Chapter 8: Ergodic Theorem
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Exercise 8.1 : Given a real sequence (z,,),>0 with period p > 1 and define the discrete probability

measure
12t

P= - Z 5($n+k)n>o‘
P =0

Show that PP is an invariant measure for the shift operator 6.

Exercise 8.2 : Using Kolmogorov’s extension theorem (Theorem 3.1.25), explain how to extend a sta-
tionary sequence (X, ),>0 to a stationary sequence (X, ),cz indexed by Z.

Exercise 8.3 (Question 8.1.9) : Check that the invariant set Z defined in Definition 8.1.8 is indeed a
o-algebra.

Exercise 8.4 : Given a positive integer n > 2. Please prove the following statements or find counterex-
amples.

(1) If  is ergodic, is ™ ergodic? If " is ergodic, is ¢ ergodic?

(2) Same questions as above with “ergodic” replaced by “a measure-preserving transformation”.
Exercise 8.5 (Question 8.1.11) : Let (€2, F,P) be a probability space on which we consider a measure-
preserving transformation (.

(1) A random variable X : (2, F,P) — (R, B(R)) is Z-measurable if and only if X o p = X.

(2) ¢ is ergodic if and only if all the Z-measurable random variables X : (2, F,P) — (R, B(R)) are
P-a.s. constant.

Exercise 8.6 (Bernoulli system) : Given a positive integer N > 1 and py,...,pny = Osuchthat ), pr =
1. Let E = {1,..., N} be a discrete state space, 2 = E” be the sample space and F = P(E)%, where
P(FE) is the set consisting of all the subsets of E. Define the shift operator 6 as 6((zy,)nez) = (Tn+1)nez
and the probability measure PP satisfying

l
P(mk:nk,...,xl:nl)znpm, Vk <1, Vng,...,n € E.
i=k

(1) Explain why the probability measure [P is well-defined.
(2) Show that 6 is a measure-preserving transformation on (€2, F,P).
(3) Show that 6 is mixing.

(4) If we change the state space to = E7>0, explain how to adapt the proofs above or disprove the
above statements.
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BE 8.1 MEERAR p > 1 NEHFY (2,)n>0 LERBESHKAE
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P.= ]; Z 5(In+k)n>0'
k=0

AP BHERE T 0 IAREAE

YrE 8.2 : FIA Kolmogorov HEFEIE (i 3.1.25) - MBENFRHEENTRET (X))o’
RERY RTE Z ERFRFS (Xn)nez ©

KrEs3 [AfEs19]) ! BETH IS TEEZNTFTEES 7 WHEEME o K& -

BE 84 IATEEE# n > 2 - FFEATIRETIREH KRG -
(1) B BREN B " UWEEBEMR?E " BEEL ' B8 o UWEEEMR?
(2) FLRE - Big TREM) UE TAETESER) -

BrEss [BEs111] @ © (O, F,P) BHEERZTH » o SETM LEENIETERE
(1) HBEFEEEE X : (O, F,P) — (R,B(R)) e EEMEE Xop =X 8l X FH 771 -
() EEMEFRE 7 A RIMNBEHEE X : (O, F,P) — (R, B(R)) & P-as. BEE - B] o GEF
II‘QE °

BHEse [ABHRK)]  BEEBHEN > 1 Kp,....pvn > 0FB Y, pp = 1° S E =
{1,..., N} BEESARREZER > QO = B2 BEAZEM - F = P(E)2 > HP P(E) AFiEH ENF&E
BEHRMNES - EBHBEF 05 0(20)nez) = (Tni1)nez RIEERBE P RE

l
P(mk:nk,...,xlznl)znpni, Vk <1, Vng,...,n €E.
i=k

(1) BREAPRKAEP EERRIEFN -

(2) FEER 0 BB (Q, F,P) LRVRIESTIREH o

(3) TR EBREM -

(4) EERMEAREBEBERS Q = £2>0 > HFRBNFAMER LEFERHRE L E=EMRE
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Exercise 8.7 : Two functions f,g : [0,1] — [0, 1] are said to be conjugated (X£#[) if there exists a
bijective (2 5%) function A : [0,1] — [0, 1] such that

hof=goh. (8.1)
(1) If f and g are conjugated and h satisfies Eq. (8.1), show ho f* = g" o h foralln > 1.

Consider the tent map (1RSZE R ),

(z) = 2z forx < 1/2,
IE=N 2-22 forz>1/2,

and define the logistic map (BB I R £),
f(z) = 4z(1 — x).
(2) Show that for the Lebesgue measure )\, g is measure-preserving.

(3) Show that the logistic function and the tent function are conjugated. Hint: consider h(x) = %(1 —
COS ).

(4) Define the measure i as follows,

1

dj() % r(1—2x)

'’

Show that f is measure-preserving for .

Exercise 8.8 (Question 8.1.14) : Please find an example with Z C 7.

Exercise 8.9 (Question 8.2.3) : We keep the notations in Theorem 8.2.1 and assume additionally that
X € LP(Q2, F,P). Prove the LP convergence of the ergodic theorem.

Exercise 8.10 (Wiener’s maximal inequality) : Let ¢ be a measure-preserving transformation on the
probability space (2, F,P) and X be an integrable random variable in L($2, F,P). For all n > 0,
define

n—1
Xn(w) = X(g{)n(w)), Sn(w) = Z Xk’(w)>
k=0
A, (w) = S”T(Z“), Dy = max{Ay, ..., A},
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BE87  MMEMERE f,9:[0,1] — [0,1] » BEFELST (bijective) KB : [0,1] — [0,1] £

s8

=
hof=goh, (8.1)
MR f B g EAHHE (conjugated) °
(1) & f 8 g HHEE hmENX 8.1) 0 FRBRABE > 1> ZFB hof"=g"oh-
EEIRZERE (tent map)

() = 2z Rz <1/2,
T =3 9 9 Rz >1/2,

W TE FEEEIE R 2] (logistic map) :
f(z) = 4z(1 — x).
(2) BEANYEMAE )\ KR - ¢ SEBETESS -
(3) BIREIERBERERBZHITN o 3R : FTUER h(z) = L(1 — cosTa) °

(4) EEAE L WOF -
dj 1 1

DN (=r)
FEER f Ny BERETIEE R o

BrEss [MEs1.14] : BHHRBICT HIHIF -

BEgy [MEs23] @ HfVARATEE 821 FHET » BRER X € LP(Q, F,P) > &5 LP K
HEEERE ©

i 8.10 [Wiener BAAREI] : © o ATEMREZTMH (O, F,P) LNAETIEER X B
LY(Q, F,P) R R TEPE e - HRFAIBn >0 ©&

n—1
Xn(w) = X(gpn(w)), Sn(w) = Z Xk’(w)>
k=0
A, (w) = S"T(l“), Dy = max{Ay, .., A},
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Exercise 8.11 (Normal numbers) : For any = € [0, 1], we can find a unique sequence (a,(x))n>0 such
that

(@) an(x) € {0,1} for all n > 0 and a,,(z) does not stabilize at 1;
(b) the equality z = 3,52 Fay(z) holds.

We say that (a,,())n>0 is the binary expansion (Z7CBBIT() of 2. Given a real number z € [0, 1], if the
frequency of 0’s in its binary expansion satisfies

1
ﬁCard{l <k<n:a(r) =0 — =,
then we say that z is a normal number (IE¥R2X). Show that \(dz)-a.s., the real number z € [0, 1] is

normal.

Exercise 8.12 : Consider the unit circle S' = {x € C : |z| = 1} and the uniform probability distribution
1 defined above. For any 8 € R, we can define the rotation operator

9/3 Ce2mia 627ri(a+,8).

(1) Show that if 3 is rational, then 63 is not ergodic.

(2) Assume that 3 is irrational and consider f € L?(S!, B(S'), i), show the ergodicity of 65 using the
uniqueness of the Fourier series of f. (Hint: use Exercise 8.5.)

Next, we will use a more direct method to prove that 63 is ergodic when (3 is irrational,. First, we know
the following property holds. Given A € B(S!), for any ¢ > 0, we can find a countable disjoint union
(Ji)k>0 such that
w(ANT) <e, =] .
k>0

Given an irrational number £.
(3) Show that the sequence (x,, = n/ mod 1),>¢ is dense in [0, 1).

(4) Given A € B(S!') such that y(A) > 0. Show that for all § > 0, there exists an interval .J of S*
with u(ANJ) > (1 —)u(J).

(5) Deduce that for A € Zy,, if u(A) > 0, then pu(A) = 1.
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BiEs [ER] : HRER 2 € [0,1] » HATUERBIHE—BFT (an(2))n0 S
@) BB n >0 FFIE an(z) € {0,1} B an(z) FRER 1
(b) HFIB 2 =302 ak(z) °

B (a,(7))n>0 A v IZTTERITC (binary expansion) ° {8EEEBE 2 € [0,1] » HETRARXF 0

HIRRYIRR M E

1 1
— 1<k<n: = —_— -
- Card{ kE<n:ag(x)=0} 5 3

AIFKIER « BEESZ (normal number) © 55 \(dz)-as.» BBz € [0,1] 2EEREK

B2 : EREMUES = {zcC: 2| =1} URERELANHGI M 1 HREE SR
BRI UERRER T

05 Ce2mia 627ri(a+,8).

(1) BEEE 5 AEES - 8 0, REEEEM -

(2) RER g BEEBEHAER [ c L2(S',B(SY), p) » £ f WEIERBHM—ERER 6; AR
BEM - (BT EREBESS )

#E - ZMIESALBERNAGE - KERE § HEEHE - 0, BEREEM - B - HMARET
FUMEERRIL : #87E A € B(S') » BIRER ¢ > 0> RPIRTLURBIAIHERER (Ji)rs0 * £

W(AAJ) < e, J=1]
k>0

REEIEE 3 -
(3) FEBHEEY (2, = nB mod 1),50 £ [0,1) L2 ©

(4) B A € BS") BR w(A) > 0 BIRHRFE 6> 0 HE S LHER J F18 4(AnJ) >
(1=30)u(J) °

(5) FLLIESENABE Ac Ly, B uA) >0 Blu(d) =1

BiBIBR : 2026 4F 4 A 12 H 15:12



Exercise 8.13 : Let U C R be an open set and f : U — U be a local C' diffeomorphism (1853 [EFE).
Given a non-negative continuous function p : U — R>o on U, we define a measure y on U using the

Radon-Nikodym derivative,
dp
-~ ”

Show that y is an invariant measure for f if and only if

p(z)
) _ ), weU,
szl(y) det Df(x)

Exercise 8.14 : Let £ = [0, 1). Consider a probability space (E, B(E), u1). Let B € B(E) be such that
w(B) > 0 and assume that there exists a collection of subintervals of E denoted C such that

(1) foralle > 0 and A € B(E), there exist a countable union of disjoint elements of C, denoted
J = Uk>0Jk, such that u(AAJ) < e);

(2) there exists v > 0 such that u(C'N B) > yu(C) forall C € C.

Prove that u(B) = 1.

Exercise 8.15 (Continued fraction) : For any = € (0, 1), define
Az)= 1] and T(z)=21-A(z).
Given x € (0,1) and define a,, = A(T" !(z)) for all n > 0, then we obtain the representation of z in

continued fraction, .

T = m (8.2)
(1) We start by investigating some properties of continued fractions and show that Eq. (8.2) converges.
First, for any positive integer n > 1 and positive real numbers a1, ..., a, > 0, we define
o 1
[a1,...,a,] = m

an

Given z € (0,1).

(a) Assume the following holds for a given positive integer n > 1,
Tk () # 0, 1<k<n
Prove that

z = [a1 + T (x)] = [a1, a2 +T2(:U)] = =la,...,an-1,an, + T"(x)].

(b) Show that there exists 7 > 1 such that 7" (x) = 0 if and only if x is rational.
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BEs13 : DU CRAMER f: U — U ABEB C! M7 AL (diffeomorphism) ° ¥§ETE U £
HFEEERBRBE p: U — Rop » FHAPIER Radon-Nikodym MO RERE U LRVRIE 4 ¢

dp
a ?
HEREEME
p(x)
> ==t —=0py), Ve,
e ) det Df(x)

8] B f REREERERE -

BES14 : S E=[0,1)c BEKKRETR (E,B(E),1) > B < B(E)mE wB) >0 MRHKF
FH F W FEMBRHES C #15

(1) HRFBe> 0Kk AcBE) BETEHCHTRERNABERBE J = Uisoli F15
H(AAT) <€)

(2) FE~ > 0 FBHIREFE C cC BB w(CNB) = yu(C) °

B u(B)=1-°

BEs. 15 EDE]  HREE < (0,1) HMIER
Az) = L%J B T = i — A(x).

BExc(0,1) BHREFAAE N> 1 BFIERE a, = an(z) := AT () » HFIESEINZE « BESD
BRI -
1
T = W (8.2)
(1) FFIFRTREDHIMEE » WFEHAR 5.2) TWH - B HRNEEEEH » > 1 RIEE
Ha,...,a, >0 BAEE

#aRE © € (0,1) °
(a) (REGEMNIEER n > 1 TFIRKIL

TH)#0, 1

N
>
N
3

ik
x = [a1 + T (x)] = [a1, a2 —|—T2(3:)] = =lat,...,an-1,an + T"(x)].

(b) FEPAEEMWE « KBEH > WEEn> 1 ER T () =0-
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Suppose that z is irrational. Define

pn(®)
qn(T)

= la1(x),...,an(x)], Vn > 1, (8.3)

where py(x) and g (x) are coprime positive integers.

(c) Show the following recurrence relations,

Vn =1, ppii(z) = gu(Tx),
Gn+1(7) = a1(2)gn(Tx) + pn(T).

Given a sequence (a,)n>1 of positive integers, define the following matrices and integers
Tns Sns Pns dn € Z by

0 1
Yn>1, A, ::(1 an)ESLg(Z),
Mn::Al...An:<T" p”), (8.4)
Sn dn

For a matrix M € SLy(Z), its Mébius transformation (Rt EHTE4) is defined by

M(x):mj:p’ M:(z 2), (8.5)
sT+q

where M needs to be understood as a function from R to R.

(d) Show that p,, and ¢,, are coprime and the following recurrence relations hold for all n > 1,

Pnt1 = An41Pn + Pn—1, po =0,
Gn+1 = An4+19n + gn—1; qo = 1.
(e) Show that Ay ... A, = (A,...A;)T foralln > 1 and deduce that

dn—1
dn

= [an,...,al].

(f) Prove that for a given irrational = € (0, 1), the pair (p,(z), gn(z)) defined in Eq. (8.3) and
the pair (py, ¢, ) defined by (a,, = a,,())n>1 in Eq. (8.4) are the same.

(g) Show that for all n > 1, we have x = M,,(T"(x)) and

o (')

Gn Qn(Qn +Tn($)Qn—1).

Deduce from above that the sequences (%)7@0 and (53”73)790 are respectively increasing
n n

and decreasing and that both converges to x.
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RE& = BEEH - BFIER

Pn(2) = lai(x an(x n
(@) = [a1(x),...,an(x)], Vn > 1, (8.3)

Hebpy(z) 8 g (z) BEEIEEE -

(©)

BATIEE

R -

Vn =1, ppy1(z) = gn(T),
Gn+1(x) = a1(z)gn(Tz) + pn(T'x).

FAEEBEFY (an)n>1 » BPIER TIERRER 1, 50,00, G0 € Z

0 1
Vn > 1, Ay = ( ) € SLy(Z),
1 ay
Mn::Al...An:<r" p”), (8.4)
Sn Q4n
HWRERIEME M € SLy(Z) » BIEERLLSHTE R (Mobius transformation)
M(z) = X2 M:(T p), (8.5)
st +q s q

HF 9 M iAH R RSE R AR -
d) BRAE n > 1 5% p, & ¢, BEUR TSEERR :

) HIFrE n>1

(f)

()

Pn+1 = Ant1Pn + Pn—1, po =0,

Gn+1 = Ap+19n + qn-1, q = 1.

BOA A, A, = (A,... AT HHS

dn—1
qn

= [an,...,al].

EREREEER + c (0,1) K B 83) FIERHEKNEYH (pn(2),q0(2)) RHE

(an = an(2))n>1 TEI (8.4) PEZRHRBEHE (p,. ¢,) 18R o

EAHIRATA

LG (22

n>1 BB = M,(T"(x)) UK

o m_ (CU'Tw

@ Gn(gn +T™(2)gn-1)
Ynso B (B2t~ DRI ARG RIERET] - BEWHE » °

q2n+1 =
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(2) Next, we will discuss the behavior of the real numbers in (0, 1) under the transformation 7".

(a) Show that the Lebesgue measure X is not invariant for 7. Hint: one may show that
NT710,3)) =2 —In4.

Define the following probability measure on (0, 1),

1 dx

B) = —
H(B) log2 /Jp1+ua’

VB € B((0,1)).

We want to understand the properties of T" with respect to the measure .
(b) Use Exercise 8.13 to show that T’ is measure-preserving for .

Then, for all postivie integers n > 1 and ay, ..., a, > 1, we define
Alat,...,an) ={z €10,1) : a1(x) = a1,...,an(z) = an}.

At the same time, we also adapt the definitions from (1) to define coprime integers p; and
qr. (Eq. (8.3)), matrices A,, and M,, (Eq. (8.4)) and their corresponding Mébius transformation
(Eq. (8.5)). Below, we fixn > land ay,...,a, > 1.

(c) Show that A(ay,...,a,) is an interval of [0, 1) with endpoints
Pn Pn + Pn—1
— and ———.
an Gn + Qn—1

Which one is the left endpoint and which one is the right endpoint?  Compute
AMA(ag, ..., ap)).

(d) Use (1) (e) to prove that pu(A(an,...,a1)) = p(A(al,...,a,)).

(e) Given0 < a < 8 < 1 and write I = [o, 3). Show that we have, according to the parity of n,
that
T "(I)NA(a1,...,an) = [My(a), My(B)) or (My(B), Myp(a)].

(f) Deduce from above that

AMT™(I) N An) Gn(Gn—1 + qn) c(1.2)
ADANAD)  (@a-1B+ @) (@umra+qa) 27

(g) Show that for any B € B([0,1)), we have
(T (B) A A > 22 LB

(h) Use Exercise 8.14 to show that T is ergodic with respect to p.

(i) Show that there exists a constant & > 0 such that the following convergence holds A\(dz)-
a.s.,
n 1/n
( H ak(x)) — K.
k=1

n—0o0

This constant is called Khintchine’s constant. Compute its value.
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(2) #EE  BMIBEFHRE (0,1) ENEEEER T 2 THITE -
(@) FEAHERAE \H T ERZERERE - 127 AIMER AT 10,5) =2—1nd e
EEE (0,1) LHIMAIE

1 dx
B =
n(B) log2 Jp1+x’

BFIBETHE T HRAE o BI%EE -
(b) FIFERE 8.13 » FFA T WX 1 SEBETEER
BE HRFAEEE# > 1 RIEEH a,...,0, > 1 HIER

VB € B((0,1)).

Aay,y...,an) ={z €10,1): a1(x) = a1,...,an(z) = an}.

BAEEUAEOEAR RERBEENER#: p 8 q (X 63) ~EE A R M,
(X (3.4)) HAAHENRILLSHER (X 85) - ETEH G ZAEEr>1Ral,...,a, >
1o

(c) 8BH A(ay, ..., a,) =ETE[0,1) PRIER - BEMIGS

dn Gn + qn—1

MERERY  FEREHRE 75 A, a)) °
(d FIA (1) () B > FBIE n(Alan, ..., a1)) = u(Aay, ..., a,)) °
() MMEOLSa< B <1 881 =[n,p)° EABRE NFTEYE  &EME

T N A(ax, .- an) = [Mn(a), Ma(8)) B (My(B), Mn(a)].

(f) 7% EREHS

)\(T_”(I) N An) _ Qn(Qn—l + qn) c (l 2)
ADADD)  (@a-1B+ @) (@amra+q) 27

(g) FBEAHMMER B c B([0,1)) » &ME
p(T " (B)N &) > 2 u(B)u(A,)

(h) EEEE .14 FH T HR L BBEEEFK -
() FEFEEEH K > 0 F18 T A\ (dr)-as. BRIL :

n—oo

( ﬁ ak(m))l/n — K.
k=1

It EHABIE Khintchine B8 WETEMAYE -
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(3) In the end (not a part of the exercise), we can use the properties obtained above to show the fol-
lowing results proven by Paul Lévy in 1929. The following convergences hold A\(dx)-a.s.,

1 2
A, (@) = 797
1 2
lim —In A(A, ):—L,
n—oo n, 61112
2
T
Jg@oﬁln’x_*‘_ 62"

Exercise 8.16 (First-passage percolation) : Consider the lattice Z¢ in dimension d > 1. Denote its vertex
set by V and its edge set by E. We are given an ii.d. family (7(e)).cr of non-negative and integrable
random variables, and we write 7(z,y) = 7(y,2) = 7(e) for any edge ¢ = {z,y}. Given z,y € Z¢
and a path vy : g = z,...,x, = y connecting them where by path we mean {z;,z;+1} € FE for all
0 < ¢ < n — 1. We define the travel time of the path

Z $17 xz+1
i=0
Given z,y € Z¢, we can define the first-passage time (B B THFH)
T(x,y) = inf{7(7) : v is a path connecting x to y}.

(1) Given x € Q% show that the following limit exists almost surely and in L,

p(x) == lim M

n—00 n

(2) Show that p(x + ) < u(z) + p(y) forall z,y € Q%

(3) Show that p(cx) = |c|u(z) forall c € Q and z € Q%
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) &% GFB®BE) - MARFMEAWR/INVERFEIME » AR TIH Paul Lévy 7E 1929 F153|
HIFER © A(dx)-as. > B

T
A () = o7
1 71'2
nh_{lgoﬁln/\(A ) = 61
lim fln’x——‘ = —
n—oo n, 61112
BREs16 [BEXEEZBBIRE)] 28 d> 1 #HENEKE Z SEBEMESLE YV BESL

EE - HMHETE iid FEETRHBEHRERFY (1(e))ecr » MEREREZ ¢ = {2y} » FME
7(z,y) = 7(y, ) = 7(e) ° $AE v,y € Z¢ REHEMPINEE v : 20 = =,...,2, = y MEHRFAE
0<i<n—1>F&FBE {2,211} € B BAERBREKRITRHE

Z l‘z, $z+1

=0

1aRE z,y € 29> BPIRIUAEZRE XRBITHHE (first-passage time)
T(z,y) = inf{7(y) : v BIEEE » By BIEE].
(1) #87E 2 € Q1 > FBIATINERE as. IWHIRTE L1 PULEK

p(x) == lim M

n—o00 n
(2) FEEAEAAE =,y € Q1 FFIB wx +y) < plx) + py) °
(3) FBEBMNFE cc Q Rz € QF » FHMIE u(cx) = |c|p(x) °
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