Brownian Motion

9.1 Limit of Random Walks

In physics, we interprete the Brownian motion as the movement of a tiny particle under the shocks of the
other particles. The trajectory of such a particle is quite irregular and highly unpredictable; moreover, the
direction of the movement can change drastically at any time. From the point of view of mathematics, we
can modelize this using the trajectory of a particle following a random walk on Z¢ after a proper scaling and
time-change.

More precisely speaking, let us consider a random walk (.S}, ),,>0 on Z started from 0, defined as below,
Sp=Y1+--4+Y,, Vn >0,

where (Y;,),,>1 is an iid. sequence of random variables with values in Z? with distribution p, Besides,
suppose that p satisfies the following properties.

(1) Centered and in L?,

Z zp(z) =0 and Z lz|2p(z) < oo.

xeZd xeZd

(2) Isotropic: there exists o > 0 such that for all 1 < ¢, 5 < d, we have

Z zizip(x) = 025,

x€Z4

Theorem 4.5.4 tells us that the rescaled random walk ﬁsn converges in distribution to the d-dimensional
Gaussian variable with covariance matrix given by ¢2Id. It is not hard to check that the symmetric simple
random walk on Z? satisfies the above properties.

We are interested in the global behavior of this random walk both in time and in space, that is the behavior
of the trajectory n +— S, for large time. Hence, we introduce the following scaling,

1
St(n) = %SLntJ ’
Alternatively speaking, the new time-scale ¢ corresponds to the original random walk at time |nt |; besides,
due to the central limit theorem, we know that S|,,;| is of order \/n when n is large, explaining the division
by +/n for a potentially non trivial limit.

Proposition 9.1.1: For any positive integer p > 1 and real numbers 0 = to < t1 < --- < t,, the
following convergence holds,

n n) L
St(l)w-vstp) = @i 00Ul (9.1)

where the limiting distribution is characterized by the following properties,
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Chapter 9 Brownian Motion

(1) the sequence (Utj — Ut,;_1)1<j<p of random variables is independent (Uy = 0);

2) for anyl < j < p, Uy, — Uy,_, is a centered Gaussian vector whose covariance matrix writes
o?(t; — tj_l)Id
Remark 9.1.2:

(1) If we define
_ 1 |z[? d
p@) = g (=g ) TR

then the density function of Uy, — Uy, is po2(s;—¢;_, y(z). Therefore, the density function of the
limiting distribution (U, , ..., Uy, ) given above can be written as

fyla"'7yp Hpo'2t7tj 1) — Y- 1)

(2) The convergence in Eq. (9.1) is the finite-dimensional convergence in distribution of the random process

(St(n))t>0, which does not imply the convergence in distribution of the whole process. For instance,
the below convergence cannot be seen as a consequence of the finite-dimension convergence in distri-
bution,

sup St(n) = sup S( )—(Msup U;.

> N0 >
t>0 kelz>0 t>0

The main reason is that the regularity on the limiting path (the infinite-dimensional distribution) cannot
be obtained from the knowledge of all the finite-dimensional distributions. Later in Section 9.2 we will
construct the Brownian motion as a continuous path, and the Donsker’s theorem (not discussed in this
lecture) allows us to make sense of the convergence of random walk paths to the Brownian motion
under a proper topological space.

Proof : By Lévy’s continuity theorem (Theorem 4.4.15), we only need to prove that the following
convergence holds for all &;,...,&, € R¢,

2 e (1326 5)] s B e s

Jj=1 Jj=

5-0)

In other words, we need the following convergence to hold for all 71, . .. , 1, € RY,

gk

{GXP( 2773 St(n Sgl,)l))} —E {QXP (izp:"?j (Ut — Utj_l)ﬂ- (9:2)
=1

Let us start with the computation of the above term on the left. First, we have

1 [nt; ]
S RS

k:|_ntj_1j+1
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Chapter 9 Brownian Motion

that is, the sequence (ng) — St(:i) . )1<j<p of random variables is independent. Additionally, we have,
for a fixed j,
n n) (@ 1 |nt;| — [ntj—1] SLnt'J—\_nt'—lj
St()_st(,) = S\nt;)—|nt;— :\/ : : - - .
J j—1 \/ﬁ L JJ L J 1] n \/Lnth _ LntjflJ

The central limit theorem states that the above random variable converges in distribution to
Vtj —tj—1N, where N is a Gaussian vector with covariance matrix o21d. Hence, the below conver-
gence holds forall 1 < j < p,

B [exp (i (557 = 5°))] 0 Blexpli Vi =10+ W] = enp (- T =1

The last equality in the above formula is the Laplace transform of the Gaussian distribution, computed

in Lemma 2.4.14. Finally, using the independence of (ng) - St(;l) )i<j<p» We can get Eq. (9.2) and

conclude the proof. (]

Definition 9.1.3 : Given a sequence (B;);>0 of random variables defined on the probability space
(9, F,P) with values in R%. We say that (B;)¢>¢ is a d-dimensional standard Brownian motion ({£2&
fRBAEE)) started from 0 if the following properties are satisfied.

(BM1) By = 0 a.s. and for all positive integer p > 1 and real numbers 0 =ty < t; < --- < t, the
sequence (B;, — By;_,)1<j<p of random variables is independent and for all 1 < j < p, the
Gaussian vector By, — By;_, is centered with covariance matrix (t; — t;-1)Id.

(BM2) For all w € €, the function ¢ — By (w) is continuous.

Remark 9.1.4:
(1) The most of the time, we will say Brownian motion instead of standard Brownian motion.

(2) In the below Section 9.2, we will construct a standard Brownian motion, giving its existence. In
consequence, the statement in Proposition 9.1.1 can be reformulated as follows. For any 0 < ¢ <
-+ < tp, the following convergence in distribution holds,

(S(n) . S(n)) () (UBt1>---7UBtp)-

t1 o

This tells us that a random walk convergence to a Brownian motion after a proper space-time scaling.
From the point of view of physics, this can be interpreted as the macroscopic random trajectory arised
from the microscopic shocks from particles.

(3) As we have seen above, the distribution of the random vector (By, , ..., By,) is characterized by

p p
P ((Bt17 s 7Btp) S A) - /A H ptj—tj_1(ytj - ytj_l) H dyj? VA € B((Rd)p) - B(Rd>®p
=1 j=1

(9.3)

Last modified: 10:59 on Sunday 17" May, 2026

BNE EIES

HRER > ERBEFES (5 - 5 i<, RWILH © LS - AT j B > BB

g _gm @ 1 4 _ [lnty] = Intj—1]  Sing)—int;_y
L N T )
J J—

BIEPRIBREE - LMPEHSHEIHEE /7 — N Hf N 2ELERERS o2d
WEEmE - HICHEE 1 <) <p - ZFE T
E [exp (im‘ : (St(f) - S(Jn)l)ﬂ —— Blexp(iy/#; —t;-1m; - N)] = exp ( - 02|nj|2(t2j - tjil))‘

ERAFHRR—EFRE *ETJﬁmHﬁﬁﬁ‘ﬁE’J Laplace #1518 (513 24.14) MEIH - R K
988 (517 — 51" )i<jcp BOBIINE » 195U (9.2) TISTALEREA O

EE 913 I IMENEER! P EREMEERZTME (Q,F,P) LHEEEEFES (B)so° &
(By)t=0 MAE -

(BM1) By = Oas. EYERFABER: p > 1 REHEOO=t) < t) < - < t,’ FEREHZFT
(B, — By,_))1<j<p RBUNBHRABE 1< j<p’ B, — B, , eEETESRYERES
(tj — tjfl)ld B’.—Jlﬁﬁﬁmi ’

(BM2) HIRFIB w € O Bt — By(w) BEAERY -
AIFRTB (Bt)i>0 % d HER o HEBENEHEABEE) (standard Brownian motion) °

53914 :
(1) KEBOHIRHE » TP L ERISIZEREDEENTBERELES o

(2) ETENE 92 19 - ASHEFREMEES - EMRFIRIFEN - FbaniE o.1.1 BIRGRATLL
EHRRES  HRERN O <6 < <1, BFIEDHEE

n d
(S( n) S( )) u) (O’Btl,...,O'Btp>.

t1 2

EEHFHM - BHESEEBERNBEZERESHREGWHEFRED ; EYENERIRE
2 - AILGR IR RIR B BB FREEIR R R EERRIBEHLZE BN NS

(3) WE LEFREEIN - BERE (B,,,..., B, ) N2 B T ERREE

P((Btl,.. ,By,) eA /Hpt o (W, — vey_y) de], VA € B((RYP) = B(R?)®P

(9.3)

BiBIER : 2026 % 5 H 17 H 10:59



Chapter 9 Brownian Motion

9.2 Construction of Brownian Motion

In this section, we want to construct a Brownian motion as a random continuous function. More precisely,
we need to construct an appropriate probability space (2, F,P) on which we can define a random variable
with values in C(]0, 1], R). Then, since the Brownian motion we want to define is a random process taking
values in C(Rxo, R%), we need to glue i.i.d. copies of the random process constructed above together, then
repeat the same operation on all the d coordinates to obtain the Brownian motion we looked for.

9.2.1 Lévy’s Construction

The construction we present below is from Lévy. The idea is to start with an appropriate increasing sets
D,, of [0, 1] such that UD,, is dense in [0, 1], then construct a random process with property (BM1) satisfied
on D,,. Next, we extend this random process by linear interpolation to points in [0, 1]\D,,. In the end, we
show that, when n tends to infinity, such a construction converges uniformly on [0, 1], so the limit satisfies
the property (BM2) as well.

Before describing Lévy’s construction in details, we start with the following lemma, used as the induction
step in the construction, and is also the key idea of this method.

Lemma 9.2.1: Given S, T and Z three random varibles with normal distributions N'(0, s), N'(0,t) and
N(0,1) and suppose that S, T — S and Z are independent. Define

:S—l-T_i_\/t—sZ.

U
2 2

Then, S,U — S andT — U are independent random variables with normal distributions./\f(O, s), /\/(07 U—
s) and N'(0,t — u), whereu = =5t

Proof : By definition, the covariance matrix of (5,7 — S, Z) writes
K(S,T—S,Z) = Diag(sat D 1)

Besides, if we define the matrix

10 0
a=log =]

1 t—

0 3 o

then we have (S,U — S, T — U)T = A(S,T — S, Z)". By Exercise 2.21, we can write
t—s

K(s-s-v) = AK(sir—sA” = Ding(s, 532, 15°)

Since (S,U — S,T — U) is a Gaussian vector with diagonal covariance matrix, Proposition 3.4.1 tells
us that its components are independent. (|
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Chapter 9 Brownian Motion
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Theorem 9.2.2 : A standard Brownian motion exists, that is, we can find an appropriate probability
space and a random process (By);>o such that the two properties in Definition 9.1.3 are satisfied.

Proof : To begin with, let us define the following dyadic sets
Vn >0, D,={L£:0<k<2"}.

Next, we will construct, for each n, a random continuous function on [0, 1] such that its marginal
distributions satisfy the property required by Definition 9.1.3. And in the end, we will show that such
random continuous functions will converge uniformly to a random continuous function, which is the
Brownian motion we are looking for.

Write D = U,,~0 D and consider the probability space (€2, F,IP) on which we can define an i.i.d.
sequence (Zg)gep of standard normal random varibales. We construct by induction the sequence
(Bg)gep of random processes satisfying

(a) for any s < t in D,, the distribution of the random variable B; — B; is N(0,¢ — s) and is
independent of Bg;

(b) for any non-negative integer n > 0, the random process (Bg)4ep, and (Z;)icp\ p,, are indepen-
dent.

Our construction goes as follows.
(1) Define By = 0 and By = Zj. The properties (a) and (b) clearly hold.

(2) Givenn > 1 and assume that B, for d € D,,_; is well-defined and that the properties (a) and (b)
are satified for any d € D,,\D,,—1. Next, we define

1 Zq
By = §(Bd72—" + Biya-n) + PCESER
We need to check that in the induction step (2), the properties (a) and (b) are still satisfied, which is a
direct consequence of Lemma 9.2.1.
Now that we have defined a random process on dyadic points in D, we interpolate its value outside
of D linearly. To be more precise, let us define

and interpolate Fy(t), for t € (0,1), linearly between t = 0 and ¢ = 1. Next, we define

2-(tD/27, t € D,\D,_1,

Yn>1, F,(t) =
n(t) {0 t €Dy,

and define F),(t), for t ¢ D,,, to be the linear interpolation between the two closent points from D,,.
All the above functions are continuous on [0, 1] and for all » > 0 and d € D,,, we have

n

By=) Fy(d) = > Fy(d).
i=0 i=0
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Chapter 9 Brownian Motion

We want to show that }_, -4 F;, converges uniformly on [0, 1], meaning that we need to estimate the
tail of Z,. Exercise 2.14 states that for any ¢ > 1 and large enough n, the following inequality holds,

C2

P(24) > evn) < esp (~ 51,

This implies that

Y PEdeDy:|Zg 2 cv/n) <D Y P(IZgl = evn) <D (2" +1)exp (— 7),

n>0 n>0deD, n>0

where the right side converge as long as ¢ > v/21n2. Borel-Cantelli lemma then states that, there
exists a random variable N < oo a.s. such that for all n > N and d € D,,, we have |Z,| < ¢y/n, that
is, we have for alln > N,

1Follo < ev/m2- D72,

and in consequence, - I, indeed converges uniformly on [0, 1] to a (random) continuous function,
denoted B.

We can easily check that (B)¢o,1 satisfies the property (BM1) on the dense set D, and by interpo-
lation, this property is also satisfied on [0, 1]. Also, by construction, the property (BM2) clearly holds.
In conclusion, we have constructed a one-dimensional Brownian motion on the time interval [0, 1]. If
want to extend the time interval to R>, we may consider an i.i.d. sequence of Brownian motion con-
structed above (B*));~0, where each random variable B*) is a random function in C([0, 1], R). We
may glue them together to obtain a Brownian motion defined on the time interval R>. To define a
Brownian motion in dimension d, we take d i.i.d. components and we are done with the construction.

g

Remark 9.2.3 : There is a more algebraic perspective of this construction.

(1) We may consider a countably infinite family (7, ),,>¢ of i.i.d. A/(0, 1) random variables on a probability
space L?(Q, F,P). The probability space L?(Q2, F,P) is a Hilbert space and the random variables
(Zpn)n>0 form an orthonormal family on it.

Moreover, L2([0,1], B([0,1]), \) is also a Hilbert space. which has an orthonormal basis given by the
family of functions given by hg = 1, and

Yn=>0, Vk=0,...,2" -1, hfl = 2n/2]1[2k/2n+17(2k+1)/2n+1) - 2n/2]l[(2k+1)/2n+1’(2k+2)/2n+1)-

Since both Hilbert spaces L?(€2, F,P) and L?([0,1],B([0,1]),\) are of infinite dimension, we can
define a linear isometry between L?([0, 1], B([0, 1]), A) and a subspace of L?(2, F, P). First, we reorder
the elements of (Zy,)n>0 into Zo, (Z¥)n>0.0<k<on—1 and we set ®(hg) = Zo, and ®(hk) = ZF for all
n 2 0and 0 < k < 2" — 1. This extends naturally ® on the whole space by setting

o) = ([ somwa)z+ Y S ([ rambwa)z

n>00<k<27 -1

for all f € L2([0,1],B(][0,1]), \). We can also easily check that
E[@(f)®(9)] = Ifglla,  Vf.g € L*([0,1],B((0,1]), A).

Then, we define B; = ®(1gy) for t € [0, 1]. This definition allows us to check (BM1) easily for the
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=

n>0R0<k<2" -1 R &) = 28 - EFBEME ¢ WERBRGEDREZER : BHRFR
B feL*(0,1],B([0,1]), ) » &ME

o) = ([

BIAIrTLABRRE -

1

FORo(t)dt) Zo+ > > (/Olf(t)hﬁ(t)dt)zg.

n200<k<27 -1

E[@(f)2(9)] = I fally,  Vf.g € L*([0,1], B([0,1]),)).
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Chapter 9 Brownian Motion

random process B := (B¢)i>0. We may also check that the random process B agrees with the one
given by Lévy constructed in Theorem 9.2.2, giving us the continuity property (BM2). Alternatively,
we may also apply Exercise 9.4 to regularize the trajectories of B, giving the continuity as an easy
consequence.

(2) The very first construction of Brownian motion was given by Norbert Wiener in 1923 in “Differential

Space”. It writes
i t
Bi = Zot+ V2 :Znsm(m ) vie [0, 1].

n>1 ™

If we adapt the linear isometry perspective described above, this construction corresponds to another
choice of the orthonormal basis on L2([0, 1], B([0, 1]), A), which is given by trigonometric functions,

{1} U {t — V2 cos(mnt) }n>1.

9.2.2 Wiener’s Process

Let C(Rxg, R?) be the space of continuous functions from R to R? equipped with the o-algebra C which
is the smallest o-algebra making all the coordinate functions w — w(t), for all ¢ > 0, measurable.

Lemma 9.2.4 : The o-algebra C conincides with the Borel o-algebra when C(R=q,R%) is equipped with
the topology of the uniform convergence on all compact sets.

Proof : First, let us note that the topology of the uniform convergence on all compact sets is metrizable
by the following distance,

d(w,w’ :Z - Sup (Jw(t) —w'(t)] A 1).

We write B for the Borel o-algebra given by d.

On one hand, the coordinate functions w ~ w(t) are clearly continuous from (C(Rxq, R%), d) to RY,
so they are also B-measurable, giving C C B.

On the other hand, the metric space (C(Rxg, R?), d) is separable (R]43'), so any open set of the space
can be written as a countable union of open balls. In consequence, in order to show B C C, it is
sufficient to prove that any open ball of B is in C. That is, for given any wy € C(Rxg, R?), we need
to show that the function w — d(wp,w) is C-measurable. If we rewrite sup in the definition of the
distance d as follows,

sup (Jw(t) —wo()| A1) = sup (Jw(t) —wo(t)| A1)
telo,n] te[0,n]NQ

then clearly we obtain the C-measurability. ]
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BNE EIES

EEE  WIRFRB t € [0,1) B B = (1)) ° EEERZERPIRTULFEHIBIZE B := (B))10 B

BRsE 1t E (BM1) o BE; - FefIt A URRERPEkEIE B BEIE 9.2.2 A Lévy BUIBIEMAME - Rk
?*zﬁ?%@b?i,‘ﬁa MEE (BM2) ° EARERLLAE - FPILATLFBERE 9.4 RIRSIFEHIBTE B IR
2% - W EEHMmAERE -

(2) F—(EMREHESIIIEIEETE 1923 F£H Norbert Wiener £ Differential Spacel H¥aLH - B1E

in(mnt
Bi=Zot+V2Y Zﬂsmf:;n ) e,

n>1

EFMER ERaR I SR A ERIEAE - WG FERTE L2([0,1], B([0,1]),)) £5
—EEREERZEE - WS = AR BN

{1} U {t = V2cos(mnt)}n>1.

FE /Bl Wiener iBI2

B C(Rxo,RY) AH Ry E RY RRVGERBRBUIBAAIZERE - EIHZERE L - HAEE o RBC ERR
EFRBERRE w — w(t) » WRATE ¢ > 0 ERTAN&) o K8 -

5l¥ 924 : o KB C B C(Ro,RY) Z L > HEFIEREE L9 WM E#FHGENNER
o KBUER °

s5EA Bk 0 RAIAERERE TWE L9 WA REE R UK T EEBt At

22 " sup (jut) - w' ()] A1)
HPSH d EENHRER o KEGEMEB o

—AHE  BFEERR > BREERE w — w(t) ZH (C(Rs,RY), d) BETE RY BOEERE
FRAEHAER o L8 B A AkFEMEBECCB-

S5—7AmE » BEEZER (C(Rso,RY),d) BRI4 (separable) BY » F L ZE A EEFHERE TTIUE
ERIERRY R 2SR - Rt EEFEA B C C > BPIRFEEFRHEIER BB ESEC H - a5
RUMEBHEERTEN wo € C(Rs, R?Y) » B w — d(wo, w) =& C ATAIR o HIHRMEERER J
B sup BIEAE -

sup (Jw(t) —wo(t)| A1) = sup (Jw(t) —woe(t)| A1)

te[0,n] te[0,n]NQ

RUERATAPIE C FIAIBVEE - O
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Chapter 9 Brownian Motion

Definition 9.2.5: Let (B;):>0 be a d-dimensional standard Brownian motion defined on the probabil-
ity space (2, F,P) started from 0. The d-dimensional Wiener’s measure (Wiener ;) is a probability
measure on C(R>g, R?), defined as the image measure of P under the following map

d: Q — C(Rso,RY)
w = (Be(w))e=o

denoted Py := ®,P=Po d L

Remark 9.2.6:

(1) By Lemma 7.2.2, we know that ® is measurable, since the composition of ® with any coordinate
function w — w(t) is w — Bi(w) which is measurable.

(2) Py is well-defined because it does not depend on the choice of the standard Brownian motion B. If we
are given 0 = tg < t; < --- < t,, then for any Borel sets Ay, A1, ..., A, of R%, we get from Eq. (9.3)
that

Po({w € C(R>0,R?) : w(to) € Ao, ..., w(tp) € Ap})
= P(Bto S Ao, .. -,Btp € Ap)

p p
- ]]-AO (0) / H ptj—tjfl (ytj - ytjfl) H dy] (94)
Ay XX A j=1

P j=1

Clearly, for any standard Brownian motion, the same formula above holds. Then the monotone class
lemma states that a probability measure on C(R=g, RY) is characterized by the cylindrical events, which
are events of the following type,

{w S C(R;o,Rd) : w(to) € Ay, ... ,w(tp) S Ap}

As a consequence, Py is unique and is independent of the choice of the standard Brownian motion
B. In other words, all the standard Brownian motions have the same distribution, which is Wiener’s
measure.

(3) Wiener’s measure for C(Rq, R?) is like the Lebesgue measure for [0, 1].

(4) If z € R?, we can write P, (dw) for the image measure of Py(dw) under the translation w +— = + w,
which is the law of the standard Brownian motion started from x.

Below we describe how to construct the canonical Brownian motion (IERI#BAEE}). Consider the sample
space 0 = C(Rxq, RY) equipped with the o-algebra C and the probability measure Py. We define

Bi(w) = w(t), YweQ, Vt>0. (9.5)

We can check that the random process (B;):>0 defined on the probability space (2,C,[Pp) is a standard
Brownian motion started at 0: the property (BM2) clearly holds and the property (BM1) can be obtained
by the computations in Eq. (9.4). Similarly, under the probability measure P,, the random process (B¢):>0
defined in Eq. (9.5) is a standard Brownian motion started from .
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BNE EIES

EE 925 | D (B AERTEMERZM (O, F,P) L d#RIZHERBESE) (HEHAB0) -
FHAM9HS d HERY Wiener BIIJE (Wiener’s measure) &4 P 1 N RE TR ARRIE

d: QO — C(Rs,RY)

w = (Bi(w))e=o

EERETE C(Rxo, RY) ERIEAE - BRFISMEIEP) ;= 2P =Pod !

)

53 9.2.6 :
(1) 511 7.2.2 FMIHE ¢ BRIAIN > A% ¢ BESREERE v — w(it) WERS w — Bi(w) @
(EEIPEIESE e
(2) Py BERRIFHN  RAMIEABURNIZEGESH BAEZE - BRTE 0=t <t1 < - <1’
AIHREE R WHEBES Ao, A1,..., 4, % (9.3) HMER
Po({’w S C(R}O,Rd) : w(to) S Ao, ey w(tp) S Ap})
= P(Bto € Ao, ... ,Btp S Ap)
p p
= 14,00 [, e, L Pts o =0 Tl o
B BWAEREEMES LXANBREER - HEZEHERESE UMER ' &
C(Ro, RY) FHIERAIE B HMEEAESGH ERBERFIRE - UMERTINEHES
{w € C(R>0,Rd) : ’w(to) € Ay, ... ,w(tp) S Ap}
HLE SR » Po BHE—4 - BEARBURNEMEZ BIZEMELEES B » #0555 » FTANE
ENAESHERERNS M > hELE Wiener AIE o
(3) Wiener HIEZH C(Rso, RY) HIEEHBRBIEZR [0,1] °

4) &z e R BFAIAILGE P, (dw) BEE Po(dw) MU w — 2+ w K THRGHE - EERH 2
SRV BES R 2

AL TH) A RS LRI BB (canonical Brownian motion) ° & BIRxAZER Q = C(Rxo, RY)
BELEEE o L8 C URKEAE P - HMIEE
Bi(w) = w(t), Ywe Q, Vt>0. (9.5)

KPR E - EREREKRZER (Q,C,P) ERBERETRE (B)0 2R 0 HBBIREREAES - 4
B (BM2) BEARLIL ; 8 BM1) BIRHT (9.4) PRIFTEFGH - RN - AREAE P, 2T EH
£ (9.5) FBEHBIZ (B) =0 G=EH « HERIFEMAES -
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Chapter 9 Brownian Motion

9.2.3 Regularity of the Trajectory

Since the Brownian motion is a continuous function, it is uniformly continuous on all compact sets. We can
consider the segment [0, 1] and discuss the regularity of the Brownian motion on this segment. We introduce
first the notion of (global) modulus of continuity. A (random) continuous function ¢ is called a modulus of
continuity GEABMRE) if it satisfies

Biyn — B
limp(h) =0 and limsup sup [Bisn = Bil

<1
R0 hi0  0<t<1-h @(h) h

The below theorem says that the Brownian motion has a non random modulus of continuity:.

Theorem 9.2.7 : There exists a constant C' > 0 such that almost surely, the following inequality holds

‘Bt+h — Bt| < C\/ hln(l/h),

for all small enough h and all0 <t <1 — h.

Remark 9.2.8:
(1) This theorem tells us indirectly that the trajectory of the Brownian motion is y-Hélder continuous for
all v < %
(2) This theorem gives the best order for the global modulus of continuity in the following sense,
By — B
limsup sup 1Bn = Bil =1,

hl0  o<t<i—h \/2hIn(1/h)

which is a result due to Lévy, called Lévy’s (global) modulus of continuity theorem. We will not prove
this in this lecture.

(3) In Exercise 9.10 we will see a result on the local modulus of continuity.

Proof : We keep the notations introduced during the construction of the Brownian motion
in Theorem 9.2.2.

First note that each F}, is a piecewise linear function, so piecewise differentiable with derivative
well-defined almost everywhere. Using a similar computation, we know that for any ¢ > v21n2,
there exists a (random) positive integer N such that

2| Fall o

—-1)/2
o < s Seym2n TV,

vnzN, |5

Next, for any ¢, ¢ + h € [0, 1], consider positive integers [ > N and use the mean-value theorem (3318
EIB) to obtain

‘Bt+h - Bt’ < Z ’Fn(t + h) - Fn(t)‘

n=0
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SB=/ED IR

HRHEESREEERE - ESERBER LSRY9EEN - HATUEBRE [0, 1] MFE
ST EEEBE MR AR EN - B HAEE (21 HEAMRRENER - & (FEl) EEX
& »mE

, . Biinh — Bl
lim h) = 0 LX& lim su Ssu |t+7
R0 (1) hl0 pogtg?—h o(h)

BITE o AEEMERE (modulus of continuity) ©
THEHEESHFEM  mEESEEIFFERIERERE -

<1,

EIE 927 ! FHEREHC > 0 EEEFLA - HRABEHNG L URABE 0 <t <1—h - T

BREFR
|Bt+h - Bt| < C\/ hhl(]_/h)

538 9.2.8 :
(1) LEEERRHESERENM - HRFABEW 4 < § - HELESHHBIFZ 1-Holder EHER o
) IhEEBAENSINEETRESHERERITNEER B2 Levy B (219) EEMRETEE
EEREM - TSR NIRRT -

By, — B
limsup sup 1Bn = Bil =1

hio  o<t<i—h \/2hIn(1/h)
BMEEFIREP A ERALER
3) FREREEEERENGER - F2EEE .10 °

2B HFIEREEIE 9.2.2 FBIEEBIESNGFRS | ERIECHR ©
BRAEER > 8@ F, SR ERRIERE - BHIbREBAIW - Mo RFREFE  RIFEMHRY
HE > BPIMERER c > V2In2 > FE (Pekk) EBH N F5

2| Fall o

oo < ey/n2n T2,

N, R <
BE HREEN Lt +he[0,1] ERERH I > N LFERIEEIE (mean-value theorem) :

| Bisn — Bel < D |[Fu(t +h) — Fu(t)]

n=0

l [e'S)
<Y BFle+ D2 201Fll
n=0 n=Il+1
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Chapter 9 Brownian Motion

l [e%)
<Y hFe+ X 21Fls
n=0

n= l+1

N-1
< R|E +Zchf2"1/2+22|yF||
n=0

n=Il+1

In the above formula, we can take a small enough h so that the first term is bounded by /hIn(1/h);
then we take [ > N so that 2= < h < 271 telling us the second and the thrid terms are both
bounded by a constant times /h In(1/h). The proof is complete. O

Theorem 9.2.9 : Almost surely, the trajectory of the Brownian motion is not Lipschitz continuous at any
point, hence not differentiable at any point.

N-1
<D hIFl +Zch\f2" D72 4 Z 2| Fallo
n=0 n=I[+1
£ LA > PRI AESNEY b R E—IEE L /hln(1/h) RGN BERFE > N FF
27l <h <27 EEERBME_BENE=EEGREEHFEL /hin(1/h) FAIEENE > 55 -
O

Proof : Fix a constant M < oo and let, foralln > 1,
Ay ={w:3s€[0,1],|t —s| < 2 = |B; — Bs| < M|t — s}
Forall 0 < k < n — 3, define
Y} n = max {‘B(k+j+1)/n - B(k-s—j)/n‘ :j=0,1, 2},
Cn = {3k : Yy, < M}

From the definition, we can check that for any w € A,, pick up the corresponding s = s(w) € [0, 1]
and choose 0 < k < n—3sothat kELs< k“ (if s > "==, we take k = n—2). The triangle inequality
gives

Bietj+1)/m — Bieriy/nl < 1Bty — Bsl + |Bs = Bijynl < 2,
meaning that w € C,,. Thus, we have A,, C C,, and

P(4,) <B(Cy) < n B(Bi| < 2 < n(2)? = n~Y/2(501)%
Since (Aj,)n>1 is a sequence of increasing events and the bound of the above probability tends to 0
when n goes to infinity, we know that P(A4,,) = 0 for all n. This implies P(A¢) = 1 forall n > 1, that
is, almost surely we have

B, - B
Vs € [0, 1], lim sup |B: = Bs| >
t—s | - 5|
The above formula being true for all M > 0, we get the required property by the theorem. O
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T 929 i BIMR - AESEBNNIEEARE TG R Lipschitz TR - FUAEE TR
FAHS -

I EERE M <o HFIEn>1"9
Ay ={w:3s€[0,1],]t —s| < 2 = |B; — Bs| < M|t — s}
HRFABO<k<n—-3 > E&K
Yien = max {| Be1)n = Biewgy/n] 4 = 01,2},
Cp={3k: Yy, <3}

RIBESE  BROTURE HREE w c A, RETEHEBEN s = s(w) € [0,1] » BEE
0<k<n—-3MRECs<®L (Bs>22 B Ek=n-2) - HRB=AFTEXKME

1Blitj41)/n — Blotsyml < [Brrjsym — Bsl + [Bs = By ml < 221,
WIER w € C, - FILFEMEE) 4, C C, - FAIUFEME

P(A,) < P(Cy) < 1 P(B1 < 22) < n(34)0 = n /25007

R (Ap)n>1 BREEEEGHFY BEARKN ERTE » BERNESKHFBIN o AL
HABMERFAEN n BAEE P4, =0 AWESHEM > HRFAE > 10 KMAF
P(AS) =1 BWRER » THNMERFHIAMIL

Vs € [0, 1], lim sup M >
t—s ‘t - 3‘
AR ERXEREFAE M > 0 BRiI - BMERIEEERIMEE - a
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Chapter 9 Brownian Motion

Question 9.2.10: How to modify the proof of Theorem 9.2.9 to deduce the following properties?

(1) For any function f : [0,1) — R, we define its upper right derivative (£ {#43") and lower right
derivative (FG14) as

D*f(t) = limsup —f(t +h) — ft)
hl0 h

i S+ R) = f(7)
D, f(t) = hr}?ﬁ)nf —

vVt € [0,1),

)

Show that for the Brownian motion, almost surely for all ¢ € [0, 1), we have

D*B; = +o00 or D.B; = —o0.

(2) Show that for any k > 3, for all v > % + %, the trajectory of the Brownian motion is almost surely not
~v-Holder continuous.

Question 9.2.11: Let us define the following random set
Hy(w) ={t >0:5+ Bg(w)is y-Hoélder continuous at t}.

1) Show that P(#, = [0,00)) = 1 forall v < 1.

2) Show that P(H, = @) = 1forall y > 1.

3) Show that P(t € H, /) = 0 forallt > 0.

4) Burgess Davis proved in 1983 that (), # @) = 1. Please explain why it is not contradictory to

(3)?

(1)
(2)
3)
4)
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I8 9.2.10 : QN{AMESERR 9.2.9 BYFERA » EMHESE TIIM4E -
(1) BRESRE f:0,1) — R BMER LGS (upper right derivative) & T A M5 (lower
right derivative) :
D* f(t) = limsup w,
h10 h

D.f(t) = lix]%nf w

vVt € [0,1),

s N EIEERER - BFUA  BWRFTE t<(0,1) - &FIE

D*Bt = 400 Ejz D*Bt = —OQ.

(2) FBEAHRER L >3 BB v > § + 1 HAEFHNNIETBATER y-Holder IR o
fIRE 9.2.11 : IFIFATLUER FIIBERES
Hy(w)={t >0: s Bs(w) 7E t B y-Holder FIEN}.

(1) FERERFAE v <5 BB P(H, =[0,00)) =1°
(2) FERRERFABE v > 5 BFIBEP(H,=2)=1"
©)
4)

1
2
1
2

EEANRAA >0 ZFB Pt e Mypn) =0°
4) Burgess Davis 7£ 1983 55T P(H, ), # @) = 1 » AFERERMAE 3) REFE?

BiBIER : 2026 % 5 H 17 H 10:59



	9 Brownian Motion
	9 布朗運動
	9.1 Limit of Random Walks
	9.1 隨機漫步的收斂
	9.2 Construction of Brownian Motion
	9.2.1 Lévy's Construction

	9.2 布朗運動的構造
	9.2.1 Lévy 的構造
	9.2.2 Wiener's Process
	9.2.2 Wiener 過程
	9.2.3 Regularity of the Trajectory
	9.2.3 軌跡的規律性



