Chapter 3: Independence of Random Variables

B=E | EREHNEILE

Exercise 3.1 (Question 3.1.2) : Given n events Ay, ..., A, € A. Are Ay, ..., A, independent events if
only one of the following conditions holds?

c PAIN---NA,) =P(A41)...P(A,) 5
« for any pair 1 < i < j < n, we have, P(A4; N A4;) =P(A4;) P(4,).

Exercise 3.2 (Question 3.1.15) : Construct two random variables X and Y such that Cov(X,Y) = 0
without X and Y being independent. In Exercise 3.20, we will see a specific condition under which
Cov(X,Y) = 0 implies the independence between X and Y.

Exercise 3.3 : Let X and Y be two independent standard normal random variables. Show that X\‘/%Y are
XJEY also independent with standard normal distribution.

Exercise 3.4 : Let X and Y be bounded random variables. Show that X and Y are independent if and
only if
Vk,leN, E[X"YY=E[X"E[Y.

Exercise 3.5 : Let U be an exponential random variable with parameter 1 and V' be a uniform ran-
dom variable on [0,1]. Assume that these two random variables are independent. Prove that X =
VU cos(2nV) and Y = /U sin(27V) are also independent.

Exercise 3.6 : Let X and Y be random variables with normal distribution with Cov(X,Y) = 0. Are
they independent? If we add the condition “the random variable a.X + bY is also a normal distribution
for all a, b € R”, please answer to the same question.

Exercise 3.7 (Question 3.1.17) : Let X, ..., X,, be real-valued random variables. The following prop-
erties are equivalent.

(i) Xi,...,X, are independent random variables.
(i) Forany ay,...,a, € R,wehave P(X; < ay,..., X, <ap) =[[1 P(X; < a;) .

(iii) If f1,..., f, are continuous and compactly supported (E#fZ1E) functions from R to R, then
n n
E {Hfi(Xi)] =[IE [fi(Xy)]
i=1 i=1
(iv) The characteristic function of X writes,

=1
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BE31 [BEs312] @ B @BSEH A1, A, € A SBEERETHEP—EIEGKIL > B

Ay, A, REREREBUEN?
. P(AlﬂﬂAn):P(Al)P(An) ;
. %ﬁ’i&ﬁ%ﬂﬁ 1<i<ij<ne ?J?,ﬁﬁ P(Al N AJ) = ]P)(AZ)P(AJ) °

ZrEa32 [ME31.15]) @ BEMERKES X kY 15 Cov(X,Y) =018 X # YV IAREIT -
FEEBEs20 R BAGEIEEFENBKRGT  Cov(X,Y) =088 X B Y BiL -

B#E33 S X RY MEBIREREDM - 5E S R X BRBIUREREH - Btfin
it BIREERD M -

i

B34 X RY MEERNBEHEH - SlEE58ME X kY &1z - 8

Vk,£€N, E[X"YY =E[X"E[Y].

B35 - ©UADHA 1 EEEERES 5V AT 0,1 2 ENHIREERES > BEmE
EFEEAL © 5158 X = VU cos(2nV) B Y = VU sin(2nV) BABMEIL o

Bi3e : WREHEH X RY ERERESM > H Cov(X,Y) =0 SEEMMARSEIL ? FEFHMM
E&H THIRAE o,b e R FERER o X + 0y LEERES M. - BEBSHEFERE -

B3y [(B&Es117]) @ §X,...,X, AEEHES - HMABETHEFERBR
i) X1,..., X, BEIIFEHEES -
(i) HRER a1,...,0, e R BPIBP(X1 <a1,...,Xn < ap) =[[11 P(Xi < i) ©

(i) & f1,..., fo BBEZE (compactly supported) * H R BRETE] R, LAEERE - A
B | []50%)| = I[2 (5%
=1 =1

(iv) X BUSEBREBAIUEE
x(&,. 0 6n) = H‘bx (&)-
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Exercise 3.8 (Question 3.1.19) : Let By, ..., B, be independent o-algebras and ng = 0 < n; < --- <
n, = n. Then, the following o-algebras are independent,
def
Di=BiV- VB LBy, By),
Dy =Bp41V -V DBy,

Dy =By 111V -V By,

Exercise 3.9 (Question 3.2.5) : Explain why it is necessary to assume that (A,,),>1 is an independent
sequence of events in (2) of Lemma 3.2.4.

Exercise 3.10 : Let & > 0 and a sequence of independent random variables (Z,),>1 defined on the
probability space (€2, A, P). Assume that for all n > 1, the distribution of Z, is the following Bernoulli

distribution, . )
P(Z,=1)=— and P(Z,=0)=1- —

n ne’

Show that Z,, converges to 0 in L' but we have,

a.s., limsupZ, =
n—oo

1 ifa<1,
0 ifa>1.

Exercise 3.11 (Proposition 3.3.2) : If (X} )1<k<n is a sequence of i.i.d. random variables where each term
follows the Poisson distribution of parameter A, then X +- - -+ X, is a Poisson distribution of parameter
nA.

Exercise 3.12 (Proposition 3.3.3) : If (X )1<k<n is a sequence of independent random variables such
that for all 1 < k < n, X}, has the Gaussian distribution of parameter (0, O',%), then X1 + --- + X, has
the Gaussian distribution of parameter (0,03 + - - - + 72).

Exercise 3.13 : We use the notations from Exercise 2.15. Let © > 0. Assume that X1,..., X, are iid.
Cauchy random variables with density function c,, show that %(X 1+ -+ + X,) has the same density
function ¢,

Exercise 3.14 (Gamma distribution) : Let (X,,),,>1 be an i.i.d. sequence of exponential random variables
of parameter A > 0. Given two parameters k, § > 0, if the random variable X has its values in R>( and
the density function,

wk—le—x/H
’Vkﬁ(x) = Wﬂxgo, Vo € R.
we call it the Gamma distribution ({i135%3#f) of parameter (k, 6), denoted X ~ T'(k, ).
(1) Given k, 6 > 0, compute the expectation and the variance of I'(k, 6).

(2) Show that X7 + -+ + X, ~ ['(n, A7 1).

Last modified: 16:49 on Tuesday 14" October, 2025

BE38 [ME31.19)] 1 B61,... . B, BEILo KRB - HRno=0<n1 < <ny,=n> T
o REUEEIL -

Di=BiV---V By, L o(Br,... Bu),

Dy =By, 41V -V By,

Dy =By 111V -V By,
B39 [(MEs25] : BEAMEESIE 32489 (2 B RPIRERE (A))n>1 BEILEHF -

BR3.10 © T o> 0K (Zy)n1 REREREZR (O, A, P) LRBIIREHREEFY o R
Rn>1> 2z, NHRERES DM

P(Z,=1)=— 8H P(Zy=0)=1-—

SR 7, 1 L! PIRRE o0 - BRME

«
«

o of

n—oo

1
a.s., limsupZ —{ 0

B3 [ 332] | B (Xp)iaen B iid FEEEHEY)  BRIEEAZES )\ ALY
i B Xy + -+ X, B2 n) NERS M -

BrE312 [@333] @ B (Xp)icwan »BUBKEEFY  BRRABE 1<k <n’ X, B9
HR2HE (0,0]) WRH2MH - B X, + - 4+ X, BRBEE 0,07 + - + 02) NEHDMH -

BE 313 | GERMEAEE 215 FRIEKH ° S u > 0° BRFK X,... X, & iid HJFEFEHEE
8 BEEREBES ., HE LG+ + X,) WEERBER ¢,

BE 314 [MBAMH] @ B (Xn)ns A iid 2SN > 0 NIEHEREHFS - BEMESH
k.0 >0 SREHEE X BEES R BEEEERERE

ph—1le—z/0
’Yk,@(x) = Wﬂzgo, Vr € R.

KB A2 (k,0) B9S2 i (Gamma distribution) » MEE2E X ~ I'(k,0) ©

(1) 8 k,0 >0 KR '(k,0) NHILEUREBRE

@ EBHX 1+ + X, ~T(n, Ao
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Exercise 3.15: Let X, ..., X, be iid. standard Gaussian distributions. Show that the density function
of X2 =X?+...X2is
n/2 1 —x/?

It is called the x? distribution (x> 7)) with n degrees of freedom. What is the relation of this distri-
bution with the Gamma distribution (Exercise 3.14)?

Exercise 3.16 : Let X1,..., X,, be random variables defined on the probability space (€2,.4,P). As-
sume that they are independent and have exponential distributions of parameters cp,...,c,. Let
Y = min;<x<n Xi. Prove the following statements.

(1) Y is a random variable with exponential distribution of parameter ¢; + - - - 4 ¢;,.

(2) There exists a .A-measurable function N : Q@ — {1,...,n} such that,

P-a.s., Xyv=Y and Xy <min{X;:ke{l,...,n}\{N}}.
(3) The random variable N satisfies: for all k € {1,...,n}, we have,

P(N=Fk)=—2=%
et to

(4) N and Y are independent random variables.

Exercise 3.17 (Poisson process) : Let (2, A, P) be a probability space and (X,,),>1 be a sequence of i.i.d.
random variables with exponential distribution of parameter 1. Let 7y = 0 and for all n > 1, let

Tph=X1+ -+ X

Forallt > 0, let
Ny =max{n >0:T, <t}.

(1) Suppose n > 1, determine the distribution of the n-tuple (771, ...,T,).
(2) For any t > 0, determine the distribution of V;.

(3) Givenn > 1 and t > 0, we define a new probability measure Q™! on (2,

P(AN{N; = n})

VAeA  QU(A)=—F Nom)

Determine the distribution of the n-tuple (71, ..., T},) under the probability measure Q"™

Last modified: 16:49 on Tuesday 14" October, 2025

BE315 1 $X,..., X, Aiid BESGHM  FH = X3P+ .. . X2 NEBES
n/2 1 —x/?
2”/2F /2 I>0‘

WS HREIEE BEE S n B9y 57 (2 distribution) « LM EERMBEA M (BHE314) WRIGES
2

BE316 : ©X,... X, AERTHEZTR (Q,AP) LHRBHEH - BRRMUFAINESEHS
e, BRIIRVIEBPERE R 0 B Y = minicke, Xk © 5058 NIRGH

(1) Y BEBEH 1+ + ¢, BISBPEHEE o
(2) TFE—EL A FTRIBRBI N : Q — {1,...,n} 18

P-as., Xny=Y H Xy<min{Xp:ke{l,...,n}\{N}}.

(3) FERBE N BIDfmE : BWIFRE ke {1,...,n} - 1B

P(N=k)= —— %

(4) N R Y BEIIFEEE -

B 317 [ARBE] @ & (Q A P) SHERZER ( )n>1 #iid FERBHFEY] » TR
BERBEA 1NEESMH - ST =0 KERFABEn> 1

Tp=X1+ -+ X,
BRFFEt >0 9
N; = max{n > 0: T, < t}.
1) Sn>1Knh (T,...,T,) DM o
(2 BREEt>0" KN B9 -

) BEn > 1Rt >0 RAE Q LESHFIMERE Q™ :

P(AN {Nt =n})

KTEMSEAE QY ZF o nyoh (Th, ..., T,) I ©

VAe A, Q(A) =
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Exercise 3.18 : We are given n independent random variables X7,..., X, on the probability space
(Q, A, P). Assume that they are all follow the uniform distribution on [0, 1]. Define m = minj<;<, X;
and M = max;¢;<n X;. Determine the density functions of m and M, compute their expectations and
variances.

Exercise 3.19 : Let X = (X1,...,X,) be a d-dimensional real-valuded random variable. We want
to show that the following three conditions are equivalent. Moreover, when one of the conditions is
satisfied, we say that X has a multivariate normal distribution (2 7T & RE 53 ffh).

(a) There exist a d-dimensional real-valued random variable Z = (Z3,..., Z;) such that the como-
nents are i.i.d. standard normal distributions, a square matrix A of size d x d and a vector B € R

such that X @ AZ + B.

(b) For any o € R4, the random variable a© X also has a normal distribution.

(c) There exist a semi-definite symmetric matrix ¥ of size d x d and a vector B € R¢ such that the
characteristic function of X writes,

Dy () =E [¢¢%] = exp (i¢TB — L¢Tx¢).

Exercise 3.20 : Let (X,Y) be a pair of random variables with bivariate normal distribution (ZJT % R&
3f) . Prove that X and Y are independent if and only if Cov(X,Y) = 0.
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BrE 318 © EREZTR (Q,A4,P) £ HMETE » BEIINBEERER X,..., X, - BRERMMHE
AE[0,1] ERNBHIRMH > R m = minjgc, Xi AR M = maxi<icp, X; * Km & M EEX
2 WA BEMPREALEEURERE -

BE319 ! §X =(Xy,...,X,) = dHEBEREREH - HMESEERATII=ZERGEFER
B g P —EEHMIIEF - FfIH8 X AZTERES M (multivariate normal distribution) ©

() FEIHBRKRER Z = (71,..., 7)) EHPREA iid FEERSM  FEIx dNAEF
55 A RAEBcR BB X YAZ+ B o

(b) HRER o e R > o7 X IAREEDM o
(c) F7E d x d VFIEEHTBIER © UKMAE B € R? EEHMATLUE X MNSERBEIF

Dy () =E [¢¢%] = exp (1T B — LeTx¢).

BRE320 1 B (X,)Y) BoMHAR_IJLEESMi (bivariate normal distribution) RYFEHEE B - EHFE
HEME X HY B Bl Cov(X,Y)=0-°
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