Chapter 6: Discrete Time Martingales
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Exercise 6.1: Let (X},),>1 be an i.i.d. sequence of random variables defined on ({2, A, P) with distribu-
tion given by P(X; = 1) = P(X; = —1) = 1/2. Let Fy = {&,Q} and F,, = o(X4,...,X,,) for all
n > 1. Set

(1) Show that (Sp,)n>0 is a (Fp)n>0-adapted martingale.
(2) Show that (S2 — n),>0 is a (F,,)n>0-adapted martingale.
(3) Show that (S3 — 3n.S,,)n>0 is a (F )n>0-adapted martingale.

(4) Let P be a polynomial in two variables. Prove that (P(S,,, n)),>0 is a (Fy,)n>0-adapted martingale
ifand only if for all s € Z,n € Z>y,

P(s+1,n+1)+P(s—1,n+1)=2P(s,n).

(5) Given A € R. Find £ € R such that (exp(AS,, — &n))n>0 is a (Fy)n>0-adapted martingale.

Exercise 6.2 : Find examples with following properties.
(1) An unbounded martingale in L.
(2) Anunbounded martingale in L' which converges almost surely.
(3) A martingale converging almost surely to +oo.

(4) A submartingale (X,,) such that (X?) is a supermartingale.

Exercise 6.3 : Let T be a stopping time for the filtration (F,,),>0. Suppose that there exist ¢ > 0 and a
positive integer N > 1 such that

P(I'<n+N|F,) >¢e, as, Vn=0.
Show that T is almost surely finite and E[T] < oo.

Exercise 6.4 (Question 6.2.7) : Check that Fr is a o-algebra and that /1 = F,, for a constant stopping
time T" = n.
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P(s+1,n+1)+ P(s—1,n+1)=2P(s,n).

(5) G X € R ° R £ € R E1F (exp(AS, — &n))n=0 = BEEREE (F,)nz0 BIER
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Exercise 6.5 (Question 6.2.11) : Consider an i.i.d. sequence (Y;,),>1 of random variables with distribu- BiEes [MEo211] @ BE (Vo) & iid FEREEES FRPYVI=1)=P(;=-1)=

tion P(¥; = 1) = P(Yy = —1) = 5. Define Xy = 0 and forall n > 1, define X;, =i + -+ + ¥, that Lo Xo = 0 LURBIRRTE n > 10 X, = Vi +- -+ Y, + MR (X.)um0 RIEHE 0 15 - 72

is to say (Xp,)n>0 is a random walk on Z started at 0 with symmetric distribution. Let 7, F B iEa ke g s o 5

T =inf{n >0: X, =1}.
T =inf{n >0: X, = 1}.
(1) Apply Proposition 4.2.4 to show that 7' < oo a.s. )
(1) FHAMBE 424 KFEAT < oo as. °
(2) Show that E[X7] =1 and E[X(] = 0.

(3) Explain. (2 FHE[X]=1HE[Xo]=0°

(3) MRE o
Exercise 6.6 (Question 6.3.2) : Given an adapted process (X}, ),>0, then forall k > 1, S(X) and Tj(X) BEoo [FEo32] @ BE—EBEEBIZ (X,)ns0  UEREFABE L > 1 S(X) R Th(X) BE
are random variables with values in Ny U {+00}. Check the following points: 13728 No U {+oo} BIBEISEE) - RS T5IRES :
1) Forall k > 1, Si(X) and T (X both stopping times.
(1) Fora S(X) and Tj,(X) are both stopping times (1) R k> 1 Su(X) B T,(X) AE1LER -

(2) Nyu([a,b], X) is F,,-measurable. .
(2) Nu([a,b], X) & F, FTRIEY ©

Exercise 6.7 : Given a non-negative supermartingale (X,,),>0. Show that X,, converges almost surely B 6.7 - \aEIEE LB (X))o » A X, F as. W EHBREE S X » UFBRAEHRE
to a limit that we denote by X, satisfying E[X] < E[Xj]. E[X] < E[X,] °
Exercise 6.8 : Let (X,,),>1 be a sequence of independent random variables. Define BRE68 ! T (Xn)n>1 =EBIAIFEHREHFY - EX

vn>17 fn:O'(Xl,...,Xn), ‘FOO:O-(U]:’R)7 vn>17 fn:U(le---aXn)’ ‘Foo:O'(Ufn)v

n>1 n>1
vn}la ‘Fn:U(XTL7Xn+17'”)7 fw:mpl Vn}l, Fn:U(Xn,Xn+1,...), .Foo: m]:n
n>1 nz1

Given A € F* and define M,, = E[1 4 | F,,] for all n > 1. Prove that P(A) = 0 or 1 using (M,,)n>1. W AcF HIRBEn>1 &M, =E[l4]|F,] ° FIE (M) KEBP(A) =0FH1°
Exercise 6.9 : Let (Y},),>0 be an ii.d. sequence of non-negative random variables satisfying E[Y,,] = 1, BE69 : T (Yoo Biid IFEBKEHFIIBEREEY, ] =1"PY,=1)<1c°
P(Y, =1) < L.

(1) F|HE X, =11 Yy, e{EER
(1) Show that X}, = [[p<,n<n Ym defines a martingale. : " Osmsn T

s=q & T EE
(2) Show that X,, converges to 0 almost surely. (2) BEFA X, B as. IHE 0

E 1 o o
(3) Show that 1 In X, converges almost surely to ¢ < 0. (3) &I In X, Fas BWHEc <0
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Exercise 6.10 (Polya’s urn) : At the initial time n = 0, consider an urn with a white ballsand b = N —a BB 6.10 [Polya BRFE] : 7EVIMREEREI n = 0 BF » EEEESE o« HRABKUKR b = N — o RN

black balls. We pick up a ball uniformly at random from the urn and put in two balls of the same color, F o B RERL I EY—EEER » SRS A EEEEENIR » SINEEFERM L =1

resulting in the configuration at time n = 1. We repeat this procedure infinitely. a5 I —— .
For all n > 0, we write Y,, for the number of white balls and X,, = Nyﬁ for the proportion of the HOARE - BRI FEEREH

white balls in the urn at time 1 and let 7, — (¥ Y. ... Vo), n B n >0 BRFKY, AERE K- BFPAERNOHE DR X, = v AEFHERN
B B Fo=0(Yo,Y1,...,Y0) °

(1) Find P(Yp41 = Y, + 1| Fp) and P(Y,41 = Y, | ). Show that (X,,),>0 is a martingale that

converges almost surely. Denote its limit U and show that for all integers £ > 1, we have the (1) RPVpi1 =Y+ 1| F) MR PV, 1 = Y, | Fy) © B (X,)ns0 SEE as. IS » BE
k k n n n n n n o n)n> = a.S. =
convergence of E[X ] to E[U"]. RS U« BOMREEEE 4 = 1 - S BXY| KEKE B[ -

(2) Show that whena = b = 1, for alln > 0, Y}, is a random variable on {1,...,n + 1}. Find the

distribution of U. @ fJERHEBe=b=18 HRFAEn >0 Y, BE{1,...,n+1} EMNFERELH - KU B2

ffi
BEER—MNBER BRAE > 1 U205

Yo(Yo+1)...(Y,+k—1)
(N+n)---(N+n+k—-1)

2 (Z0)ns0 BAEEFE (F,)ns0 B8R > K E[UF] ©
(4) % B(a,b) DHENEERES

(3) Then consider the general case: forall k > 1 and n > 0, let

Y (Ya+1) .. (Yat+k—1) ®)
" (N+n) - (N+n+k—1)

Z, =
Show that (Z,),>0 is a (Fy,)n>0-adapted martingale and find E[U*].

(4) Define the density function of the Beta distribution (a, b),

B(av b)_lua_l(l - u)b_lll[o,l] (u)a

1 a— bh—
where B(a,b) is defined as follows and rewrites as, B(a,b) " 1(1 —u) 1]1[0,1] (u),

B(a,b) = /01 w1 —w)P du = L(a)I'(b) Hr B(a,b) ERRMENT :

1
B b) = a—1 1— b—1 du =
Show that U ~ B(a, b). (a,b) /0 u' (1= )’ du

R U ~ B(a,b) °
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