
that it has an invariant probability measure w such that w(x) > 0 for allz € E. Then, the Markov chain
(Xn)n>0 is irreducible if and only if it is ergodic.

Proof : First we note that, by Example 8.1.2 (2) and Proposition 8.1.5, we know that the shift operator

0 is a measure-preserving transformation for P.
We can show that all the states are recurrent by adapting the proof of Proposition 7.4.15. Moreover,
Theorem 7.3.6 says that £ = LIR; where R;’s are disjoint irreducible sets. Besides, we also know that

if Xo € R;, then X,, € R; forall n > 1, implying
{w : Xo(w) S Rz} €L, V.

In consequence, this tells us that if a Markov chain is not irreducible, then the shift operator 6 is not

ergodic.
Conversely, consider A € 7y, then for any iteration of the shift operator 6,, = 8", we have 1 406,, =
1 4. Hence, if we define F,, = 0(Xy, ..., X,,) for n > 0, the simple Markov property gives

Eﬂ‘[ﬂA | ]:n] = ETK‘[ﬂA oty | fn] = EXn []lA] = h(Xn)a

where h(x) = E;[14]. Since A € 7 and the left side of the above formula is an uniformly integrable
martingale, Theorem 6.5.6 implies that it converges almost surely to E;[1 4 | Fo] = 1 4. Besides, since
(Xn)n>o is irreducible and recurrent, for any y € E, the right side of the above formula can take the
value h(y) infinitely many times, so h = 0 or h = 1, thatis P, (A) = 0 or 1. O

Below is a useful criterion to check whether a measure-preserving transformation is ergodic.

Definition 8.1.18 : Let  be a measure-preserving transformation on the probability space (€2, F, P).
We say that ¢ is mixing CESM) ifforall F,G € F,

P(E N "(G) = B(F) P(G),

n—oo
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Lemma 8.1.19 : Let ¢ be a measure-preserving transformation on the probability space (2, F,P). If ¢
is mixing, then @ is also ergodic.

Proof : Let F' € Z. Then, we have
P(F) =P(F Ny "(F)) — P(F)>.
This gives P(F) = P(F)?, that is P(F) € {0, 1}. Hence, ¢ is ergodic. O

Exercise 8.6 is an example where we use Lemma 8.1.19 to check that a measure-preserving transformation
is ergodic. Exercise 8.14 also gives another useful lemma to check the ergodicity.

8.2 Birkhoff’s Ergodic Theorem

In this section, we fix a probability space (2, F,P) on which we consider a measure-preserving transfor-
mation ¢. Let X : (2, F,P) — (G, G) be a random variable and define the random process (X}, ),>0 with
Xn(w) = X(¢"(w))-

Theorem 8.2.1 (Birkhoff’s ergodic theorem) : Let X € L(Q, F,P) be an integrable random variable
and p be a measure-preserving transformation on (), F,P). Then, the following convergence holds P-a.s.
and in L1,

1 n—1 1 n—1 .
E];]X’“:ﬁkz_%xw — E[X|T].

Lemma 8.2.2 (Hopf’s maximal ergodic lemma) : If we define

n—1
So =0, Sn:ZXogpk, Vn > 1,
k=0

M, = max Sk, Vn > 1,
0<k<n

then for alln > 1, we have

Proof : Given a positive integer n > 1. First we note that
Sk+1 =X + Si 0o, Vk > 0.
Thus, we have, for 1 < k < n,
Sk =X+ Sp_10p < X+ Myoop.

On the event {M,, > 0}, we have M,, = maxj<r<y, S (note that the index k starts from 1 instead of
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0). We can multiply the above formula by 1/, ~o and take max on the left side for 1 < k& < n to obtain
Mg, >0 < (X + My 0 0)lag, 0.
Finally, we conclude by writing

E[XTar,>0] 2 E[Mp Tz, 0] — E[(Mn © ¢)Lar,>0]

>E
> E[My,] — E[M, o ¢] =0,

where in the inequality in the second line, we use the fact that M,, = 0 and M,,0¢ > 0 on {M,, > 0}¢,

and in the last equality, we use the assumption that ¢ is a measure-preserving transformation. (]

Now we are ready to prove the ergodic theorem in Theorem 8.2.1.

Proof : We can assume E[X |Z] = 0 since without loss of generality, we can replace X with X —
E[X |Z]. Now we want to show

1 n—1

=3 Xy ——0. (8.2)

Given € > 0 and let g
L. = {limsup—n > E}.

n—oo N

To prove Eq. (8.2), it is sufficient to show P(L.) = 0 then replace X with —X by symmetry to conclude,
since ¢ is arbitrarily small.
Define the following notations

VkEO, Xg:(Xk—é‘)]lLE,

" 0<k<n

n—1
Vn >0, SZ:ZXE, M; = max S;,.
k=0

We note that L. = ¢~ !(L.), hence L. € T and (X )x>0 is a stationarity process. Using Lemma 8.2.2,
we obtain

Taking the limit n — oo in the above formula, we get
E[Xg]lsupn>o se>0] = 0.

But at the same time, we have
€ Sn
{supSn > 0} = {sup— > 5} NL.= L.,
n>0 n>0 T

0 < E[(Xo - E)]ILE} = E[]ILE E[X |IH - EIP)(LS) = —&‘P(LE).

This tells us that P(L.) = 0, giving the a.s. convergence in the ergodic theorem.
Next we discuss the L' convergence. We may show that (%)7@1 is uniformly integrable to deduce
the L' convergence. But we will use the following more straightforward method.
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Given M > 0 and define
X’ = X1|xj<m and X'"=X- X"

Using the a.s. ergodic theorem above, we have

1 n—1
Y X'oph — = E[X'|T], as.
n =0 n—o0

Since X' is bounded, from the dominated convergence theorem, the above convergence also holds in
L'. Then we note that

M—o0

E U(;:Z_%X 0 ) - IE[X”\I]H <2E[X"]] — 0.

Therefore, for any € > 0, we can choose a large enough M such that E[| X”|] < ¢, then a large enough
n such that

1 n—1
E - X/ k _ / <
|5 X xoek B 7| <.
k=0
to deduce the L' convergence of the ergodic theorem. 0

Question 8.2.3: We keep the notations in Theorem 8.2.1 and assume additionally that X € LP(Q2, F,P).
Prove the L convergence of the ergodic theorem.

Example 8.2.4 : Below are a few applications of Theorem 8.2.1.

(1) If (X% )x>0 is an i.i.d. sequence of random variables in L!, Remark 8.1.13 says that Z is a trivial
o-algebra, giving the following a.s. convergence and L' convergence,

1 n—1
-3 Xk —— E[X].
k=0

(2) Consider an irreducible Markov chain (X,,),>0 on a countable state space F with invariant
probability measure . In Proposition 8.1.17, we have seen that the shift operator 6 is ergodic
with respect to PP,. Let f : E — R with pu(|f|) < oo, then we have the following P,-a.s.
convergence and convergence in L?,

n—1
Y FO0) o Bl 1T = ().
k=0

(3) We carry on the discussion of the rotation operator on the unit circle from Example 8.1.4 (2).
According to Exercise 8.12, when 0 is irrational, 64 is ergodic. Thus, given A € B(S!), we have

n—oo

1 n—1
ﬁ Z ]1015(0.))614 ; M(A)>
k=0

where y is the uniform probability measure on S'. This is Weyl’s equidistribution theorem (%
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DEEIR).

8.3 Recurrence of Stationary Sequences
In this section, we discuss the recurrence of stationary sequences using the ergodic theorem seen in Section
8.2.

Below, we want to consider random processes indexed by time steps in N with values in R%. We define
the sample space to be Q = (R?)Y and the usual o-algebra F := B(R%)®N, which is the smallest o-algebra
making all the coordinate functions measurable. Let P be a probability measure such that the shift operator
0 is measure-preserving on the probability space (€2, F,P).

Take w ~ P, that is the sequence (Xj(w))r>1 given by the coordinate functions is stationary with values
in RY. For all positive integer n > 1, let

Su= X1+ -+ Xo,
Rn - |{S17 te 7Sn}|

If we interprete (X )x>1 as increments of a random walk, then S, represents its position at time n, R,, the
number of sites visited by the walk up to time n.

We have the following result.

Theorem 8.3.1: Let
A={Sx#0, Vk > 1}.

Then we have the following convergence,

% 25 P(A|T).

Proof : First, we note that R, can be represented as R,, = |B,,| with
B,={m>1:S,4x # Sm, V1 <k <n-—m}, Vn > 1.
Since the following equivalence holds for all integers m > 1,
0" (w) € A w e {Snir — Sm #0, Vk > 1},

we have

n
Ry2 > 140™w)), Vn>1
m=1
From Birkhoff’s ergodic theorem (Theorem 8.2.1), we have

lim inf B > E[l4|Z], a.s.
n

n—o0
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Next, we consider, for a given integer k > 1,
Ak:{Sj#O, V1 <j <k}

Similar to the above discussion, we have

n—k
Ro<k+ Y 1a,(0"(w)).

m=1
We use Birkhofl’s ergodic theorem again to obtain

R
limsup — < E[l4, | Z], a.s.
n

n—0o0

Due to the monotonicity of the sequence (Ay)x>1 and the fact that Ay decreases to A when k — oo,
we conclude using the monotone convergence theorem. 0

The below theorem extends the results on random walks with i.i.d. increments (Example 7.3.9 and Exercise

7.9) to random walks with increments given by a stationary sequence.

-

Theorem 8.3.2 : Consider a stationary sequence (Xj)y>1 in L' with values in Z. Then, we have the
following properties.

(1) IfE[X;|Z] =0, then P(A) = 0.
(2) IfP(A) =0, thenP(S,, =01i.0.) = 1.

This means that if the conditional expectation of the increments of a random walk is zero with respect to
the invariant o-algebra, then it is recurrent.

Proof :

(1) fE[X; |Z] = 0, then the ergodic theorem says that %” converges to 0 almost surely. Thus, we
have

: |Sk| : | S| |Sk|
limsup [ max = limsup | max < max — 0,
n—oo \1<k<n n n—oo \K<k<n n kK k Koo

that is

lim ( max |Sk|> =0.

n—0o0 \ 1<k<n N

Since R, < 14 2maxj<r<n |Sk

, we get f2 — 0 and Theorem 8.3.1 implies P(A4) = 0.

(2) We note that A = {3n > 1:S,, = 0}, which means that if P(4) = 0, then (S,,)n>1 visits 0 at
least once with probability 1. According to the first visit time of (S,,),>1 to 0, we decompose A°
into a disjoint union of events A = L~ F}, with

Fp,={S;#0foralll <i < kand S, =0}, Vk > 1.
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Since we want to look at the probability that (S),),>1 visits 0 at least two times, we define the
following events,

Gj7k = QJ(Fk) = {SjJri — Sj 7& 0 for all 1 <1< k and Sj+k - Sj = 0}, Vj,k‘ > 1.

Due to the stationarity of (Xj)x>1, we know that P(G, 1) = P(F},) for all j,k > 1 and when j
is fixed, (G 1) k=1 is a collection of disjoint sets with total measure 1. In other words, we have

> P(FjNGji) =Y P(Fj) = 1.

Jk=1 jz1

The event Fj N G, i, represents S; = 0 and Sj;; = 0, hence we have shown that (.S,,),>1 visits
0 at least twice with probability 1. We can repeat this technique to show that for any m > 1,
(Sn)n>1 visits 0 at least m times with probability 1. -

To close this section, we extend the result of Corollary 7.4.13 to stationary sequences.

Theorem 8.3.3 : Consider a stationary sequence (X,,)n>0 in the probability space (2, F,P), a measur-
able set A € F and define the stopping times Ty = 0 and

Th+1 =inf{k > T, : X; € A}, Vn > 0.

If we have T1 < oo P-a.s., then under the conditional probability P(-| X € A), the sequence of random
variables (1, := T +1 — Ty )n>0 is stationary and

Efm| Xo € 4] = 5 ! (8.3)

(Xo S A)

Remark 8.3.4 :If (X,,),>0 is a positive recurrent and irreducible Markov chain with the unique invariant
probability measure y, then under IP,,, the process (X, )0 is starionary. For any = € E, if we take A = {x},
then Eq. (8.3) simplifies to Eq. (7.19). Thus, Theorem 8.3.3 can be seen as an extension of Corollary 7.4.13,
where the assumption of the Markov chain is removed and the starting point needs not be a fixed point
almost surely.

Proof : Since we need to take conditional probabilities and conditional expectations with respect to
Xo € A, we can use the following trick to simplify the computations. By Exercise 8.2, we can extend
(Xn)n>0 to a stationary sequence (X, ),ecz indexed by Z. Then, define the following disjoint events

Cr = {X,1 §é A, ... 7X—(k—1) ¢ A X € A}, vk > 1.

We have «
(L)) = {Xu ¢ Aforall - K <k< -1},
k=1

By stationarity, the above event on the right side has the same probability as { X ¢ A forall 1 < k <
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K}, taking K — oo and using the assumption of the theorem, we have

[e.9]
P ( | ck) =1. (8.4)
k=1
Now, we are ready to show that under the conditional probability P(-| Xy € A), the sequence
(Tn)n>0 is stationary. Given a positive integer j, non-negative integers n; < ns < --- < n; and
positive integers mq,--- ,m;, we have
]P)(Tnl—I—l =M1y Tog4l = mj,XO S A) = Z IP(TO = k77n1+1 =Ml Tng+l = My, Xp € A)
k=1
= ZP(CkaXO S A,Tnl =Mi,...,Tn; = mj),
k>1

=P(Xo € A, 1y =m1,..., oy = my),
where we use the assumption of stationarity in the second equality, and Eq. (8.4) in the last equality to
conclude.

Finally, let us prove Eq. (8.3),

E[T0|X06A]:ZP(T0>IC|X0€A)

k>1
=P(Xo€ A P(rg = k,Xo € A)
k=1
XQEA ZP Ck X()EA)_l
k>1

where in the third equality, we use the property of a stationary sequence,

P(To>k,X0€A):P(X0€A,X1 ¢A7"'7Xk71 ¢A)

=POFXoe A, X1 ¢A,... X1¢A)=PCh). -

Question 8.3.5: We keep the notations from Theorem 8.3.3. Let B € F satisfying A N B = &. Show

-1
P(Xo € B)
E Ix,cp|Xo€ Al = ————2
Lz_:o ke P(Xy € A)

How to compare this to the case of a Markov chain in Theorem 7.4.10?

8.4 Subadditive Ergodic Theorem

In this chapter, we will discuss a generalization of Birkhoff’s ergodic theorem. In Theorem 8.2.1, the
assumption on the stationarity of the sequence of random variables was necessary to obtain the ergodic
theorem. However, in real-world problems, this assumption is still too restrictive and hence unrealistic.
Later, we will see in Theorem 8.4.3 that under appropriate conditions, even without stationarity, we are still
able to get a similar result as Birkhoff’s ergodic theorem.
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A real sequence (x,,),>1 is said to be subadditive (SANME) if it satisfies

Tntm < Tn + Tm, Vn,m > 1.

Lemma 8.4.1 (Fekete 5|IE) : The following limit exists for any subadditive sequence (., )n>1,

. Tn . Tn
lim — = inf —
n—oo n nzl n

eRU{—o0}.

Proof : First note that we have

Given € > 0, take N > 1 such that

Forany n > N, we can write n = kN + r with k € Nand 0 < » < N — 1. By subadditivity, we have

T kxy =

n n n
Taking lim sup in the above formula, we get

. Z TN .
hmsup—n <— <inf — +e.
n—oo N N n=zl n

Since € > 0 can be arbitrarily small, the proof is complete. O

Example 8.4.2 (self-avoiding walk) : We are given a path (z3)o<p<n of length n > 1 on Z9. 1t is
called a self-avoiding walk (B3R EEE) of length n if

« we have zj, ~ xpy1 foral0 < k< n—1;
« wehave x; # xp forall0 < j <k < n.

Let us denote by SAW(n) the set of all the self-avoiding walks starting from 0 of length n and denote
its cardinal by ¢,, = [SAW(n)|. The sequence (In ¢, ),>1 is subadditive and one can apply Lemma 8.4.1
to obtain

€ RU{—o0}.

The constant y = €7 is called connective constant (GEEHEN) .
On any periodic lattice in any dimension, we can use Lemma 8.4.1 to show the existence of the
connective constant but it is highly non trivial to compute its exact value. The only exact computation

available at the current moment is on the planar hexagonal lattice with value p = /2 + /2. !

"Duminil-Copin, Hugo and Stanislav Smirnov (2012). ”The connective constant of the honeycomb lattice equals v/2 + v/2”. Annals
of Mathematics, 1653-1665.
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The below theorem is the stochastic version of Fekete’s lemma.

Theorem 8.4.3 (Subadditive ergodic theorem) : Let (X, )n>m>0 be a sequence of random variables
satisfying
(a) Xon < Xom + Xoppn foralln >m > 1.
(b) The sequence (X, (nt1)k)n>0 iS a stationary sequence for all integers k > 1.
(c) The distribution of the sequence (X, m+k)k>1 does not depend onm = 0.
d) Xon € L' foralln > 1.
E[Xo,n]

inf ———— > —
n>1 n

Then, the following statements holds.

(1) The convergence holds almost surely and in L*,

Xop = lim 20%
n—oo n
(2) The following equality holds,
E[Xo.n E[Xo.n
E[ X = lim ElXon] = inf M.
n—o00 n n>1 n

(3) If the sequences in the assumption (b) are ergodic for allk > 0, then X o, = E[X ] a.s.

Remark 8.4.4:

(1) This theorem was first proved in 1973 by Kingman, then improved in 1985 by Liggett. The statement
here is the version from Liggett. The difference between two versions lies in the assumption (a), King-
man required the stronger assumption below,

Xl,n < Xl,m + Xm,na Vo<i<sm<n.

(2) If we use the notations from Theorem 8.2.1 and define
n—1
X = Y X ogF, Vn >m >0,
k=m

then the subadditive ergodic theorem gives the below almost sure convergence and convergence in

Ll
’ 1n71
— lim © k
Koo = Jm, 5 2 X o,

where E[X | = E[X]. Additionally, for all A € 7, we have

. 1 n—1 . 1 n—1
E[Xool4] = lim E [g ;;)X 0 ¢*14] = lim E {E ];)X]lw(m] = E[X14],
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Chapter 8 Ergodic Theorem

giving that X, = E[X | Z,], which is the result from Theorem 8.2.1.

Before proving Theorem 8.4.3, we still need the following Definition 8.4.5 and Lemma 8.4.6.

Definition 8.4.5:Let X and Y be two random variables with values in R%. We say that X stochas-

tically dominates (FEt%BE) Y if
E[f(X)] = E[f(Y)],

for all non-decreasing measurable functions f : R? — R, where we consider the partial order <
on RY to be defined as

(xlv"'axd)g(yla'-'vyd) < X <Y VZ:L,d

We may also write X >~ Y.

If we make use of the notion of coupling introduced in Definition 7.5.9, then we can find random variables

X' and Y’ defined on the same probability space satisfying X Wx Y Wy’ and X >Y as.

Lemma 8.4.6 : Given a sequence (X,,)n>1 of real-valued random variables and assume that the sequence
(X, )n>1 of negative parts is uniformly integrable. Then, Fatou’s lemma still holds,

E [ lim inf Xn} < liminf E[X,,).

n—00 n—oo

Proof : Let ¢ > 0 and ¢ > 0 such that

E (X)) x-s

n ZQ

| <e.

First, we apply Fatou’s lemma to (X, + a)*,

E [liminf(X, + a)| <E [lminf(X, +a)*| <liminf E[(X,, + a)*].

n—oo n—oo n—oo

Besides, we have, for all n > 1, that
(Xn+a)" = (Xn+a) +(Xn+a)” <(Xn+a)+ X 1y
We combine the above three inequalities together to obtain

E [liminf(X, + )| <liminf B[(X, + a) + X; 1y, ] = iminf E[(X, + )] + .

n—0o0

We substract a from both sides and take € — 0 to complete the proof. ]

Now we are ready to prove Theorem 8.4.3.

Proof : We define the following notations,

— X
Vn>1, ap,=E[Xo,.l, X oo = limsup ﬂ, X = liminf 0’",
n—»00 n n—00 n

14 Last modified: 15:11 on Sunday 12" April, 2026



Chapter 8 Ergodic Theorem

and decompose the prove into four steps.
(i) Use Fekete’s lemma to show that a,, /n a.s. converges and denote this limit by +.
(ii) Show that E[X o] < 7.
(iii) Show that E[X ] > v and hence from (ii) we obtain X, := X = X a.s. and E[Xoo] = 7.
(iv) Show that Xy ,,/n converges in L'.
We start with the prove of (i). From assumptions (a) and (c), we have
Untm < Gn + Qs Vn,m > 1.
So Fekete’s subadditive lemma (Lemma 8.4.1) gives

lim 2 — inf 2% —. 5. (8.5)

Then, let us prove (ii). Given a positive integer m > 1, use the assumption (b) and Birkhoff’s ergodic
theorem (Theorem 8.2.1), the following converges a.s. and in L',

1 k—1
% Z ij,(j+1)m m E[XO,m |Im] =: A,
=0

where 7Z,, is the invariant o-algebra for the m-th iterated shift operator /™. We make use of the

assumption (a) to obtain

X A

lim sup 0,km < 2 (8.6)
k—00 m m

However, the quantity we want to look at is X, = limsup =%, so we need to estimate the corre-
sponding missing terms in Eq. (8.6). Any positive integer n > 1 can be written as n = km + [ with
1 <1 < m, sowe have

Xo
n

Xon < Xogm + Xkm, km-+1- (8.7)

If [ is fixed, the assumption (c) guarantees that X}, - has the same distribution as Xy ; € L' and
we have, for all e > 0,

1
> P Xpmomrt| > ke) =D P(|Xoy| > ke) = = E [|Xo4]] < oo
i1 1 €

By the Borel-Cantelli lemma, this implies that almost surely, we have

X
lim km,km+l

=0, Ym>=1,1<l<m.
k—o0 k

Therefore, along with Eq. (8.6) and Eq. (8.7), we find

— A
Xoo < 2. (8.8)
m
This also implies
— E[A
E[X o] < [Am] _ am
m m
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We can take inf in m in the right side of the above formula to conclude E[X o] < 7.

We can note that, if in the assumption (b), the sequence (X, (n+1)x)n>0 is ergodic for all & > 1
then we can deduce directly X, < 7 a.s.

Next, let us prove (iii). If we can construct a stationary sequence (Y})r>1 satisfying

{E[Yk] >y,  Vkx1 ©9)

(Xog)i<ken = (Y1 + ... Yi)ick<n, as., Vn > 1,

then we can easily get (iii).

Given a positive integer p > 1, let U, be a random variable with uniform distribution on {1, ..., p}.
Let us assume that (Up),>1 is an 1ndependent sequence and that it is independent of (X, p)n>m>0 as
well. For any positive integers &k, p > 1, we define

(»)
Y," = Xokrv, — Xok+U,-1,

then we have 1 1
E[Yk(p)] = E[Xok+p — Xox) = Z;(akﬂz — ag).

Then, the assumptions (a) and (c) give that

M*@

E[(Y,")*"] = > El(Xojtt — Xokri-1)

=1

E[ k+l—1,k+l] = E[X(Tﬂ-

ﬁ\r—‘
ﬁ\»—‘

=1

In consequence, when k is fixed, we obtain

sup E[|V,”[] = sup (2 E[(V,*)*] - E[Y,")])
p=1 p=1

o1
<2E[Xg,] - zlgg (;(ak—i-p —ag)) < oo,
and also the following using Eq. (8.5),

plggoE[Y( )] = 7.
By Exercise 1.26, we know that an L'-bounded sequence of random variables has an almost surely
converging subsequence, moreover, the a.s. convergence implies the convergence in distribution, so
Cantor’s diagonal argument (¥3 5% /%) provides us with a subsequence (p;);>1 such that the se-
quence (Yk(p Z')) i>1 of random variables converges in distribution with limit denoted by (Yj)x>1. This
is equivalent to saying that for any k£ > 1 and a bounded measurable function f on R¥, the following
convergence holds,

E[f(Y1,...,Y;)] = lim — ZE (Xog1 — Xogs -+ Xojgrk — Xogrk—1)]-

z—>c>opZ =1

From this formula we can also conclude that (Y} )x>1 is stationary.
Now let us check that the sequence (Y})r>1 constructed above satisfies Eq. (8.9). First, the assump-
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Chapter 8 Ergodic Theorem

tions (a) and (c) give us
@)
Yl(p) = Xo,u,+1 — Xo,u, < Xv,,v,+1 = Xo,1,
so the sequence ((Yl(p ))+)p>1 is uniformly integrable. From Fatou’s lemma (Lemma 8.4.6), we have

EY1]=E { lim Yl(p””)} > limsupE[Yl(pi)} =7,

=00 i—00

Again using Birkhoff’s ergodic theorem (Theorem 8.2.1), we conclude that the limit
1 n
Y = nh_}rrolo - ;;1 Y., as.

existsand E[Y] = E[Y;] > v

In the end, we still need to check that the sequence (X 1, X0 2, ..., Xo,) stochastically dominates
(Y1,Y1 +Ys,...,Y1 4+ ---+Y,). Givenn > 1 and a non-decreasing and non-negative measurable
function f on R", we have

E[f(Y17Y1+Y2,...,Y +..._|_Yn)]

= lim — ZE (X041 — Xoy, Xogt2 — Xogs - -+ Xog4n — Xoy)]

=00 Pj

< lim *ZE (X141 X1 425 -5 Xig4n)]

= iS00 pZ

= E[f(Xo,1, X0,2, oo Xom)l-

Finally, let us prove (iv). From the assumption (a), we have

n—1

(Xom —1Xoo) T <D (X1 — Xoo) ™,
k=0

and since the assumption (c) says that the terms in the sequence ((Xj j4+1 — Xoo)™)g>0 of random

variables are identically distributed, ((% — Xoo))n>0 is an uniformly integrable sequence. Using
the fact that X
X +
E[(Z2" - X)) | —20.
n n—00
Since we also have E[ ] — E[X ), using the identity |z| = 22T — z, we find
X
SRS —
n n—00 0
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