HPIERE 753 hED  —AEREFATNNERIXE - BREEENMNE  EEEASES - Fff
ERNE—MRFBEER - St URKIEBMZFIEERE 431 PEBEBRABUAR] > 7£IFiid B
HEBFIIET TRIHRE

F—H AETESRREE

EH 811 REREMBAR ()00 BHRAEFEER L > 00 BEEBRE (X))
B (Xopi)nzo BHAFBID M > AHFIR (Xo)uo0 RETEIFS] (stationary sequence) 502
FREHFE (stationary process) ©

g 8.1.2 : TIIRRETFEBIZHEF
(1) ER iid FEEEEFEY (X))o B TFEBIE -

(2) B (Xn)nzo EHBERER Q WEIXE  EFETFRERAIE »> WE X) ~ r K>
(Xn)nzo RETFIZEE - BREM 743 ©

EERFERNEFHERHEIR - B TRBENESIRHEEE—MRER -

EES.1.3 ! ATE o WETER (O, F,P) URTRAIRE ¢ : Q — Q- MBRHERFABE Ac F &K
98 P(p1(A)) = P(A) » BIFMIER ¢ BETE (Q, F,P) LAYHIESFHE (measure-preserving
transformation) ° fELLIEF T - FMILER P 2 » BIAEME (invariant measure) ©

B TER .13 BFIFFEE (O, 7,P) SEMKTHMMERER » o BIRAVAIEZREENRE
%) ; BRNERHEHRAE  RERMAREHERZ[ETR -

g6 8.1.4 1 UTEAETEERHAF o
(1) ERAEZME (RY, BRY),\) » AIBRER y € R > FRRE
Oy: = = x+y

SELE

i
S

)d¢
4

&




BNE BEEE

(2) EEEBEMES' = {z cC: 2| = 1} UREHRZELANEI DM 1o HREE S e R - T
AILERREEF

05 Cemia 6271'1(04—&—6)‘

EEREE (SY,B(SY), n) ERRIESFEE R o
(3) EERFEERZER ([0,1], B([0,1]),P) » EFR P A7E [0,1) LRI BEMRAIE - 8

L5

R E T e o

TESESHFEF  HEERNTFRFIINER ZEREFENRAE T SRR ES A2
ERHSHIME o

815 ! D F =RER BRELER > Q = BN BEAZER » F = B(E)®N ZEFRE
FERZRE TR RN o K8 PAE (Q.F) LHKERANE - BHw ~ P E2ETFEBERE A
HERHE T (shift operator) 6 := 01 » T®ERM 0((wn)n>0) = (Wni1)nso * =ETE (Q, F,P) LEVRIE
IR -

2R B RFIREE 0 RETARE - HREEE F FRERSEHS A ZfAB01(4) =

Ex A EHEREERTEMN - A - IFIMEERZEEHRTINER F » Fitt 0 ZFAIRE - 3%
Z > BN P EENZETFREE - HRAMEETEN A RFIEE P(A) =P(0'(4)) » iR
EPRPoo ! EEFEHBMRINES LIEER - BERSEGER 7 558 ° O

WEs.1.6 ¢ D (Q,F,P) BIEEZM o £ , BE7 (O, F,P) EAHETESE - AR EER
BETHZER (G,0) RIEER X : (O, F.P) — (C.0) » RMAMUMFEEEESH » > 0
FE X, (w) = X(0"(w)) 7 B (Xn)nso BAEPIEEE o

g 817 @ TS LR BE(Q,F) = (BN, B(E)*N) & (G,G) = (E,B(E)) » BIRBIHEBETF
0 BERIESTIEEE - ERMIN X = X, WEZREE - RMSEIGE .15 E’J:Eﬁ% o FHItEFAI AT
LIS - TREFFIMNERZEREANETESR THAZAEME -
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BNE BEEE

BRI BEN 0TS Bt B A={weQ: (Xy(w),...,X,(w)) € B} » 8
P((Xp(w), - Xppn(w)) € B) = P(w: ¢"(w) € A)
=P(we A)
=P((Xo(w),..., Xn(w)) € B).

EES.1.8 | T o AEKERZTM (O, F,P) LHAIETHEER  HAIEE ¢ E’JTﬁmn (invariant
set) 2

I=TI,={AcF:p (A=A} (8.1)

FFIeT LABRRE 1, 28 o X8 Rttt AT AFBMA » BIAEE o KBl (invariant o-algebra) © It
N BL, BTN o K8 BIFRFIER ¢ BEEM (ergodic) ©

I8 8.1.9 : BRRUE R 8.1.8 PEBRNAEES 7 NEEE o KB -

1M 8.1.10 ¢ B AEBGEREM > AIEMIATLUEI A c ITHR p(A) = A p(A°) = AR P(A) >0
P(A°) > 0 ; #aE)FEER © o BAIKIAY ©

fIRE 8.1.11 : ©5 (Q, F,P) BIEERZRH > o SEEM LEAAIETERE
(1) ¥GTERBREE X . (O, F,P) — (R,B(R)) - BEEME Xop =X Al X FH 7 olA -
(2) ZEAMERE T ATRINBEHER X - (O, F,P) — (R,B(R)) & P-as. BEE » B o BBEK -
RERHEBEFEY (X))o * BRRIEEES 421 REZ B o 1REL (asymptotic o-algebra) °
SEEHMIBRBIEREM o 1R (tail o-algebra) » 5BIE T :

T = m]:n’ .Fn:O'(Xn,Xn+1,...), Vn > 0.

n=0

Rl 8.1.12 | © E =R R ABARETR » EEEAZM Q= BN & F = B(E)®No » Wi{REE
WREET 0 SEAETIEER BT CT-o

#8113 ¢ EE (X,)nz0 A iid FFIEIART » %€ Kolmogorov B—1E (Fi 4.22) > HMEM T
AN o 8 Bt Z WEEFF o K8 UELER » FR iid BREHFINHREFERRERE
Bt
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BNE BEEE

EHA  REREES Ac T BIFRMA
A=0"1A) ={w:0(w) e A} € F..

EMEENTE  BFIAURE - BRFE >0 Ac Fr - HRRBR Ac T - O

RIRE 8.1.14 : SRR himE 7 C T BIBIF o

EHZ8.1.15 : EfaAmEs 1 FHNREHR B w ~ P EEFREEBHRBET 0 ABERE
M BN w = (wn)nso BBARBEMBFIE (ergodic process) ©

sEfE 8.1.16 @ HFVEER) > RIBER 8.1.15 - —(ERRKERERBIEERARE - BN BARLEE

FI2BIE o OB FEIRFERINELR » IRIREIAE 743 - MR BT RBERIVAR B iRtk R EFTEE
(REEEMN) - AERMANEEETRER  ENR—EZERERTHRERT XS - ERFIRE

FREE  BHRESTEREP  BREY (SR [ F — R BEEE (RE753)

% S F(X0) — u(f),  Pas.
k=0

BRI - BB ERERIPEHBIZR B F R -

IR - FFIAES 8.1.15 RIS BRI K EERBEN

iRl 8.1.17 | MME—EEUENREES £ LB XE (X)), BEEFERERE « - £
RHRFAE € £ HfIB n(x) > 0 - PBEEEMEFTAIKE (X,,),-0 BEEBEN - BItER
RIESESE

G0 B EEE BB 812 (2 KearE 8.1.5 HMAE - HBEF 0 B P, KRR - SER
FEST IR

e 7.4.15 BIEERR » RPIATUSHABENREEZERNAE » BEIRE 730 FFHFFKM -
#fIE E = UR, » EF R, RERAFRAIHINES © L5 - HABRES X, € R, RIHRHAEAE
n>1'HMAWEE X, € R, » FiAR

{w: Xo(w) € R} €T, Vi.

Hit - EEHFFM - EEFAXERTN - REREF 0 FTEABERELE -
Rz »ERAcIy IHESHBEFIERG, =0" BFIEE 1400, =1, AL &
HRFABE >0 E&R F, =0(Xo,...,X,) » BEBIXMEERE :

Ex[la|Fn] = Ex[lac 0| Fn] = Ex,[1a] = h(Xy),

4 BBIB : 2026 4F 4 H 12 H 15:11



BNE EETE
HA h(z) = E,[14] e R A € T B EFBEAIRENE - RIBEIE 656 » HRMAMEMSE
as. WHE (14| Fo] = 14 ° WS BR (Xn)nzo RFATKIEERN  $RERyec £ LR
GAEERXEBEMy) Bth=0F =1 BHERP,(4) =08k 1° O

THEAUZREE—ERETESRESEEEBELTRRY -

EFK8.1.18 ! T o ATEMKERZEM (Q, 7, P) LRVAIEFIRBRERRAE F,.G c F» BB

P(F Ny ™(G)) —— P(F) P(G).

n—o0

BFFIER o BIHATE (mixing) ©

53 8.1.19 : & o BEMKRZR (Q, F,P) LRVAIESTIRE®R - & o AERESE Bl o BAH

A S FcT IRME
P(F) =P(F N "(F)) — P(F)>
FRAP(F) =P(F)? » BEERIR P(F) € {0,1} » Atk o BN » BEBEMX - O

B 8.0 2fEFAEIE 8.1.19 RREAETEEBRESEBEBEENGF - BE .14 W EHRHHEM
BEEEENERGIE -

$E " Birkhoff iBETEIE

BFRAENLEGT - BREEMETE (O, F,P) » B o BEHZR FRAE TR - = EH
BY X (Q,F.P) - (C,0) LEBFMEBIZ (X,.)ns0 » EF X, (w) = X (9" (w) ©

EH 8.2.1 [Birkhoff SBEFIE] @ & X € L'(Q, F,P) BAITEFEHEE » o BTE (O, F,P) £M
AIESFEEE - B TFHMERE P-as. BRI » HE7E L' HALIL :

1n—1 1n—1 .
E];]X’“:ﬁkz_%xw — E[X|T].
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BNE BEEE

513 8.2.2 [Hopf MAEES|IE] : HEEMER
n—1
So =0, Sn:ZXocpk, Vn > 1,
k=0
M, = max Sk, Vn > 1,

0<k<n

AIRATE n > 1 &FB

E[X1z,>0] > 0.

G REER# 0 > 1 BARPIEEER
Set1=X+Spop,  Vk>0.
HLAFEHR 1 <k <n HME
Sp=X+ S 100 <X+ M,op

TEMH (M, > 0} £ BB M, = maxi<k<, S CERRER TR L 1€ 1 FtAMAZN 0 B
48) - EtAF ENT EFEARRE 11y, 50 BFEARE 1 <k < n Blmax > FFIFEH

Mn]an>0 g (X + Mn o ¢)1M7L>0'
&% - HHRRE

E[XTas,>0] = E[M, s, 50] — E[(My 0 0)1az, >0
> E[M,] — E[M, o ] =0,

HAFEEZITHNAFAT  ZARTE (M, >0} > M, =0R M, 09 > 0EE ; ERE
—fEEFN - HKFIERT » RERIETESHIERE O

BERPIIUEAEE 8.2.1 FREBREEIE

SBEA : EARBRITRILUS X B X - E[X | 7] 0% - B RE—AH - BfRIBR E(X 7] = 0
AZbCELE L

n—1

1
-3 X ——0. (8.2)
nlkzO n— 00

L. = {limsup& > 5}.

n—oo TN

BEERAN 62)  HAIRFEEAP(L.) = 0 LERRHIE - 7 X A - X B - LA e
A RS TR -

6 BBIB : 2026 4F 4 H 12 H 15:11




EEEE

0t

BN

BFIEZR THIECHR

VE>0, Xp=(Xp—¢)lr,,

o<k<n "

n—1
Yn>0, S;=> X;, M= max S
k=0

BFIERE L. = o (L) AL L. € 70 B (X))o BETFEBE - HAOTUF A5
I8 8.2.2 BRI

£ L3R > FPIRTUE n — oo BUERR » EMEE
E[Xg]lsupn20 S,EL>O] = 0.

BREE - &ME
{supSfl >0} = {sup& >5}ﬂL5:LE,

n>0 n>0 N

]lid
0<E[(Xo—e)lr ] =E[1 E[X|Z]] —eP(L:) = —eP(L;).

BEFHFIP(L) =0 > FILFE as. WHBHBEERE °

BEHFIRSR L' PEIKE - HFIRIMER (52), AUTTR - LXMERSE) L' 88
BRI UER T LEBREENSE -

fBE M >0 HMAER

X'=Xlxey B X'=X-X

FFAFIEFABN as. BETIE > BRMHEE

1 n—1
=3 X0y —E[X'|T], as.

BN X 85 RiFEH EREFIRSER » BRI ETE L PRI - HE2RIEER

1n_1 " k " "
E ’(”;;)X 0 *) ~E[X \z]‘ <2E[X"] —— 0.

FEEHMER ¢ > 0 HATLCEESARN M FEB E[| X)) < ¢ » BREBHAN » - F15
1 n—1
E{|=Y X' oo —E[X'|T]|| <e,
32 |

EMRFE L WHEBEERE - O
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BNE BEEE

RSSE 8.2.3 : BFSUAIEIE .21 THAVEESE » ZBR X c L/(Q, F.P) » B8 [» WHEREEIE -

#0824 : TYERETIE s.2.1 BIFER -

(1) B (X))o =ff iid BTE L' PRBEHEEFS - 5 11318 T /TN o L8
KL TIE as. WK L' PR

1 n—1
=Y X, —— E[Xq).
n =0 n—oo

(2) BEERTEAEZRE £ LR THNETTRE (X))o * MIRRMERERAE 1 o BFE
Rl 8.1.17 > FBEATHRBRETF 0HN P, ABEEE -/ E — REE u(|f]) <o
AIEMIE T Pyas. & LT I :

n—1
U F(XR) o Bl | Ta] = ().
k=0

(3) FFHERBSIEREED] 8.1.4 (2) PEBHIEMNE LMRREBET - RIBEE s.12 » HFIAETE 0
AEIBHET - 0; AEEEE - Bt - 18 A € B(S) » HMEH

1 n—1
" ];) ]leg(w)eA —— u(A),

n—o0

Hrh B S' LRI ERAIE o 8- Weyl WEDMEIR (equidistribution theorem) °

F=H FERINNERY

FULEHT  BPIERE 8.2 HFPEREEIERRT FEFTINER Y -

UTHEMEELZRNIEMEE N £ - IEE R? FHRERETE - BPIEREAZR Q= RH)Y &
o KB F = B(RY)®N BEEEIZREATANGR o K8 REKAIE P ESHBET 0 GEHER
B (Q, F,P) LRVRIESFEE R -

ERw~ P BRAER  ERRBIEENFT (X (w))r1 BEETE R HFRFT] - HRAELE

BHn>1"%

&
z=

Sp=X1+ -+ Xy,
Rn: ‘{Slv 7Sn}|~

MBI (X))o BIEMEESHSERE - B 5, AMEESERM 0 WUIE » R, AMEES F6
B AL EHBOMERE -
RS TIER -

8 BBIB : 2026 4F 4 H 12 H 15:11



BN

0t

ERE

=

E

b2

FiEs31: 5
A={S#0, Vk > 1}.

AIIFFIE T5IukER
B 2, pg 7).

n

G BARRFEER) 0 R, AIMEF R, = |B,| EF B, E&M :
By={m=>1:8m4x#Sm, V1<k<n-m}, Vn>1.
HARERAEEH m > 1 RPIETIHERR
0" (w) e A w e {Snir — Sm #0, Vk > 1},

L F B

Ry> Y 14(6™(w), VYn>1

m=1

IRIE Birkhof T BEEE (EEs21) - KFIFE

lim inf Bn > E[14|Z], a.s.
n

n—oo

BE  RTEEHEL> 1 BMHEE
Ap=1{8; #0, V1 <j <k}

£ _FERIETERALL » FfIRTLUSE

n—k
Ro<k+ Y 1a,(0"(w)).

m=1

BEX1E#R Birkhof SBEEIE » ®fE

lim sup £n < E[lg4, | 7], as.
n

n—00

BRFES (Ar)e=1 BERAM > BE b — oo FEERE A > RFIUEFREEIERE

THEE iid TENRERESIER (739 REBE79) HEETFRFIINDE -

o

EHE 8.3.2 1 R (Xi)ks BUETE Z 1Y LT FBFS) - BIFRMIE -
(1) EE[X1|Z]=0-RIP(A)=0°

(2 &EPA)=0>8BIP(S,=0i0)=1c

BB . 20264 4 H 12 H 15:11




BNE BEEE

WELERR - BRSSP ERNTE o RERHHLEE(X, 7] % 0 - BRIt EIRAY

s9EA :
(1) BE[X|Z] =0 BBEEEEHREM 5= & as. WHE 0 - FIL > HMBE

S S S
limsup( max ’k‘) = 1imsup( max M) < ?aXM —0,

n—oo 1<k<n n n—o00 K<k<n n >K k K—oo

lim ( max ’Sk‘) =0.

n—oo \ I<k<n N

MR R, < 14 2maxicpen [k » BFIGEE 2 — 0> FMLEE 3.1 #8H P(A) =00

QQ BLEBMB A ={In>1:5, =0 BRHEBEPA) =0 8 (S))s1 BSHOED
—RHIBEES 10 BPIBIE (S0)n>1 B—XRFiH 0 WM A IRBMEREHHBE
A¢ = |—|k>1Fk ’ E':F'

Fo={S;#08RFB1<i<kB S, =0}, Vk>1
BE > BPRBEFRE (S))ns1 Fih 0 EOMAIIME » KItHMEETIEH
Gik=0(F)={Sj+i —S; #0HMRAAB 1<i<k B Sj4r— S5, =0}, Vjk>1

R (Xi)p>1 VTR » BMOVEHRFAE 5,k > 1B P(G;) =P(F) BE j BT
(Gin)eor BEFESBEHES 1 - BAER > RAE

Z P(Fj N Gj,k) = ZP(FJ) =1.

Jik=1 j=1
BB F 1 Gy RS, = 0B Sy = 0 EILEMRIAT » (S,)e1 b 0 BOTR
MRS 1 - RPIERIRTT - aIUEBRBERER m > 1 (Sn)ns1 Fh 0 D m REVHE
RKH 1o 0

TEAERILEEF] - RPTERIE 7.4.13 WEREEEFERY L o

FIE 8.3.3 1 EREMKETM (O, F,P) ENTFEREY (X))o’ FTAIES Ac Fr TEERFEL
R 7o = 0 &
Th+1 =inf{k > T, : X, € A}, Vn > 0.

B P-as. HIB T < co > AIEREREP(| Xo € A) ZT » FEREBEFS (7, := Tni1—Tn)nxo

10 BBIB : 2026 4F 4 H 12 H 15:11



EEEE

0t

BN

gEEFRFIE
1

]E[TO’XO € A] = m

M 834 I B (X))o AEERERATVMNERIXEE - SEHE—FRERKAELEL MEP, Z
T (X)) nso REFERS - HRERE 2 c B B A = {2} » BIF 8.3) 1LEA (7.19) - FHILE
12 833 AJLUIRARIE 7.4.13 VRS - RPIBIRETTKIEARER - T HHERNE as. BETE -

A ARMEEY X, € A WIRHSRRICHILE - BRITETUER TR - RELEE
BOSHE - FIAEE 52 » BFETLUE (X,),00 IBER FIEE Z LOOFRBRT (X, )0er © BE -
EETHIEREH

Ch={X_1¢A.. . X_g_¢AX A}, Vixl
EZA(NE=]
(klil Ck)c = {Xp ¢ AHRFRA - K <k<-1}.
=1
ERTREFIINGEE  EXERSEFEENF (X, ¢ ABRFAE 1 <k < K} BHERNKE - |}
K — oo » 1RIBEERE KB
P (kﬁl Ck) =1. (8.4)

HRPIREBEEEBREREP( | Xo € A ZTF ()0 NFRE - BEERH j~ FEEY
n <ng < - <n; RIEB# my, - ,m; » IME

P(Tny+1 =m1,. .., Tny41 = mj, Xo € A) = Z]P)(TQ =k, Tyl = M1, -, Tyl = My, Xo € A)
k>1

= ZP(CkaXO €A7Tn1 =MmMi,...,Tn; :m])7

J
k>1

:]P)(XO S A,Tnl :mla"'anj :m])’

HpEB —EFNF - HFIER T FRFIINIRE ; EHE=@FF - AT (8.4) 884 -
% - FFIZREEEAT (8.3)

Elro| Xo € Al =Y P(0 > k| Xo € A)

k>1
=P(Xo€ A" P(ro >k, X € A)
k>1
X()EA ZP Ck XoEA)il
k>1

BB . 20264 4 H 12 H 15:11 11



BNE BEEE

Hp B =EFEFAF - ZFIERT FRFYIRIEE :

IP)(TQ >k Xy € A) :[P(XQ €A Xy ¢ Ao, X ¢ A)
=POF*Xoe A X1 ¢A,. ... X1 ¢A)=PC,).

RIRE 8.3.5 : MSAEE 33N - D Bc FmE ANDB =0 5588

T -1

Z ]leEB

k=0

SN ERTETE 7.4.10 FERIRBERBRIRELEIE ?

P(X, € B)

E —.
]P(XQ S A)

Xpe A

SME HMNEEREEE

S E T - FPIEIRETHIRZ Birkhoff JBFEEIEAINNGERR - TEEIE 8.2.1 A » FFIHBEME BT
WABHEEMNEBS  AEWEEIERTEIE ; B ESHEMANMES  EENEREEEX
58 EAIMEESAYIERE - EEIE 843 PRMAETED)  ERLEFIRERZT @ BIEREFEM - M
PR E] LAS 3581 Birkhoff 5B EIBRIFGL -

EEEFEY (1,)n>1 WE

Tntm L Tp + T, Vn,m > 1,

BIEPRMEBE A ME (subadditive) ©

5|32 8.4.1 [Fekete 5/32] : BWREZLMERS (zn)n>1 KER » FHIEREFE

lim " = infix € RU{—o0}.

n
n—oo n n>= n

=EA  BAERR  &fIE

WMEe>0 BN >1#18

HREEn > N> BT EEn = kN +r  EF L e NRO<Sr < N -1 fEBELSM
% RIS E!

12 BBIB : 2026 4F 4 H 12 H 15:11



BNE EETIE
¥ EZLE lim sup @ FAFI1EFE
TN n
o 2N~ on
fmup S <y < e
R e > 0 BIAER/) » 1555 O

giffl 8.4.2 [BEEES] : EZ¢ L BEREA n > 1 BT (v1)ocken * BME
cHWRBO<k<n— 1 BB 2p ~ 24115
CBRAB O <k<n' HMB ;£

BIERFIER (21)o<hen =ERES n WHBEBETE (self-avoiding walk) © FRFIFIERRE o H 3% -
REZ n WEIEBREHEMMNESSIE SAW(n) » MG ETTRMBEEDIE ¢, = [SAW(n)| o BIEZ
(Inc,)n>1 EBESIMN B AERE IR 8.4.1 53

Inc, . Inc,
= inf
>1

= lim
v n—oo N,

B = TBIEHAF Y (connective constant) ©
EESHERERRMERES L - FRMAETUFIB51IE .41 RFEREBBEHEFT » B EMY
BARERHAZNEE - BRIFNEREHHE—NEUFERTE ZHA N AESEE L HE

?.%,u:\/2+\/§°l

€ RU{—o0}.

HATEEZEZRTNEEEFEHEHIRAD Fekete 512 ©

THE 843 [HLMEEBETIE] @ B (Xnn)nomeo AmE FHIEENEREREEFT :
(@) HIRFAEEB#E . >m > 1 BB Xon < Xom + X ©
(b) BIFAEEH L > 1 FH (Xok, (nr1)k)nz0 =BFRFS
© B (X mik)k=1 BIDMREL m > 0 #ERE o
d BRFEr> 1 BB Xonc L' B

E|X
inf 7[ 0] > —
n=>1 n

AFFIE -

"Duminil-Copin, Hugo and Stanislav Smirnov (2012). *The connective constant of the honeycomb lattice equals \/2 + v/2”. Annals

of Mathematics, 1653-1665.
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BNE BEEE

(1) F3IE as. WHETE L' IR :

X := lim Xon
n—oo n
(2) FHIZFXGIL :
E[Xs] = lim ElXon] _ ¢ ElXon]
n— o0 n n=1 n

3) BEHRFAE k> 0 R (b) PHFINEEEEEM > Bl X =E[X]as. °

53 844 :

(1) WEERFER 1973 FH Kingman FFBAHR - HER 1985 £ H Liggett AR » S ERIRGLZ
Liggett BYRRZA  Kingman ARERZERITER () * MERRERESE 00T ¢

(2) EFMEIRTEIE .21 T LHES
n—1

X = »_ X ook, Vn >m >0,
k=m

AlEmtEEEEERIFI TR as. IWEIRTE L' FHIKRE :
n—1

1
Xoo = lim fZXogpk,
k=0

n—00 7N,

HAP E[X, ] =E[X]° b5 - HIRFABER A e 7, » HfIgH

. 1 n—1 ' 1 n—1
E[Xool4] = lim E [nkgxwkm} = lim E [nkz_%xnwm)} = E[X1 4],

IR PHE AT LIS X — E[X |Z,] - AR EIE 5.2.1 A0S -

EFEHHTEIE 843 Al » HMIEFTETNIIESR 845 K5I 846 ©

EES845 : T XRY ZMERETTE R PRIBEHE & o HHHRFTE IEE R AY ] R K&
R — Ry > HME

E[f(X)] 2 E[f(Y)],
HohHMERE R LRRRF < &M :

(xl,...,a:d)é(yl,...,yd) = ngyz Vi:L...,d,
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EEEE

10t

BN

BIERAFIER X HIR Y BREMES (stochastic dominance) * WEEEX =Y °

ERMSETE 759 PRNNEAEIEERNHR  SAME X % v SR&ED » BIZMAT
B ST A — (AR e Y BY  BEX X RYYY B X >V as o

FIIE 8.4.6 : MREBHEREHFT] (X, MIBEFREESHEBBORERNFES (X)) 255
aJf& - BUFM9AE Fatou 5118 :

E [liminf X,| < liminf E[X,].

n—oo n—o0

B Sc>0Ka>0F8
E (X, )1y

n Q@

| <e.
B BFIRLUE (X, +a)* 58 Fatou 532 :
E [liminf(X, + a)] <E [liminf(X, +a)*| < liminf E[(X, +a)*].
s BRFE n > 1 EME
(Xn+a)" = (Xn+a)+(Xn+a)” <(Xp+a)+ X 1y,
M LE=EFEXEHMmSE
E [liminf(X, + a)| <lminf E[(X, + a) + X; 1y ] = iminf E[(X, + a)] + &,

n—oo n—oo n—oo

EEMERIMR o B e — 00 1558 © O

IRTEEBHMIRERTEIE 8.43 ©

s5BA : FIEZE THIRCHR

— X X
Vn>1, ap=E[Xon], Xeo=limsup 2t X =liminf 222
n—oo n n—r00 n

i A I R B AR A TU 5 B
(i) #IFA Fekete 5|322REEMA a,,/n G as. WK > WA ELABPREEAE ~
(ii) FBHE[X ] <v°
(i) FEAE[X ] > v FEIHE Gi) » FFIER Xoo = X = Xoas. BE[X ] =7

(iv) 588 Xo.,./n BTE L' UK °
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BNE BEEE

BREEA () - IRIBRH () & (o) » M\
Cntm < Gp + G, Vn,m > 1.

KL ARR Fekete B9 13E (5132 84.1) - F&FIB

lim 2% — jnf 22 —. . (8.5)

n—oo n, n=zl n

BEFEW (i) - FREEEH m > 1> FA b) WEFK Birkhoff /BEEIE (FHEs21) - T
XFEG as. WHBETE L' PUREL :

1 k—1
% Z ij,(j+1)m m IE:[XO,m | Zim] =1 Am,
7=0

HA 7, @ m THEBETF 0" (IR E o A - BREAREK (a) HFIEE

X A
lim sup Z0.km < 2, (8.6)
k—o0 m m

EBEREMBESFENE X = limsup 220 » HFABEEHR (3.0) PRENBEMES o HM
AILUBERER# n > 1 BEn=kkm+ 1 HP 1<l <m ALEME

XO,n < XO,km + Xk:m,km—i—l' (8~7)
ERMEE 1 B (© SFRF > X st BIDEER Xo, € L1 18 » BERFAE = > 00 Bff
=)
S P( X omst] > ke) = S P(Xoy| > ke) = é E [|X,,]] < oc.

k>1 k>1
L1 Borel-Cantelli 5 |32 IS FHRAEHT

X
lim km,km+1 _
k—o0 k

Atk - EXBENLET 8.6) BRI (8.7) » FFIRTIAHES

0, Ym=>=21,1<4<m.

X < Am (8.8)
m
EHAHT AR

HAE_ERAE T m B inf BTLUEE E[X o] < 7 ©
BIVERER > BERE O) P BB k> 1 FH (X (np1)p)n=0 EEREEN - BIFRFIRT
LIBE#HHE X < Y as. °
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BNE EETIE
BRFEH (i) - HEERMATUBE—EFERERS (V)i WeE
E[Yi] = ~, kE>1,
(Y] 2~ vk > (8.9)
(Xox)icken = Y1+ ... Yi)i<k<n, as., Vn > 1,

BIFRFIAT LSS5 183 (i)
BEERM p > 10 DU, B (1,...,p) LEHID RS o HIER (U,),., 55
VFERSBBFES] + TEAA (X, )nomo HEBI  SREBEEK £, p > 1 BAES

Vi = Xo kv, = Xoktv,-1,
BIFEME
1 1
E[Yk(p)] = ]; E[Xo’k_;_p — XO,k] = ];(ak"ﬂ’ — ak)-

EERBRE @ & (o) - &MB

P
Z E[Xlii-l—l,k—&-l] = E[Xafﬂ-

E[(v ")) = ;
=1

SR

p
> El(Xopt — Xopri—1)T] <
=1

Hit - ZEEE £ ERT - IR

sup E[[Y,7[] = sup (2 E[(Y, ") "] - E[v,”)))
p=1 p=1

. 1
<2 E[Xg,] - inf (5(ak+p — ay)) < oo,

mBBEF AR 8.5  HME
lim E[Yk(p)] =".

p—0o0

RREE 1.26 > HPIFME—EE L P ERNEREHFTIGE —E as. WHHNFFS > B as.
IBIHE = 2 U ER » BTLA Cantor BY¥I A 5m5E 5 (diagonal argument) FHEFEM - ATLUILEIF =5
(pi)is1 EEPEHEEUET] (V,7))e1 OIS BIPSEBREIE (Vi)is: o EEREHNE
Bk>1RER LERNTRRE - HMEE TR

) 1 y<3
Elf(Y1,.... V)] = lim — Y E[f(Xos41 — Xog, - - Xogsk — Xoirk—1)]-

1—00 Pj -1

B EXEFIEAIUBFLIEK @ (Vi) REFREFS
RERFIERE - T LEBEERIF (Yi)ie1 mET (8.9) ° B @ IRIFREK () K (o)
#fiE

(d)
Yl(p) = Xou,+1 — Xo,u, < Xv,,v,+1 = Xo,1,
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BNE BEEE

B (V7)) RYIDETFER o 838 Fatou 3|38 (5|3 s46) - HME

ElY1]=E [ lim Y(p )} > hmsupE[Y(p )] _

1—00 i—00

B1R1E Birkhoff SBEFEEIE (FHEs.2.1) - FHFER

Y := lim —ZYk, a.s.

n—oo
"=

FERE[Y]=EV|>~ve
Rt - RREBEREEEEFY (Xo1, Xog, ..., Xoa) HR YV, Y1+ Yo, ..., Vi +---+V,) &
BEREHEZ - 8 n > 1 URTE R EWIBRBIEE T RIRE f - TMIE

E[f(YhYl-i-Yg,...,Y Tt V)]

= lim — ZE (X041 — Xog, Xogr2 — Xogs -+ Xog4n — Xo,)]

1—00 pl

. 1 Y23
< lim — > E[f (X041, Xigg2, - - Xiggn)]

1—00 Pj =1

=E[f(Xo0,1,X0,2,---,Xon)|-

EERIRFIZREEA (iv) - RIBERFK (2) » FHME

n—1

(XO,n - nXoo)+ < Z(Xk‘,k-i-l - Xoo)+7
k=0
,mm#¢ﬂ@ BEME B BE T (Xppr1 — Xoo)Diso PHBRBEEZHEENS - it
(Fon — X))o REHSTRENFET - BLFIA X B 500 89 as. 18R » HRFHSE

B[(Fr - %) ] o

n
BRREME E[X02] - E[X.] » ERAMERR 2| = 207 — o » HFIET
XOn
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